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Resumen
Introduión
El agua es una de las moléulas más omunes e importantes para la vi-
da. Esta moléula es una sustania abundante en la Tierra, que enontramos
ontinuamente en nuestro entorno en forma sólida, líquida y gaseosa. Desde
un punto de vista global el papel del agua es importante en la morfología de
nuestro planeta. La erosión de ríos y de glaiares ha esulpido poo a poo el
relieve de la orteza terrestre. Por otro lado, la presenia de nubes, vapor de
agua, hae que la limatología y los proesos en la atmósfera se produzan
de una forma onreta. Destaar también que el agua es onsiderada el disol-
vente universal, ya que forma parte omo medio de reaión en innidad de
reaiones químias y sobre todo omo medio en el que se desarrolla la vida.
Durante muhos años se han determinado sus propiedades químio-
físias y todavía sigue siendo objeto de estudio. Bernal y Fowler en 1933
fueron los primeros en proponer un modelo uniado de agua líquida, es
deir, antes se reía que existían distintos tipos de agua que se mezlaban
formando el líquido. Ellos explian las propiedades del líquido a través de
un solo modelo basado en el hielo Ih (hielo hexagonal). La estrutura de
este hielo, el hielo omún, tiene una geometría tetraédria, en la ual una
moléula de agua se une a uatro moléulas veinas a través de enlaes de
hidrógenos. El modelo de Bernal y Fowler mantiene los tetraedros del hielo
pero en el líquido se produe una distorsión de los ángulos y distanias de
la geometría tetraédria. Otro aspeto importante del trabajo de Bernal y
Fowler es que se trata de una teoría moleular, que explia propiedades ma-
rosópias a partir de elementos mirosópios. Este planteamiento sólo se
puede demostrar a través de la Meánia Estadístia, y más onretamente
utilizando la Simulaión Moleular para omprobar la validez de su mo-
delo. Las bases de esta ienia se desarrollaron en 1953 por Metropolis et
al.
1
proponiendo el método de Monte Carlo, y seis años más tarde, Alder
y Wainwright
2
presentaron el método de Dinámia Moleular que ompleta
las dos prinipales ténias de Simulaión Moleular. Las primeras simula-
1
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iones on modelos de agua fueron realizadas en 1969 por Barker y Watts
3
y en 1971 por Rahman y Stillinger
4
terminaron de onsolidar la simulaión
de este tipo de sistemas. A partir de esos avanes la simulaión del agua ha
reido exponenialmente. De forma paralela, se han desarrollaron distintos
tipos de modelos de agua para reproduir sus propiedades marosópias. Los
más utilizados son los modelos rígidos y no polarizables, porque la rela-
ión entre el oste omputaional y los resultados obtenidos es óptima. Los
más populares son TIP3P
5
, SPC/E
6
, TIP4P
5
, TIP4P/Ew
7
, TIP4P/2005
8
,
TIP4P/ie
9
, TIP5P
10
, mW
11
y CCM
12
, estos dos últimos modelos son igual
de famosos pero son modelos de oarse grained.
El agua en estado líquido muestra a vees un omportamiento diferente
del de la mayoría de los líquidos. Se die por ello que el agua presenta ano-
malías en las propiedades termodinámias. Por ejemplo, se presentan
mínimos y máximos en las funiones respuesta, omo CV (la apaidad alo-
ria a volumen onstante) o κT (la ompresibilidad isoterma a temperatura
onstante). Aunque el ejemplo más laro y onoido es el máximo de densi-
dad que se produe en el agua a 4 oC y 1 bar. Estas anomalías son muho más
evidentes uando disminuimos la temperatura o entramos en la región de las
presiones negativas. Podemos llamar a esta región del diagrama de fases omo
región de ondiiones extremas. Existe un límite experimental que diulta
el avane en el estudio de las propiedades anómalas del agua líquida: por un
lado, uando se subenfría el agua, ésta aaba transformandose en hielo; por
el otro, a presiones negativas el agua líquida termina avitando (transfor-
mandose en vapor). En este punto es donde la Simulaión Moleular se hae
impresindible. En simulaión no tenemos esos problemas porque los tiempos
que se manejan en Dinámia Moleular y Monte Carlo, son suientes para
araterizar el sistema en ondiiones de metaestabilidad. Por lo tanto po-
dremos obtener informaión relevante sobre el agua metaestable en la region
de ondiiones extremas, siempre y uando la Simulaión Moleular se lleve
a abo on un modelo de agua robusto y able. En nuestras simulaiones, se
ha elegido prinipalmente el modelo de potenial de agua TIP4P/2005.
Es posible simular distintos estados termodinámios y el omporta-
miento de las propiedades termodinámias anómalas del TIP4P/2005 para
onstruir su esenario termodinámio. Llamamos esenario termodinámi-
o de una sustania al plano p−T donde se representan los puntos rítios y
triple, las líneas de transiión de fase y los lugares geométrios de los máximos
y mínimos de las funiones respuesta que presentan anomalías en su ompor-
tamiento. Una vez alulado el esenario termodinámio por simulaión, es
posible ompararlo on posibles esenarios propuestos en la literatura. En la
Fig 1, ada esenario está expliado en el pie de gura de la misma. Cada uno
de ellos ofree una expliaión para las anomalías del agua y por esto es muy
2
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Figura 1: Los uatro esenarios propuestos en la literatura para expliar las ano-
malías del agua. En todos ellos nos enontramos on las líneas de equilibrio entre
las fases sólido, líquido y vapor (líneas azules), sobre ellas están representados el
punto rítio líquido-vapor (C) y el punto triple liquid-vapor-solido (T) , la urva
morada y disontinua orresponde a la línea de TMD, temperatura de máxima
densidad o LDM, linea de máximos de densidad, la línea roja se ha utilizado en
la representaión de la espinodal líquido-vapor (LV spinodal). En el esenario A
13
,
nos enontramos on una espinodal reentrante que aparee a presiones positivas
a bajas temperaturas. El esenario B
14
, añade un punto rítio líquido-líquido
(LLCP) representado por una ruz naranja, la línea de transiión líquido-líquido
(LLT) orresponde a la línea ontinua naranja, por último la línea de Widon de la
ompresibilidad isoterma es la urva verde disontinua. El terer esenario C
15,16,17
está araterizado por la línea ontinua y naranja de la transiión líquido-líquido
(LLT), on el mismo olor pero disontinua tenemos la espinodal líquido-líquido
(LL spinodal). Por último el esenario D
18
ontempla una prolongaión de la línea
de Widom, ontinuando on los mínimos de κT , marados on la línea de puntos.
importante demostrar tanto on datos experimentales omo de simulaión la
validez de ada esenario para el agua
En ada esenario termodinámio nos enontramos on la línea de o-
existenia líquido-vapor, también llamada omo binodal. Cruzando esta línea
se produe una transiión de fase de primer orden desde la fase metaestable
haia la nueva fase termodinámiamente estable (fase vapor). Esta transfor-
maión se produe en dos etapas, nuleaión de los embriones de la nueva
3
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fase y su reimiento. La nuleaión es el proeso estoástio de generaión
de embriones de la nueva fase dentro de la fase metaestable. Este proeso es
ativado y viene desrito por tres variables araterístios: el máximo de la
barrera de energía libre, el núleo rítio y la tasa de nuleaión. El máximo
de la barrera, ∆G∗, es la energía libre neesaria para poder llevar a abo la
transformaión (para que se forme un nuleo rítio de la nueva fase) y la
tasa de nuleaión, J , es el número de núleos rítios generados por unidad
de volumen y tiempo.
La teoría más utilizada para desribir este proeso es laTeoría Clásia
de Nuleaión, (CNT, de las siglas en inglés Classial Nuleation Theory).
Fue desarrollada por Volmer y Weber
19
en 1926 y su desarollo está basado
en la transiión de fase vapor-líquido. Desde un vapor sobreenfriado (fase
metaestable) se estudia la ondensaión de una gota líquida (fase estable),
apliando la formulaión para el trabajo reversible de la formaión de los
núleos de líquido dentro de la fase metaestable. Existen modiaiones y
mejoras de esta teoría, omo la de Beker y Döring
20
o la ombinaión on
la Teoría de Funional de Densidad por parte de Cahn y Hillard
21,22
. Estas
mejoras haen que los resultados obtenidos se puedan extrapolar a otro tipo
de transiiones (omo la liquido-solido) que sean omparables on los datos
experimentales.
Los datos de simulaión se omparan también on los valores obtenidos
on la CNT, pero tanto omparando on experimentos omo omparando
on CNT, suele existir una disrepania on los resultados numérios. Esto
se debe a que los tamaños que se manejan en simulaión son menores a las
muestras marosópias. Por ejemplo, la tensión superial que se utiliza en
CNT es la alulada para una superie plana mientras que en la simulaión
no tenemos esta geometría en la interfase (porque el núleo que ree suele
tener simetría aproximadamente esféria). Sin embargo, la ventaja de la utili-
zaión de la Simulaión Moleular ompensa estas diferenias, ya que permite
el estudio direto del meanismo moleular que interviene en el proeso de
nuleaión.
Las ténias más utilizada para el estudio de la nuleaión se pueden
dividir en dos grupos: ténias para proesos de nuleaión espontánea y té-
nias para eventos raros. Cuando la barrera de energía libre es pequeña, el
sistema es apaz de ruzarla y transformarse en la nueva fase: a este heho
le llamamos proeso de nuleaión espontánea. La nuleaión de este tipo de
proesos se estudia por medio de métodos onretos omo la ténia Mean
First Passage Time
23,24,25
, (MFPT). Consiste en analizar el primer tiempo de
apariión del núleo más grande de tamaño n dentro de la fase metaestable,
siendo n el número de partíulas del núleo. A partir del análisis de estos
tiempos se llegan a obtener los parámetros de nuleaión: la tasa de nulea-
4
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ión, el tamaño del núleo rítio y la altura de la barrera de nuleaión.
En el aso de estudiar la nuleaión de eventos raros, es deir, uando
el sistema no es apaz de ruzar la barrera de energía libre porque es dema-
siado alta, es neesario utilizar otro tipo de ténias. Como ejemplo de estas
ténias tenemos el método Bennett-Chandler
26,27
Este método se divide en
dos pasos: en primer lugar se alula la probabilidad de que en el sistema
apareza un núleo rítio en equilibrio on la fase metaestable que lo rodea
o que el sistema alane el maximo de la barrera de energía libre, ∆G(n∗),
y luego se alula el prefator inétio, κ(n∗), del proeso, obteniéndose la
tasa de nuleaión por ombinaión de ambos parámetros, según la relaión
siguiente,
J = κ(n∗)P (n∗) = κ(n∗)e−β∆G(n
∗), (1)
El valor del máximo de la barrera se puede onseguir a través del método
Umbrella Sampling
28,29
, que se basa en muestrear de forma sesgada el tama-
ño del núleo más grande del sistema. Es deir, se favoree el reimiento
del núleo más grande hasta que sobrepasa el valor rítio y se ompleta la
nuleaión. Una vez que onoemos ∆G(n∗) y el orrespondiente n∗, pode-
mos alular el prefator inétio, haiendo un estudio de la evoluión del
núleo rítio en el máximo de la barrera respeto del tiempo. De este modo,
podemos obtener la tasa de nuleaión y desribir el evento de nuleaión.
En nuestra investigaión hemos utilizado todas estas herramientas, MFPT
y Umbrella Sampling, para estudiar la nuleaión de burbujas en el agua me-
taestable a presiones negativas. Como modelo de potenial de agua hemos
usado el TIP4P/2005, el mismo que se usa para desribir el esenario termo-
dinámio en ondiiones extremas en esta memoria.
Objetivos
Cuando nos planteamos realizar el trabajo predotoral los objetivos era:
1. Enontrar los límites del modelo TIP4P/2005, desarrollado por Abas-
al y Vega. Para ello se estudió el omportamiento anómalo de las
propiedades termodinámias del agua. Tanto de propiedades estátias
omo dinámias. Reproduir este omportamiento, no sólo impliaba
el problema de la preisión del modelo para mostrar esos máximos o
mínimos, sino que para enontrarlos debemos simular en ondiiones
extremas de presión y temperatura, zona sobreenfriada del agua y pre-
siones negativas. La unión de estas dos ondiiones haen que el estudio
sea ompliado.
5
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2. Desarrollar nuevos modelos on la misma robustez que el TIP4P/2005
y que mejoren los valores de las propiedades que este modelo predie
peor: la temperatura de ristalizaión a 1 bar es de 252 K, 21 grados
por debajo del valor experimental y la onstante dielétria (ε/ε0) del
modelo es 57,3, un valor menor al 78,4 experimental.
3. Estudiar el fenómeno de la nuleaión de burbujas en agua a presio-
nes negativas. Existen estudios de nuleaión de líquidos simples omo
el Lennard-Jones, de ondensaión
23,24
, de avitaión
30,31,32
, de rista-
lizaión
33,34
e inluso avitaión a presiones negativas
35,36,37
. Pero los
estudios de este tipo para el aso del agua son muy poos y todos
orientados a la ondensaión del agua
38,39
y nuna a la formaión de
burbujas. Tampoo se han desrito ténias para determinar y analizar
burbujas en un sistema omo el agua. Por todas estas razones se haía
impresindible abordar el estudio de este fenómeno.
Los dos primeros objetivos estaban bien marados desde el iniio del tra-
bajo predotoral. Nos propusimos seguir la linea de investigaión del grupo,
poniendo a prueba el modelo desarrollado en el grupo, reproduiendo el om-
portamiento anómalo del agua en ondiiones extremas. Después de uatro
años de trabajos sobre el TIP4P/2005 y on el espíritu de avanzar y mejorar
también se tenía pensado el desarrollo de nuevos modelos de agua para suplir
las desventajas del modelo predeesor. Teniendo en uenta que es un modelo
rígido y no polarizable, el primer paso lógio ha sido inorporar la exibi-
lidad. Esta inorporaión debía mantener los buenos resultados del modelo
original y mejorar en lo posible las desventajas del mismo.
El terer objetivo surgió de forma natural durante el trabajo del an-
didato. Cuando se onstruyó el esenario termodinámio del TIP4P/2005, se
delimitó el límite estable del modelo (línea espinodal líquido-vapor), y nos
enontramos on la nuleaión espontánea del sistema a presiones negativas.
Por lo tanto era neesario su estudio para ontinuar onoiendo el ompor-
tamiento del agua.
El estudio se enfoó en la nuleaión homogénea de burbujas en agua a
presiones negativas, pero se ha avanzado también en un estudio preliminar de
nuleaión de burbujas a presiones negativas en sistemas heterogéneos (agua
+ nanotubos de arbono) donde se alula la tasa de nuleaión de diferentes
sistemas.
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Resultados
Basándonos en los objetivos marados en el apartado anterior, hemos
realizado un estudio exhaustivo de la termodinámia y nuleaión de burbujas
en agua en ondiiones extremas. El modelo de potenial de agua que se
ha utilizado durante todo el trabajo predotoral ha sido el TIP4P/2005.
Además ha sido desarrollado el modelo exible TIP4P/2005f omo trabajo
del andidato y uyos resultados resumiremos a ontinuaión. De forma global
los resultados en esta memoria se pueden presentar en tres diferentes bloques:
A. Cálulo de las propiedades anómalas del agua y onstruión
del esenario termodinámio del modelo.
Los apítulos de resultados 1, 2, 4 y 5 forman este bloque. En el primero
de ellos se simula el omportamiento anómalo de una serie de propieda-
des termodinámias. En el Capítulo 2, se hae un estudio de la repro-
duibilidad del modelo uando se alula la visosidad, una propiedad
dinámia. La elaboraión del esenario termodinámio del modelo se
llevó a abo en el Capítulo 4, donde se ompletaron los datos de la
literatura teniendo en uenta toda la región de presiones negativas. Por
ultimo y apoyando estos datos de simulaión se presenta el Capítulo
5 on datos experimentales de agua bulk a presiones negativas. El es-
tudio experimental ha sido llevado a abo en el Laboratorio del Prof.
Caupin de la Universidad de Lyon. Se midió la veloidad del sonido
en dos isóoras a lo largo de una región amplia de temperaturas y se
observó un mínimo en los valores de la veloidad del sonido. Este míni-
mo se orresponde termodinámiamente al máximo de ompresibilidad
isoterma en la región de presiones negativas y zona sobreenfriada del
agua. Los datos experimentales han sido avalados por nuestros datos
de simulaión que reproduen este omportamiento en las isóoras.
B. Desarrollo de un nuevo modelo exible de potenial de agua,
TIP4P/2005f.
El bloque está formado por el apítulo de resultados número 3. En este
artíulo se alulan los parámetros moleulares óptimos para un mo-
delo del agua exible basandonos en las propiedades del TIP4P/2005.
A ontinuaión, se alula una amplia lista de propiedades termodiná-
mias, on las uales se desribe el potenial del modelo. Este modelo
mantiene el nivel de robustez del modelo, TIP4P/2005 y es idóneo para
simulaiones donde la exibilidad se hae impresindible, omo en el
aso de estudios espetrosópios. Además se presenta un método para
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ajustar los parámetros de exibilidad moleular, basado en el espetro
de densidades de poblaión.
C. Estudio de la nuleaión de burbujas en agua a presiones ne-
gativas.
Este bloque está formado por el resto de apítulos de resultados: 6,
7, 8 y 9. En el primero de ellos se presenta un método para loalizar
y analizar burbujas en agua. Este método se basa en el algoritmo de
los poliedros de Voronoi. Se analizaron burbujas en distintos entornos
termodinámios, tanto en fases metaestables omo inestables. Además
se estudió la nuleaión espontánea de un estado termodinámio on-
reto, alulando la tasa de nuleaión y el tamaño del núleo rítio
del proeso.
En el Capítulo 7, se desriben dos métodos alternativos al presenta-
do en el apítulo anterior, produiendo resultados similares. Estos dos
métodos son utilizados para estudiar el mismo estado termodinámi-
o. Además se analiza otro estado donde no se produe la nuleaión
espontánea y es neesario utilizar las ténias de eventos raros para nu-
leaión, más onretamente el Umbrella Sampling. Cada método fue
diseñado por un grupo de investigaión diferente: uno se desarrolló en
el grupo del que forma parte el andidato y el otro fue propuesto por
el grupo de investigaión del Prof. Dellago de la Universidad de Viena.
En este apítulo se presentan los resultados de la olaboraión de los
dos grupos. El Capítulo 8, presenta el trabajo durante la olaboraión
on el Prof. Bresme del Imperial College London, que ha sido posible
graias a dos beas: una del proyeto HPC-Europa2 y otra del Tho-
mas Young Center. En el grupo del Prof. Bresme se desarrolló otro
método para el mismo n, basado en la loalizaión de la avidad más
grande del sistema y su seguimiento en el proeso de nuleaión. Una
ventaja de este nuevo método es la posibilidad de ombinarlo on la
Saled Partile Theory
40,41
lo ual nos failita el álulo de la barrera
de nuleaión, aspeto que podria ser más ompliado en los anteriores
métodos.
El último apítulo de este bloque y de la tesis, Cap. 9, orresponde on
los resultados de un estudio preliminar que se ha llevado a abo sobre
nuleaión de burbujas en un sistema heterogéneo. Esa heterogeneidad
en el sistema la obtenemos por la presenia de nanotubos de arbono
de apa simple. Las ondiiones de simulaión son similares a los otros
estudios, presiones negativas y zona sobreenfriada del agua. En esta
oasión se aluló la tasa de nuleaión y se omparó on el mismo
8
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sistema homogéneo obteniendo resultados preliminares oherentes.
Conlusiones
El modelo de agua TIP4P/2005 es apaz de reproduir y prediir pro-
piedades termodinámias en ondiiones extremas, tanto valores absolutos
omo tendenias y omportamientos en amplios rangos de presión y tempe-
ratura. Es sensible a ligeros ambios que produen máximos y mínimos en
las funiones respuesta y en la línea de densidad máxima. La representaión
en el plano p− T de este omportamiento permite onstruir el esenario ter-
modinámio del modelo. Este heho, es sumamente importante porque apoya
ativamente un tipo de esenario que explia las anomalías del agua. Además,
y onrmando la robustez y abilidad del modelo, se presentan datos experi-
mentales de agua a presiones negativas que tienen el mismo omportamiento
que los datos de simulaión.
Por otro lado, en el aso del desarrollo del modelo exible de agua
TIP4P/2005f podemos onluir que los avanes al inorporar la exibilidad al
modelo rígido y no polarizable TIP4P/2005 no son todo lo satisfatorios que
hubiésemos querido. Se puede denir omo un paso a un lado en el desarrollo
de modelos de agua. Con este nuevo modelo de agua exible, TIP4P/2005f, se
ha mantenido la alidad de resultados y prediiones, aumentando los grados
de libertad del modelo. Existen otros modelos exibles basados en modelos
rígidos, omo por ejemplo el SPC/Fw basado en el SPC, que mejoran sus
resultados omparados on su modelo rígido. Este avane se debe a que el
modelo de partida es mejorable y no a que la exibilidad moleular permita
unas prediiones mejores en simulaión.
Como onlusión para el estudio de nuleaión de burbujas en agua a
presiones negativas podemos deir que el agua es un sistema muy espeial.
Cuando estudiamos la transiión líquido-vapor, los métodos de análisis de
burbujas que se utilizan en otros sistemas, omo el Lennard-Jones, no son
diretemente apliables a este sistema. Se hae neesario tratar el problema
de las burbujas en agua on otras herramientas. El problema onsiste en que
la nuleaión omienza mediante burbujas muy pequeñas. Además el líquido
tiene de forma estable avidades que son pequeñas omparadas on otros
sistemas pero de un tamaño similar a las primeras burbujas en la nuleaión.
La suma de estos dos fatores hae que la deteión de las burbujas en los
primeros estadíos de la nuleaión sea difíil y por lo tanto se neesiten mé-
todos espeialmente diseñados para ello. Durante la realizaión del trabajo
predotoral se han desarrollado varios métodos que permiten estudiar este
proeso de nuleaión. Conretamente de los uatro métodos presentados en
9
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la memoria tres han sido desarrollados en el grupo del andidato, on la par-
tiipaión ativa del mismo y el método basado en la avidad más grande
del sistema ha sido propuesto por el andidato en la estania del mismo en
el grupo del Prof. Bresme del Imperial College London. Con las herramien-
tas adeuadas hemos analizado distintos tipos de estados termodinámios
on distintos tipos de ténias, MFPT y HMC-US. Con todo este engrana-
je diseñado para el aso del agua se ha onseguido el estudio general de la
nuleaión de burbujas en agua a presión negativa.
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Summary
Introdution
Water is one of the most ommon and important moleules for life. This
moleule is an abundant substane on Earth that an be found in solid, liquid
and vapour form. Globally the role of water is important for the morphology
of our planet. On the one hand, the erosion of rivers and glaiers has gradually
modied the Earth's rust. On the other hand, the presene of louds in the
atmosphere plays a entral role in shaping the limate on Earth. Water is
also onsidered the universal solvent, taking part in many hemial reations,
and it is as the environment in whih life an develop.
For many deades researhers have determined hemial-physial pro-
perties of water and, even so, studying water an be onsidered nowadays
still a hot topi. Bernal and Fowler in 1933 were the rst to propose a unied
liquid water model. Before them, it was believed that water existed in die-
rent forms, whih mixed to reate the liquid state. To explain the properties
of liquid water, they used a single model based on ie Ih (hexagonal ie).
This ie has a tetrahedral geometry, where a water moleule is bound to four
neighbour moleules through hydrogen bonds. The liquid model of Bernal and
Fowler keeps the tetrahedrality of ie, inluding distanes and angles distor-
tions. Another important aspet of Bernal and Fowler's work is that it is a
moleular theory whih explains marosopi properties frommirosopi ele-
ments. This approah an only be demonstrated through Statistial Meha-
nis, and more speially using Moleular Simulations to verify its validity.
The foundations of these Moleular Simulations date bak to in 1953, when
Metropolis et al.
1
, proposed Monte Carlo method and six years later, when
Alder and Wainwright
2
presented the Moleular Dynamis method. These
are the two main Moleular Simulations tehniques. The rst water simula-
tions were performed in 1969 by Barker and Watts
3
. Two years later Rhaman
and Stillinger
4
further developed water simulations. Starting from these pio-
neering works, water simulations have grown exponentially. At the same time,
dierent water models have been developed to predit its marosopi pro-
11
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perties. The most widely used are rigid and non-polarizable models, given the
optimum ratio between omputational ost and obtained results. The most
popular models are TIP3P
5
, SPC/E
6
, TIP4P
5
, TIP4P/Ew
7
, TIP4P/2005
8
,
TIP4P/ie
9
, TIP5P
10
, mW
11
y CCM
12
(the last two being oarse-grained
models).
At given thermodynami onditions, liquid water shows dierent beha-
viour ompared to most liquids, i.e. water presents anomalies in its ther-
modynami properties. For instane, minima and/or maxima are present
in the response funtions, suh as the heat apaity at onstant volume, CV ,
or the isothermal ompressibility at onstant temperature, κT . Out of these
anomalies, the most notable example is the maximum density that ours
in liquid water at 4 oC and 1 bar. These anomalies are more evident when
liquid water is metastable, either dereasing the temperature or moving into
the region of negative pressures. We all this region of the phase diagram as
region of extreme onditions. The an experimental limit that slows down
the study of anomalous properties of liquid water, is that liquid water turns
into ie when ooled down or it avitates at negative pressure. Therefore,
Moleular Simulations are essential to know the behaviour of the system at
these extreme onditions. In simulations, we might be able to irumvent this
issue and haraterize the system in its metastable region. Hene Moleular
Simulations with a robust and reliable water model, might allow us to obtain
relevant information on metastable liquid water. In our simulations, we will
mainly hoose TIP4P/2005 to simulate water.
In order to unravel the thermodynami senario of the hosen model
potential, it is possible to simulate dierent thermodynami states and ha-
raterize the behavior of the anomalous properties of TIP4P/2005. We dene
as thermodynami senario the p-T plane where we represent the ritial
and the triple point, the lines of phase transition (liquid-vapor, liquid-solid,
vapor-solid) and the loi of the maxima and minima of the response funtions.
One we have alulated the thermodynami senario via simulations, we an
ompare it with all dierent senarios proposed in the literature, as shown in
Fig 2, where eah of them gives an explanation for the anomalies of water.
However, the most relevant explanation of water anomalies and demonstra-
tion of whih senario is valid an be only given with experimental data.
In all thermodynami senarios represented in Fig. 2 we an identify
the liquid-vapour oexistene line of water (also alled binodal). Crossing
this line a rst order phase transition ours from the metastable to the
thermodynamially stable new vapour phase. This behavior ours all the
way down to the spinodal line (not beyond). This transformation is omple-
ted in two stages: rst, the stohasti proess of nuleation of the embryos
of the new phase within the metastable one, and then, one they reah a
12
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Figura 2: The four senarios proposed to explain the anomalies of water. In all
of them, the equilibrium lines (in blue) are between the solid, liquid and vapour
phases, the liquid-vapour ritial point (C) and the triple point (T). The purple
dashed line orresponds to the temperature of maximum of density, TMD or LDM
(line of density maxima), the red dotted-dashed line is the vapour-liquid spinodal
(LV). In senario A
13
, we observe the re-entrant spinodal whih appears at po-
sitive pressure and low temperature. The senario B
14
involves the liquid-liquid
ritial point (LLCP) represented by an orange ross, the liquid-liquid transition
line (LLT) (in orange) and nally the Widom line of the isothermal ompressibility,
(LMkT, dashed green urve). The third senario C
15,16,17
is haraterized by the
liquid-liquid transition line (LLT), (solid orange line) the liquid-liquid spinodal line
(dotted-dashed orange line). Finally the senario D
18
inludes an extension of the
Widom line, ontinuing with the minimum of κT , (dotted green line).
ritial size, their indenite growth. Nuleation is the stohasti proess of
generation of the embryos of the new stage within the metastable phase. Nu-
leation is an ativated proess, that an be desribed by three harateristi
variables: the top of the nuleation free-energy barrier, the ritial nuleus
and the nuleation rate. The top of the barrier, ∆G∗, is dened as the free-
energy neessary to arry out the rst order phase transition, orresponding
to the nuleation of a ritial nuleus, and the nuleation rate, J , that is
the number of ritial nulei generated per unit of volume and time. The
Classial Theory of Nuleation (CNT) is the most widely used theory
to desribe this proess. It was developed by Volmer and Weber
19
in 1926
13
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and it is based on the vapour-liquid phase transition. From a superooled
vapour (metastable phase) the ondensation of a liquid droplet (stable pha-
se) is studied. Therefore, the formulation of the reversible work is applied
to the formation of liquid nulei within the metastable vapor phase. During
the years, there have been modiations and improvements of this theory,
suh as the one proposed by Beker and Döring
20
or ombinations with Den-
sity Funtional Theory by Cahn and Hillard
21,22
. These improvements allow
to extrapolate the obtained results to another type of transitions whih are
omparable to the experimental data.
Quite often simulation data are ompared to the values estimated with
the CNT, or to experimental results (when available). However, numerial
results present quite often a disrepany with either CNT or experiments.
One reason for this is that, for instane, the surfae tension used in CNT is
the one of a at surfae at oexistene while the simulated interphase does not
have this geometry. However, the advantage of using Moleular Simulation
makes up for these dierenes, allowing the diret study of the moleular
mehanism whih intervenes in the nuleation proess.
The most widely used tehniques to study nuleation an be divided
into two groups: tehniques for spontaneous nuleation proesses and rare
events tehniques. When the free energy barrier is low, the system is able to
spontaneously ross it and transform into the new thermodynamially stable:
the so-alled spontaneous nuleation. This an be studied by methods suh as
the Mean First Passage Time
23,24,25
tehnique, (MFPT). MFPT is based on
the analysis of the rst time the order parameter (n) reahes a given value.
Using this analysis, it is possible to obtain the nuleation rate, the size of the
ritial nuleus (n∗) and the top of the free-energy barrier.
When studying nuleation as a rare event, i. e. when the system is
not able to ross the free energy barrier beause it is too high, other te-
hniques are needed. An example of these tehniques is represented by the
Bennett-Chandler method
26,27
. This method onsists of by two steps: rstly,
we alulate the probability that a ritial nuleus, in equilibrium with the
surrounding metastable phase, appears within the system (P (n∗)), so that
we an nd the top of the free-energy barrier, ∆G(n∗). Seondly, we alulate
the kineti pre-fator, κ(n∗), that orresponds to the frequeny to ross the
top of the free-energy barrier, obtaining the nuleation rate by ombining
them aording to
J = κ(n∗)P (n∗) = κ(n∗)e−β∆G(n
∗), (2)
The top of the barrier is alulated via a method alled Umbrella Sam-
pling
28,29
, whih is based on a biased sampling of the size of the largest
14
ÍNDICE GENERAL
nuleus until it reahes the ritial size. From these alulations, we get the
top of the free-energy barrier. One we know ∆G(n∗) and its orresponding
n∗, we an alulate the kineti pre-fator, studying the time evolution of the
ritial nuleus from the maximum of the barrier. From this, we obtain the
nuleation rate.
In our researh, we have used both the MFPT method and Umbrella
sampling to study bubble nuleation from metastable water at negative pres-
sure. TIP4P/2005 has been used as a water model; the same potential has
been also used in this thesis to haraterize the thermodynami senario of
water at extreme onditions.
Objetives
When we deided to perform the predotoral work our objetives were:
1. Finding the limitations of the model TIP4P/2005, developed by Abas-
al and Vega. In order to study these limitations, we studied the ano-
malous behavior of both stati and dynami properties. Reproduing
this behavior not only involved the problem of testing the auray of
the model, but also the fat that to detet the anomalous properties of
water we have to perform simulations at extreme onditions. Therefore,
hallenged by these diulties we deided to study this rather omplex
task.
2. Developing new model potentials with the same robustness than TIP4P/2005
but that ould improve the predition of those properties where TIP4P/2005
performs poorly. For instane, the melting point at 1 bar is 252 K, 21
degrees lower than the experimental data, and the dieletri onstant
(ε/ε0) of the model is 57,3, whih is lower than the experimental value
of 78,4.
3. Studying the phenomenon of bubble nuleation in water at negative
pressures. Studies about simple liquid nuleation (suh as Lennard-
Jones) have been arried out in the last few years: ondensation
23,24
,
avitation
30,31,32
, rystallisation
33,34
, and also avitation at negative
pressure
35,36,37
. Nevertheless, so far studies about avitation from over-
strethed water have not been performed, as far as we are aware (die-
rently from a study on the ondensation proess
38,39
) Moreover, given
the peuliar network-forming struture of liquid water, one might not
be able to diretly use the already existing numerial tehniques to
15
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identify bubbles in metastable water. Therefore, driven by all these
issues, we deided to takle this interesting physial phenomenon.
The rst two objetives were well marked at the beginning of the predotoral
work. First, we tested the model developed in the group, TIP4P/2005, by re-
produing the anomalous behavior of water at extreme onditions. After four
years working on the TIP4P/2005 model, we developed a new water model to
improve the limitations of the predeessor model. Taking into aount that
TIP4P/2005 is a rigid and non-polarizable model, the rst logial step was
to inorporate exibility. This inorporation had to keep the good results of
the original model, improving its drawbaks.
The third objetive ame naturally during the andidate's work. One
we onstruted the thermodynami senario of TIP4P/2005, we identied
liquid-vapor oextistene line (binodal) and the spinodal at negative pressu-
re. The region in between these two lines orresponded to the thermodynami
onditions of metastable liquid water, keen to phase transform into the ther-
modynamially stable vapor phase via a bubble nuleation mehanism (the
further the system from the binodal, the easier to spontaneously nuleate at
negative pressure).
Our study foused on the homogeneous bubble nuleation of water at
negative pressure. Furthermore, we performed a preliminary study of hetero-
geneous bubble nuleation at negative pressures (water + arbon nanotubes)
alulated the nuleation rate.
Results
Based on the objetives presented in the previous setion, we have
performed an exhaustive study of both thermodynami properties at ex-
treme onditions and bubble nuleation of water at negative pressure. Th-
roughout the predotoral work, water has been mainly simulated with the
TIP4P/2005 water model potential. Moreover, a exible model has been
developed, TIP4P/2005f. All the results obtained by the andidate are sum-
marized below. Overall the results in this manusript an be presented in
three dierent bloks:
A. Calulation of the anomalous properties of water and ons-
trution of the thermodynami senario of the model TIP4P/2005.
This blok onsists of the results hapters 1, 2, 4 and 5. In the rst
one, the anomalous behavior of a set of thermodynami properties is
examined. In Chapter 2, a study about the model preditions of the
16
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visosity, a dynamis property is presented. The development of the
thermodynami senario of the model is arried out in Chapter 4, where
the senario was ompleted taking into aount the region at negative
pressures. Finally, Chapter 5 presents the experimental data of bulk
water at negative pressures, whih was arried out in Prof. Caupin's
Laboratory at the University of Lyon, and the simulations performed
by the andidate, supporting the experimental data. Sound veloity
was measured for two isohores along a wide region of temperature and
we observed both in experiments and simulations a minimum in the
speed of sound data for eah isohores. This minimum orresponds to
a maximum of the isothermal ompressibility in the region at negative
pressures and superooled water.
B. Development of a new exible water model, TIP4P/2005f.
This blok of results onsists of the ones presented in Chapter 3. In this
hapter we alulated the optimal moleular parameters for a exible
water model based on TIP4P/2005 properties. We have also tested the
newly developed exible water model on a wide list of thermodynami
properties. This model keeps the robustness of TIP4P/2005 and it is
ideal for simulations where moleular exibility is essential, as in the
ase of spetrosopi studies. Additionally, we present a method to t
the parameters of moleular exibility, based on the power spetrum.
C. Study of the water bubble nuleation at negative pressures.
This blok of results omprises the remaining hapters: 6, 7, 8 and 9.
In the rst one, we present a method to loate and analyze bubbles in
liquid water. This method is based on the algorithm of Voronoi polyhe-
dra. Bubbles were analyzed for dierent thermodynami liquid states,
metastable as well as unstable phases. Moreover, we also examined the
spontaneous nuleation of a given thermodynamially metastable state,
alulating the nuleation rate and the size of the ritial nuleus using
the MFPT method.
In Chapter 7, two alternative methods are desribed, whih allow to
detet vapour bubbles in water and to predit similar results than the
ones presented in Chapter 6. These two methods are used to study the
same thermodynami state as in Chapter 6. Another state is also analy-
sed, where spontaneous nuleation does not our and it is neessary
to use rare events tehnique, i.e. the Umbrella Sampling method. Eah
method to detet bubbles in water has been designed by a dierent re-
searh group: one of them has been developed by the andidate's group
17
ÍNDICE GENERAL
and the other one was proposed by the researh group of Prof. Dellago
at the University of Vienna. In this hapter we present the results of
the ollaboration between the two groups.
Chapter 8 presents the work arried out in ollaboration with Prof.
Bresme at Imperial College London, that the andidate ould visit twi-
e, having been granted two fellowships (one by the HPC-Europa and
one by the Thomas Young Center). In Prof. Bresme's group, another
method for the same purpose was developed. This is based on the lo-
ation of the largest avity in the metastable liquid and its volume is
what one an monitor along the nuleation proess. An advantage of
this new method is the possibility of ombining it with the Saled Par-
tile Theory
40,41
when omputing the nuleation free-energy barrier,
whih an be hallenging in the other presented methods.
The last hapter of this blok and of the thesis, Chapter 9, shows pre-
liminary results onduted in a heterogeneous system onsisting of a
single-wall arbon nanotube. The simulation onditions were similar
to the ones employed in the other studies, i.e. negative pressure and
superooled water. In this study we alulated the nuleation rate and
found that it was higher than the one obtained in the homogeneous
system (as one would expet, being the free-energy barrier lower).
Conlusions
The TIP4P/2005 water model has shown to be able to reprodue and
predit thermodynami properties not only in the extreme onditions region,
but also in wide ranges of pressure and temperature. It is also sensitive to
small hanges that produe maxima and minima of the response funtions
and of the line of density maxima. The representation in the p − T plane
of suh behavior allows us to onstrut its thermodynami senario and our
results seem to support two of the four possible senarios to explain the
anomalies of water. Moreover, onrming the robustness and reliability of
the model, we present experimental data of water at negative pressure that
show the same behavior as the simulation data.
Furthermore, we developed of a exible water model, TIP4P/2005f,
starting from the rigid and non-polarizable TIP4P/2005, and observe that
the results obtained are not as satisfatory as we would have liked, sine
TIP4P/2005f maintains the quality of the results of rigid model, inreasing
its degrees of freedom, , dierently from what happens with SPC/Ew (that
is the exible version of SPC).
18
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To onlude to the study of water bubbles nuleation at negative pres-
sures we an onrm that water is a very peuliar system. When studying
the liquid-vapour transition, the already existing methods to detet bubbles
in simple uids, suh as the Lennard-Jones, are not diretly appliable to
water. It is therefore neessary to address the problem of bubbles in liquid
water with other and novel tools. The problem is that the bubble nulea-
tion proess begins with very small bubbles, that have the same size as the
avities existing even in thermodynamially stable water. Consequently, the
detetion of bubbles in the early stages of nuleation is diult, and we need
to develop new approahes speially designed for water.
During the predotoral work we have developed several methods that
enable us the study of bubble nuleation proess. Speially, out of the four
methods presented in this thesis, three have been developed by the group of
the andidate, with his ative partiipation, and the method based on the
largest avity has been diretly proposed by the andidate during his visit to
the group of Prof. Bresme at Imperial College London. With the new tools
we have analyzed dierent types of states with dierent tehniques, suh as
MFPT and HMC-US. With this ensemble of tehniques designed for the ase
of water, we managed to perform a omprehensive study of bubble nuleation
in water at negative pressure.
19
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Disusión Integradora
El objetivo de este apartado es presentar la onexión entre los artíu-
los utilizados dentro del bloque de resultados y espeiar ual ha sido la
ontribuión onreta en los artíulos del andidato.
La memoria que aquí se presenta muestra el trabajo del andidato du-
rante los últimos uatro años. Como miembro del grupo de investigaión de
la Universidad Complutense de Madrid "Grupo de Termodinámia Estadís-
tia de uidos moleulares" su trabajo se ha enfoado en el estudio de las
propiedades anómalas del agua en ondiiones extremas de presión y tem-
peratura, onretamente a presiones negativas y en la zona sobreenfriada.
Posteriormente y omo onseuenia de ese estudio, se ha trabajado en la
nuleaión de burbujas en agua a presiones negativas. Las herramientas de
trabajo durante este periodo han sido la Simulaión Moleular y el análisis
numério de los sistemas utilizados. Además se han manejado tanto ténias
de análisis de nuleaión para proesos espontáneos, Mean First Passage Ti-
me
1,2,3
y omo para eventos raros, por ejemplo el Umbrella Sampling
4
, omo
parte del método Bennett-Chandler
5,6
.
Para el estudio del agua se ha utilizado el modelo de potenial TIP4P/2005
7
.
Este modelo de agua ha sido desarrollado en el grupo de Madrid en el 2005
y ha demostrado ser el modelo rígido y no polarizable más robusto y on
mejores resultados (omparados on experimentos) para un amplio rango de
propiedades y ondiiones termidinámias. En la literatura enontramos una
larga lista de artíulos donde se pone a prueba al modelo
8,9,10,11
. Se han
alulado propiedades termodinámias en equilibrio, fuera del equilibrio y
propiedades dinámias. En esta memoria se presentan los primeros álulos
de algunas de estas propiedades, omo visosidad, ompresibilidad isoterma,
veloidad del sonido. . . Y un estudio de la nuleaión de burbujas en agua a
presiones negativas. Este estudio se ha realizado por medio de nuevos méto-
dos de loalizaión y análisis de burbujas, desarrollados por el andidato, y
utilizando nuevos métodos de análisis del proeso de nuleaión.
El objetivo general del trabajo predotoral presentado en esta memo-
ria es tanto exponer los novedosos estudios realizados on el TIP4P/2005 en
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la región de ondiiones termodinámias extremas, omo presentar estudios
sobre el proeso de nuleaión de burbujas. A ontinuaión se realizará una
breve desripión de las partes y apítulos de la memoria. El manusrito está
dividido tres partes: fundamento teório, resultados y onlusiones.
En la primera parte hemos querido exponer las bases teórias adqui-
ridas por el andidato. Se ha ofreido una visión general de los temas que
se tratan en la memoria, partiendo de los orígenes de ada uno. Así, nos
enontramos on un apítulo de Meánia Estadístia, donde se exponen los
oneptos básios, tales omo los postulados, los oletivos, las funiones de
partiión, la utilidad de las utuaiones de las propiedades termodinámias,
la onexión on la Simulaión Moleular y los modelos de potenial.
Después de esta seión se presenta un apítulo sobre la Simulaión
Moleular, ompuesto por los aspetos básios sobre ualquier tipo de simu-
laión y una expliaión de las distintas ténias de simulaión utilizadas en la
memoria: Dinámia Moleular, Monte Carlo, Monte Carlo Híbrido, Umbrella
Sampling y los modelos de potenial de agua más populares.
El proeso de nuleaión se expone en el siguiente apítulo. Se omen-
tará desde las deniiones de estados termodinamios metaestables hasta las
ténias espeiales que se utilizan en simulaión para desribir el proes de nu-
elaión. Durante este apítulo se explia la Teoría Clásia de Nuleaión
12,13
y la forma de obtener tanto la barrera omo la tasa de nuleaión. Además se
exponen algunas de las ténias que se utilizan en simulaión para el álu-
lo de estas variables. Así, expliamos la ténia Mean First Passage Time,
para proesos de nuleaión espontánea y el método Bennett-Chandler
5,6
,
espeío para eventos raros de nuleaión.
Por último, se ha reído neesario presentar los atuales esenarios ter-
modinámios del agua, ya que buena parte de los resultados se entran en
desribir las propriedades anomalas a través del esenario del agua apoyados
por los datos experimentales y de simulaión del modelo TIP4P/2005.
La segunda parte de la memoria se reoge en los diferentes apítulos
de resultados. En este aso se sigue el orden lógio y ontinuo que ha regido
todo el trabajo predotoral. Nos referimos a lógio y ontinuo porque no ha
habido un objetivo obligado al nal del trabajo predotoral, al ual había
que llegar forzosamente, omo es el aso de muhos trabajos de dotorado
que tienen una naniaión ompleta de tres o uatro años. Haiendo de
la neesidad virtud, se ha desarrollado una tesis rigurosa, marada por los
proyetos que han naniado el trabajo del andidato.
En el primer apítulo, Cap. 1, se expone el álulo por simulaión de
las propiedades anómalas del agua. Se determinan para el modelo de po-
tenial de agua TIP4P/2005 la ompresibilidad isoterma, κT , la apaidad
26
BIBLIOGRAFÍA
aloría a presión onstante, CP y la temperatura máxima de densidad a
distintas presiones. La ontribuión del andidato se entra en el estudio de
la ompresibilidad isoterma a 1 bar y en un rango amplio de temperatu-
ras [260 − 360 K℄ para distintos modelos de agua TIP4P, SPC/E, TIP5P y
TIP4P/2005. Los dos primeros muestran un ligero mínimo en κT , pero lejos
de los valores experimentales. El modelo TIP5P no es apaz de reproduir
el mínimo en la isobara ni el valor experimental en ondiiones normales.
En el aso del TIP4P/2005, los datos de κT se enuentran sobre los datos
experimentales. Además el mínimo del modelo, en 37 oC, está bastante era
del experimental, 46,5 oC. A la vista de estos resultados se deide ampliar el
estudio a otra isobara, 1000 bar, donde también observamos la onordania
entre simulaión y experimento.
En el apítulo siguiente, Cap. 2, se alula una propiedad dinámia,
la visosidad. En esta oasión la partiipaión fue ompleta por parte del
andidato. El proedimiento utilizado para alular esta propiedad dinámia
es a través de la euaión de Green-Kubo. Esta formulaión está basada en
las funiones de autoorrelaión. En nuestro aso utilizamos los omponen-
tes del tensor de presión para determinar la visosidad. Se simularon tres
isotermas, 273 K, 298 K y 373 K, en un rango de presiones de 0 a 500 bar.
Se omprobó que el modelo predie el mínimo de visosidad a temperaturas
bajas y los datos de simulaión se enuentran era de los experimentales.
Además se omparó on otro potenial de agua, SPC/E, el ual reprodue
datos de visosidad satisfatorios, pero más bajos que los presentados por el
TIP4P/2005 y el experimento.
El terer apítulo, Cap. 3, presenta el modelo exible, TIP4P/2005f,
que mantiene la alidad de prediiones introduiendo nuevos grados de liber-
tad al modelo. Esto hae que sea muy útil en determinadas situaiones, omo
en el aso de estudios espetrosópios y de dinámias moleulares regidas
por la exibilidad de las moléulas del agua. La ontribuión del andidato
al artíulo es ompleta, al igual que en el apítulo anterior. Las propiedades
termodinámias que se alulan por medio del modelo son: el valor de la tem-
peratura del máximo de densidad a 1 bar, la funión de distribuión radial
(oxígeno-oxígeno), la entalpía de evaporizaión, la ompresibilidad isoterma
en ondiiones normales, el oeiente de difusión a 298 K y presión ambien-
te, la temperatura de fusión del hielo Ih, la estabilidad relativa de los hielos
a 0 k y 0 bar, la onstante dielétria y el espetro de densidades. No sólo se
exponen los resultados del modelo sino que también se propone un método
de ajuste de los parámetros de exibilidad para modelos exibles, basado en
el análisis del espetro de densidad.
El apítulo uatro, Cap.4, desribe el esenario termodinámio del mo-
delo de potenial de agua TIP4P/2005, así omo el proedimiento a seguir
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en la determinaión de las líneas que lo forman. Los resultados en este apí-
tulo no están todavía publiados, sino que forman parte de un trabajo que
ombina datos de simulaión y experimentales los uales son el produto de
la olaboraión on el laboratorio del Prof. Caupin de la Univerdad de Lyon.
Este apítulo presenta los datos de simulaión del modelo TIP4P/2005. Parte
de los resultados obtenidos a presiones negativas osntituyeron el trabajo de
Máster del andidato y se han utilizado en esta memoria ya que forman parte
del trabajo predotoral. El esenario del modelo está araterizado por un
punto rítio líquido-líquido ligado a la línea de Widom de la ompresibili-
dad isoterma, la ual está formada por los valores máximos y mínimos de esa
propiedad a lo largo de una serie de isóbaras. Además esta línea se relaiona
on la línea de temperatura máxima de densidad, que se relaiona a su vez
on la espinodal líquido-vapor. De esta forma tenemos desrito el esenario
termodinámio del modelo.
En el siguiente apítulo, Cap. 5, se presentan datos experimentales de
agua bulk a presiones negativas y los homólogos de simulaión usando el mo-
delo TIP4P/2005. En esta oasión la ontribuión del andidato al artíulo
se entra en toda la parte de simulaión y análisis numério que aparee en el
apítulo. Se determinó, en un rango de temperaturas, la veloidad del sonido
en dos isóoras, tanto de forma experimental omo por simulaión. Los datos
experimentales obtenidos por el grupo del Prof. Caupin en la Universidad
de Lyon, han sido exitosamente omparados on los datos de simulaión del
TIP4P/2005. El resultado prinipal es la apariión de un mínimo en la ve-
loidad del sonido que se orresponde on el máximo de la ompresibilidad.
Desde el punto de vista de simulaión, el proedimiento para obtener los va-
lores de veloidad del sonido onsiste en realizar dos simulaiones diferentes
para ada isóora. Por un lado se simula el agua metaestable en el oletivo
NV T para obtener la apaidad aloría a volumen onstante, CV y por el
otro a la misma densidad se alulan Cp y κT , en el oletivo NpT . La impor-
tania de obtener estos mínimos es que son la primera prueba experimental
(ratiada mediante simulaión) de la existenia de la línea de Widom. Esta
línea apoya los esenarios termodinámios que tienen en uenta la línea de
Widom para la expliaión de las anomalías del agua. Además la onordan-
ia entre el experimento y los resultados del modelo hae más plausible el
esenario on un segundo punto rítio líquido-líquido.
Al igual que en los experimentos del grupo de Lyon, en la zona de
presiones negativas nos enontramos on el proeso de nuleaión. Nuestros
sistemas en determinadas ondiiones de temperatura y presión, tenden a
avitar espontáneamente y por esa razón realizamos el primer estudio sobre
nuleaión de burbujas a presiones negativas del TIP4P/2005. Este estudio
se presenta en los apítulos siguientes.
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En el primero de ellos, sexto apítulo, Cap. 6, se propone el algorit-
mo de poliedros de Voronoi omo medio para determinar el volumen de las
burbujas que avitan espontáneamente en agua líquida metaestable en las
ondiiones termodinámias elejidas, dado que los poliedros de Voronoi per-
miten un estudio riguroso de los volúmenes de las moléulas que forman el
sistema. La ontribuión del andidato se basa en la realizaión de las tra-
yetorias independientes de avitaión espontanea, neesarias en la tenia
del MFPT. En total se simularon 3000 trayetorias en 15 estados termodi-
námios diferentes, de los uales sólo dos fueron elegidos para el artíulo.
Una vez optimizado el algoritmo de Voronoi para determinar las burbujas
en agua, se puede difereniar entre las moléulas líquidas y vapor, y uniendo
moléulas de vapor veinas entre si (on un algoritmo de lustering) para
denir las burbujas del sistema, y utilizar sus volúmenes omo parámetro de
orden para seguir la nuleaión.
En el apítulo 7,Cap. 7, se presentan otros dos métodos para el análisis
de burbujas en agua: un método ha sido propuesto en el grupo de Madrid y
otro método en el grupo del Prof. Dellago de la Universidad de Viena. En esta
oasión la partiipaión en el artíulo ha sido el desarrollo de las trayetorias
de avitaión espontánea neesarias en el MFPT y el análisis numério de
los datos obtenidos por el método presentado por el grupo de investigaión
de Madrid, tanto en el aso de nuleaión espontánea omo en el estudio de
nuleaión no espontanea on ténias espeías para eventos raros (en
un sistema de 4000 moléulas de agua). El método desarrollado por el grupo
de Madrid está basado en un trabajo de Wang et al.
14
sobre nuleaión de
burbujas en un sistema de Lennard-Jones. Al tratarse del agua, un líquido
moleular muy diferente que un líquido simple omo el Lennard-Jones, es
neesario utilizar distintos riterios para realizar la difereniaión entre mo-
léulas líquido o vapor y además se neesitan riterios ad ho para eliminar
las avidades naturales que se enuentran en el agua líquida en ondiiones
de equilibrio termodinámio. El otro método esta desarrollado por el grupo
del Prof. Dellago de la Universidad de Viena y ombina la loalizaión de la
burbuja on la variaión del volumen de la aja de simulaión on respeto
al volumen promedio del sistema.
En el apítulo otavo, Cap. 8, se presenta otro método para la determi-
naión y el análisis de burbujas en agua, basado en el estudio del Prof. Bresme
sobre avidades de líquidos iónios
15
. El andidato, durante las dos estanias
en el grupo del Prof. Bresme en el Imperial College London (naniadas por
una bea Europea, HPC-Europa2, y una inglesa del Thomas Young enter),
desarrolló el nuevo método para loalizar la avidad más grande en un lí-
quido metaestable y apliar su estudio al de la nuleaión en dos sistemas
muy distintos: un líquido simple (omo el Lennard-Jones) y uno moleular
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(omo el agua). Además, el andidato realizó todo el análisis numério de los
resultados de nuleaión, obteniéndo la tasa de nuleaión, el tamaño rítio
de burbuja y las barreras de nuleaión. El método presentado onsiste en
onstruir en el líquido metaestable una trama on un número suiente de
eldillas. Desde el entro geométrio de ada eldilla se alula la distania
más orta entre ese entro y todas las moléulas. Por lo tanto ada eldi-
lla tiene una distania asoiada. Entre todas estas distanias se elige la más
grande, la ual orresponde a la avidad más grande del sistema, o al radio
de la esfera más grande que no toque ninguna moléula. A partir de la lo-
alizaión de la burbuja más grande se determina su volumen, volumen de
la avidad más grande, que se utilizará omo parámetro de orden en el pro-
eso de nuleaión espontánea de burbujas en el sistema. En el apítulo se
demuestra que este método es muy versátil, ya que puede ser utilizado tanto
en líquidos simples (omo el Lennard-Jones) omo en líquidos moleulares
(omo el agua).
Por último, y omo apítulo nal de los resultadods,Cap. 9, se han pre-
sentado los resultados preliminares del estudio de la nuleaión heterogénea
de burbujas de agua en presenia de nanotubos de arbono. La ontribuión
por parte del andidato en este apítulo es ompleta. Los resultados se obtu-
vieron durante sus estanias en Londres, en el laboratorio del Prof. Bresme
del Imperial College London. Para empezar, se onstruyeron una serie de
sistemas heterogéneos on distintos tipos de nanotubos, distinta quiralidad,
número de apas... Los resultados presentados en esta memoria sólo son los
obtenidos on un nanotubo de arbono simple, rodeado de agua por fuera.
La avitaión se onsigue simulando el agua que rodea el nanotubo a presio-
nes negativas. Para poder omparar on los resultados obtenidos en estudios
previos de nuleaión homogénea, se elijeron las mismas ondiiones termo-
dinámias que el el Capítulo 6. Se ha utilizado omo método de análisis de
burbuja el método de la avidad más grande desrito en el apítulo ante-
rior ya que es el más adeuado para este tipo de sistemas. Los resultados de
nuleaión están aorde on los esperados por la CNT, es deir, la tasa de
nuleaión es muho menor uando la nuleaión es homogénea que uan-
do es heterogénea, en el mismo estado termodinámio, siendo la barrera de
nuleaión más alta en el primer aso que en el segundo.
La memoria termina on la parte de onlusiones, donde se hae una
retrospetiva del trabajo realizado durante estos últimos años y se valora la
ontribuión del andidato.
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Parte I
Fundamento teório
33

Fundamento Teório: Capítulo 1
Meánia estadístia. Conetando
el mundo mirosópio on el
marosópio.
Las bases de la Meánia Estadístia surgen on los trabajos de Max-
well y Boltzmann sobre la inétia de los gases, aunque fue Gibbs quien,
en 1902, las asentó on su libro Elementary Priniples in Statistial Meha-
nis. Hasta prinipios del siglo XX no se había onsolidado la nueva idea
atomístia propuesta por Boltzmann, aunque empezaban a existir evidenias
que apoyaban pero no demostraban las onjeturas del austriao. La Termo-
dinámia Clásia y sus prinipios están fundamentados en la mediión de
unas poas propiedades marosópias de un sistema dado. La relaión exis-
tente entre éstas nos permite obtener otras magnitudes termodinámias y
así desribir el omportamiento del sistema. Pero existe otro punto de vista
omplementario para el mismo objetivo y éste se basa en la desripión del
omportamiento de los onstituyentes del propio sistema por medio de la
Meánia. La estadístia, omo veremos en líneas suesivas, es la enargada
de unir el mundo de los átomos y las moléulas on las propiedades maros-
ópias, tales omo entropía, energía, apaidades alorías... De este modo
se onstituye la Meánia Estadístia que es la rama de la ienia que estudia
los sistemas marosópios a partir de las araterístias de sus omponentes
fundamentales, los átomos y/o las moléulas
1
.
1.1. Coneptos básios. Maroestado y Miro-
estado
En poo más de 100 años de existenia de esta ienia, la Meánia
Estadístia se ha apliado on exelentes resultados al estudio de diferentes
tipos de sistemas:
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1. Meánia estadístia. Conetando el mundo mirosópio on el
marosópio.
1. Sistemas en equilibrio termodinámio, en este aso la Meánia
Estadístia se suele denominar Meánia Estadístia de Equilibrio o
Termodínamia Estadístia, y se aplia al álulo de propiedades ter-
modinámias.
2. Sistemas fuera del equilibrio termodinámio, aquí el estudio se
entra en las veloidades de reaiones químias y en fenómenos de
transporte de alor, de materia... Como no podía ser de otra forma de
este ampo se enarga la Meánia Estadístia de No Equilibrio.
Todos estos sistemas tienen en omún que están ompuestos por un
gran número de partíulas (átomos o moléulas), una antidad del orden de
la onstante de Avogadro, NA = 6,0221415 · 1023 mol−1. Este heho hae que
la resoluión (de forma uántia o lásia) de las euaiones de movimiento
para ada una de las partíulas sea inabordable, pero omo se omentará en
las siguientes seiones podemos utilizar aproximaiones matemátias para
resolver estos problemas. Para entender la Termodinámia Estadístia de-
bemos de tener omo punto de partida que la medida de una propiedad
marosópia es el resultado del promedio de las medidas de una magnitud
mirosópia en ada uno de los estados representativos de ese sistema ter-
modinámio. Esto quedará muho más laro uando denamos qué es un
maroestado, qué un miroestado y úal es la relaión entre ambos.
Se dene maroestado, estado marosópio o estado termodinámio
aquel estado del sistema que se puede desribir ompletamente por medio
de unas poas variables llamadas funiones de estado. Éstas provienen de
una euaión de estado que las ponen en onexión direta. Del mismo modo,
podemos alular otras funiones de estado en base a una relaión de tres
de ellas. Por ejemplo, en un gas ideal tenemos omo funiones de estado: la
presión (p), en número de moles (n) y el volumen (V ). A través de la euaión
de estado pV = nRT obtenemos la temperatura (T ), siendo R la onstante
de los gases ideales. Y además es posible alular otras funiones de estado,
omo la energía interna del sistema (U), en funión de tres variables de estado
U = U(n, p, T )
Por otro lado tenemos el estado mirosópio o miroestado, que es
fáil de expliar si omprendemos ual es la onduta moleular del siste-
ma. Las partíulas están en ontínuo movimiento e interatúan entre ellas,
generando una suesión ontinua de nuevas posiiones y veloidades, orres-
pondientes a distintos valores de energía. Podemos denir miroestado a ada
una de estas formas en las que se enuentran las partíulas dentro del siste-
ma. Existen dos maneras de espeiar la onduta moleular, una es desde
el punto de vista lásio, mediante la resoluión de las euaiones lásias
de movimiento, omo por ejemplo las euaiones de Newton. Para ello se
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neesita onoer las posiiones y veloidades de las N partíulas en ada ins-
tante del sistema. De esta forma el miroestado queda determinado por las
oordenadas,
{x1, y1, z1, x2, y2, z2, .., xN , yN , zN} = {r1, r2, .., rN} (1.1)
y las veloidades,
{vx1, vy1, vz1, vx2, vy2, vz2, .., vxN , vyN , vzN} = {v1,v2, ..,vN} . (1.2)
Para onoer la energía, E, de ualquier miroestado en neesario al-
ular previamente su energía potenial Vp y energía inétia K de la siguente
manera,
E = K + Vp =
N∑
i=1
1
2
miv
2
i + Vp(r1, r2, ..., rN) (1.3)
El áulo ompleta implia el manejo de 6N variables para ada miroestado.
Después de denir lo que es un maroestado y un miroestado el si-
guiente paso es determinar la relaión que existente entre ambos. El punto
de partida es muy intuitivo. Si nos paramos a pensar en un maroestado y en
la forma de araterizarlo, lo que haremos es una mediión de dos funiones
de estado, en el transurso de un tiempo onreto. Por ejemplo, mediremos
el volumen y la temperatura. Damos por denido el estado uando estas
variables se mantienen onstantes y no existe ningún efeto externo que lo
perturbe y/o saque de su equilibrio. Si ahora, en esa misma alma ma-
rosópia, pensamos sobre el omportamiento de las partíulas del sistema,
inmediatamente imaginaremos omo ambian de posiión y veloidad on-
tínuamente. Esto nos lleva a la neesidad de denir otro onepto que nos
ayude a onetar los miroestados on el maroestado, el oletivo. Un o-
letivo es un onjunto mental de un gran número de réplias del sistema de
estudio (todas ellas ompatibles on el estado termodinámio) en distintos
estados moleulares (miroestados)
2
. Es el onjunto de todas las posibles po-
siiones y veloidades que tienen las partíulas mientras están en esta alma
marosópia. Pero sobre la deniión de oletivo y sus ualidades volve-
remos a haer hinapié en las páginas siguientes. Ahora ontinuemos on la
dualidad entre visiones del mismo sistema la ual se oneta por medio de
los dos postulados fundamentales de la Termodinámia Estadístia.
El primero de ellos se enunia de esta forma la medida temporal (para
un tiempo suientemente grande) de una variable meánia X en un sistema
termodinámio es igual al promedio del oletivo de X en el límite uando
el número de miroestados tiende a innito, siempre que los sistemas del o-
letivo reproduzan el estado marosopio.
2
Y el segundo hae referenia a
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que existen muhos miroestados ompatibles on un maroestado siendo la
probabilidad de oupaión de ada uno de ellos diferente dentro del maroes-
tado. A no ser que se trate de miroestados on igual energía, degenerados,
los uales tendrán la misma probabilidad dentro del oletivo.
2
Este último
postulado es onoido omo el prinipio de igualdad de probabilidad y suede
en el oletivo miroanónio, onepto que se expliará en líneas suesivas.
2
Estos dos aspetos se ombinan en la hipótesis ergódia la ual explia
que podemos denir las propiedades marosópias de nuestro sistema por
medio de mediiones, ontínuas en el tiempo, de magnitudes meánias mi-
rosópias o por medio de las mismas medidas, en un instante dado, de un
gran número de réplias del sistema dentro del oletivo. Esta hipótesis no
es demostrable y se aepta por la validez de los orretos resultados que se
generan a partir de ella
3
. Si apliamos la hipótesis ergódia al estudio de la
energía, podemos esribir la siguiente expresión matemátia,
E = 〈E〉t = 〈E〉col =
M∑
i
PiEi =
1
Nr
Nr∑
j
Ej , (1.4)
donde 〈〉t signia que se promedia sobre el tiempo, mientras que 〈〉col sim-
boliza el promedio realizado sobre los oletivos, j y i son los indies para las
réplias y los miroestados respetivamente, Pi es la probabilidad de oupa-
ión del miroestado i, Ei, la energía del mismo miroestado,M es el número
total de miroestados, Nr el número de réplias dentro del oletivo, y Ej la
energía de la replia j. Para una propiedad meánia ualquiera X se puede
utilizar la relaión general,
X¯ =
∑
i
PiXi, (1.5)
No todas las propiedades marosópias tienen su homóloga mirosópia
por lo que hay que enontrar otra forma de desribirlas en el miroestado
y relaionarla on el estado termodinámio. Tenemos el aso de la entropía,
la ual no es un propiedad meánia y está diretamente relaionada on el
número de miroestados que forman el sistema, suponiendo que la probabi-
lidad de que aparezan sea la misma para todos los miroestados, es deir,
suponiendo el segundo postulado de la termodinámia estadístia. Para su
demostraión ver apéndie (5),
S = −kB
∑
i
Pi lnPi, (1.6)
siendo S la medida marosópia de la entropía, kB la onstante de Boltz-
mann y Pi la probabilidad de oupaión de un miroestado i, el ual pertenee
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a la distribuión más probable. Lo ual se demuestra también en el mismo
apéndie (5). La utilizaión de la probabilidad del miroestado omo nexo
on las propiedades no meánias del maroestado ierra y engloba el álulo
de todas las magnitudes que araterizarán nuestro sistema.
1.2. Coletivos
En líneas anteriores hemos adelantado una deniión de oletivo pa-
ra poder introduir los postulados de la Termodinámia Estadístia pero no
hemos desarrollado este importantísimo aspeto. Retomando esa deniión,
podemos partir del onepto de onjunto mental que engloba a todas las ré-
plias de un sistema las uales mantienen una representatibilidad entre sí y
on el maroestado. Siguiendo esta idea, enmaramos un oletivo onservan-
do onstantes unas propiedades, forzando a que todos los miroestados tienen
que mantener esas magnitudes también onstantes para que sean aeptados
dentro del oletivo. Existen muhos tipos de oletivos, ya que el maro-
estado puede estar denido por muhas ombinaiones de tres magnitudes
marosópias: número de partíulas, temperatura, presión, entalpía... pero
los que más se utilizan son:
1. Coletivo miroanónio (NV E). Son sistemas denidos por las magni-
tudes N , V y E. Estos parámetros se onservan durante todo el estudio
por lo que no puede existir ni interambio de materia ni de energía. Los
sistemas on estas araterístias son onoidos omo sistemas aislados.
2. Coletivo anónio (NV T ). Este oletivo es similar a un sistema e-
rrado, porque sólo puede produirse un interambio de energía. Las
variables que denen el oletivo son N , V y T .
3. Coletivo isotérmio-isobário (NpT ). Este oletivo permite jar la
temperatura y la presión, siendo unas ondiiones más semejantes a las
utilizadas experimentalmente.
4. Coletivo maroanónio o gran anónio (µV T ). Como ejemplo de un
sistema abierto tenemos a esta lase de oletivo. Se produe el interam-
bio de materia y energía, ya que lo que debe onservarse es el potenial
químio µ.
Para tener una imagen mental de los oletivos, vamos a dejarnos llevar por
la nomenlatura de los mismos y basarnos en las guras (1.2) y (1.2) del
texto. Tomemos omo referenia el oletivo anónio y lo utilizamos omo
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Figura 1.1: Coletivos anónios, representados en negro y oletivos miroanóni-
os representados en azul. Las retas negras dentro de los oletivos orresponden
a los miroestados del sistema.
raíz de los demás. Nuestro oletivo de partida oletivo anónio 1a está
araterizado por las variables N1, V y Ta. A partir de éste podemos ons-
truir otros muhos oletivos anónios. Una forma es mantener onstante
el número de partíulas y ambiar a diferentes valores de temperaturas, Tb
y Tc, omo se hae en la Fig. (1.2). Generaremos dos nuevos oletivos que
se denominan oletivo anónio 1b y oletivo anónio 1c. De esta forma,
obtenemos también una serie de miroestados que tienen la misma energía
y podemos agruparlos "horizontalmente" formando un mismo oletivo. Así,
se denen los oletivos miroanónios (N1V En). La otra forma onsiste en
onservar la temperatura y modiar la variable N , ver la Fig. (1.2). En este
nuevo grupo de miroestados nos enontramos on que existe un onjunto
global de estos oletivos anónios formando un nuevo oletivo, llamado
oletivo maroanónio (µV Ta), siempre que µ se onserve.
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Figura 1.2: Coletivos anónios, representados en negro y oletivo maroanónio
representado en rojo. Las retas negras dentro de los oletivos orresponden a los
miroestados del sistema.
Es muy importante determinar el oletivo de estudio para luego extraer
la informaión termodinámia que nos interesa. Como ejemplo, si queremos
alular la apaidad aloría del sistema a volumen onstante CV =
(
∂E
∂T
)
V
,
no podemos alularla a partir de un oletivo miroanónio NV E o del
oletivo NpT . El primero de ellos mantiene onstante la energía y la CV
está ligada intrínseamente on las utuaiones de energía del sistema, por
lo tanto si no hay utaiones energétias no tenemos medidas de CV . El
segundo oletivo tampoo es adeuado porque es neesario que el volumen
sea onstante omo die la propia deniión de la apaidad aloría. Por
todo ello, el adeuado para el álulo de CV será el oletivo anónio NV T .
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1.3. La Funión de partiión
La funión de partiión se dene omo la sumatoria de las probabili-
dades de oupaión de todos los miroestados, asegurando la normalizaión
en el álulo de la probabilidad de los miroestados que forman el oletivo
(ver apéndie (5)). En el aso del oletivo miroanónio, omo se umple
el prinipio de igualdad de probabilidad, su funión de partiión se obtiene
omo la suma de las probabilidades del total de estados mirosópios que
onforman el oletivo NV E,es deir, Ω(N, V, E) =
∑
i Pi. Para el álulo de
la probabilidad de uno de estos miroestados sólo hay que seguir la siguiente
relaión:
Pi =
1
Ω(N, V, E)
, (1.7)
siendo Ω(N, V, E) la funión de partiión miroanónia. Esta misma
funión es la base para el álulo de propiedades termodinámias, omo en
el aso de la entropía.
S = −kB ln Ω(N, V, E). (1.8)
Siguiendo on el resto de oletivos, ada uno de ellos tiene asoiado una
funión de partiión. En el oletivo NV T , nos enontramos on Q(N, V, T )
y viene denida por la siguiente relaión:
Q(N, V, T ) =
∑
i
e
(
−
Ei(N,V )
kBT
)
, (1.9)
la ual es funión de la temperatura y de la energía de los miroestados i aN y
V onstantes. Ayudandonos de esta deniión podemos alular Ξ(µ, V, T ) y
∆(N, p, T ), las funiones de partiión del oletivo maroanónio y oletivo
NpT , respetivamente. Siendo,
Ξ(µ, V, T ) =
∑
N
Q(N, V, T )e
(
−
Nµ
kBT
)
, (1.10)
el sumatorio se realiza sobre las N partíulas. Y en el segundo aso
∆(N, p, T ) =
∑
i
Q(N, V, T )e
(
−
pVi
kBT
)
. (1.11)
En este punto sólo onoemos los tipos de oletivos y su respetivas
funiones de partiión. Podemos alular las propiedades marosópias del
sistema por medio de las relaiones que se exponen en la Tabla (1.3) basadas
en Ω, Q, Ξ y ∆. Nótese que siempre existe una propiedad marosópia que
se relaiona diretamente on el logaritmo de la funión de partiión.
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Tabla 1.1: Propiedades termodinámias aluladas a partir de la funión de par-
tiión orrespondiente a ada oletivo.
Coletivo anónio Q(N,V,T)
A = −kBTLnQ
S = kBLnQ + kBT
(
∂LnQ
∂T
)
N,V
p = kBT
(
∂LnQ
∂V
)
N,T
µ = −kBT
(
∂LnQ
∂N
)
V,T
E = kBT
2
(
∂LnQ
∂T
)
N,V
Coletivo miroanónio Ω(N,V,E)
S = kBLnΩ
1
kBT
=
(
∂LnΩ
∂E
)
N,V
p
kBT
=
(
∂LnΩ
∂V
)
N,E
µ
kBT
=
(
∂LnΩ
∂N
)
V,E
Coletivo maroanónio Ξ(µ,V,T)
pV = −kBTLnΞ
S = kBLnΞ + kBT
(
∂LnΞ
∂T
)
µ,V
N = kBT
(
∂LnΞ
∂µ
)
V,T
p = kBT
(
∂LnΞ
∂V
)
µ,V
Coletivo NpT ∆(N,p,T)
G = −kBTLn∆
S = kBLn∆+ kBT
(
∂Ln∆
∂T
)
N,p
V = −kBT
(
∂Ln∆
∂p
)
N,T
µ = −kBT
(
∂Ln∆
∂N
)
p,T
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En el aso de que el sistema este ompuesto por N partíulas indistin-
guibles la funión de partiión se alula por medio de la funión de partiión
moleular, q. La ual se relaiona on la funión de partiión, por ejemplo la
anónia, de la siguiente forma:
Q(N, V, T ) =
[q(T )]N
N !
∫
e−βE(r
N )drN , (1.12)
donde
∫
e−βE(r
N )drN es la intergal onguraional que se dene omo la on-
tribuión a las fuerzas intermoleulares a propiedades termodinámias.
1.4. Flutuaiones
Se han lasiado los oletivos según las propiedades termodinámias
que se onservan onstantes en todos los miroestados. Pero, ¾qué suede on
el resto de magnitudes que no se onservan onstantes? El omportamiento
de estas variables está basado en una distribuión de valores determinada
por una varianza, σ2X . La distribuión más probable que genera en oletivo
tienn un valor promedio de la propiedadX pero dentro del oletivo se aepta
una serie de miroestados ada uno on valores similares al promedio de la
propiedad X pero no iguales. La utuaión entre los valores de la propiedad
X de ada miroestado y el valor promedio de X produe una dispersión
araterístia que se puede evaluar estadístiamente
1,3,4
.
La varianza que genera las utuaiones en las propiedades es arate-
rístia del estado termodinámio, es deir, el valor de varianza depende de las
ondiiones en las que se enuentra el sistema y de la naturaleza del mismo.
De forma general se expresa de la siguiente forma:
σ2X =
〈
X2
〉− 〈X〉2 . (1.13)
En el apéndie (5), tenemos un ejemplo de ómo podemos alular una propie-
dad del sistema, κT , a partir de las utuaiones de la energía y del volumen,
respetivamente. En esta parte de la memoria sólo esribiremos las relaiones
nales. En el aso del álulo de la ompresibilidad isoterma, κT , asoiada a
las utuaiones de volumen, el oletivo orreto es el NpT y la euaión
que las relaiona es,
σ2V =
〈
V 2
〉− 〈V 〉2 = kB 〈V 〉κT . (1.14)
Tenemos que onoer la naturaleza de la propiedad de estudio para poder
elegir de forma efetiva el oletivo en el ual vamos a araterizar nuestro
sistema.
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1.5. El papel de los modelos de potenial y la
simulaión moleular
El onoimiento exato de las propiedades termodinámias de equili-
brio sólo se onsigue en unos poos sistemas basados en modelos simples,
omo el gas ideal o el ristal armónio
1
. En general los sistemas son dema-
siado omplejos para su estudio sin la utilizaión de aproximaiones teórias.
Las uales intentan tener en uenta aspetos importantes de ada sistema,
failitando su estudio. Con la llegada de los ordenadores y el gran inremento
en su apaidad de álulo, se ha abierto un amplio abanio de posibilida-
des en torno al tratamiento y enfoque de los sistemas ya que los métodos
de simulaión omputaional y álulo numério permiten obtener soluio-
nes esenialmente exatas sobre modelos que pretenden imitar los sistemas
reales. Estos modelos son lo suientemente omplejos para poder reproduir
de forma aeptable el omportamiento de los sistemas reales.
Las soluiones obtenidas on la simulaión omputaional y/o álu-
lo numério tienen una doble funión. Por un lado, permiten omprobar la
validez de un modelo propuesto para representar el sistema real. Como ejem-
plo, el modelo de potenial de interaiones intermoleulares, potenial de
Lennard-Jones (LJ) desarrollado para simular argón
5
. Además este modelo
es válido para el estudio de un sistema onstituido por moléulas esférias o
oloides. Por otro lado, una vez demostrada la abilidad de un modelo, se
ompara el resultado real on el obtenido en la simulaión y así haer predi-
iones para que nalmente sean juzgadas por el experimento que es el último
y verdadero riterio de veriaión de la realidad.
Las simulaiones por ordenador tienen omo nalidad de obtener las
propiedades de un sistema modelo mediante la generaión de un gran núme-
ro de miroestados del mismo. El sistema que se simula está formado por
un número limitado de moléulas que interaionan mediante un potenial
lo más realista posible. Los miroestados, que llamaremos onguraiones en
simulaión, pueden generarse por dos ténias diferentes. La primera de ellas
es onoida omo el método de Monte Carlo (MC)
6
(1953) por la utilizaión
de números generados al azar en el estudio de los sistemas líquidos. La segun-
da, onoida omo Dinámia Moleular (DM)
7
(1956), onsiste en el estudio
del sistema por medio de la soluión de las euaiones del movimiento de las
moléulas que lo forman.
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Fundamento Teório: Capítulo 2
Simulaión. Experimentos in silia
2.1. Consideraiones generales en simulaión
El apítulo que a ontinuaión se expondrá tiene omo meta presentar
por un lado los métodos de simulaión (Monte Carlo y Dinámia Moleular)
y por otro lado las herramientas de simulaión, las uales disminuyen el oste
omputaional y el número de partíulas N neesarias para rerear el sistema
marosópio.
Como para ualquier sistema, el número de omponentes, en nuestro
aso moléulas y átomos, es básio ya que afeta tanto a sus propiedades
omo a la forma de abordar el estudio del mismo
4,8
. En la simulaión por
ordenador se utilizan generalmente un número reduido de moléulas, típi-
amente 100 ≤ N ≤ 100000. Estas limitaiones vienen determinadas por la
veloidad de la ejeuión del programa
1
. La relaión existente entre el tiempo
neesario para evaluar las fuerzas o energía potenial del sistema y el núme-
ro de moléulas es en prinipio proporional a N2. Una buena parte de las
ténias de simulaión desarrollades tienen justamente omo objetivo reduir
esa dependenia uadrátia.
2.1.1. Condiiones de ontorno periódias
Para simular un sistema hay que onseguir generar mediante ordenador
un gran número de miroestados sobre los que es posible obtener un valor de
la propiedad de estudio. Posteriormente se promediarán los valores obtenidos
de ada miorestado para dar omo resultado el dato nal marosópio
1
.
Una vez estableido el potenial de interaión que regirá el omporamiento
de las moléulas, se neesita asignar las oordenadas y veloidades de las
N partíulas que forman el sistema. Según la desripión lásia hay que
estableer 6N variables.
Los primeros trabajos en simulaión
6,7
, aparte de desarrollar las té-
nias básias de simulaión, demostraron que es posible obtener resultados
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termodinámios orretos utilizando un número reduido de partíulas en
vez de manejar una antidad similar a la onstante de Avogadro. Pero los
problemas que se generan on este proedimiento son los efetos de super-
ie. Por ejemplo, en el aso del estudio de propiedades marosópias del
agua, a una temperatura de 25 oC y on 104 moléulas se podría simular
un sistema de geometría úbia de 67 Å o una gota de 41 Å de radio. Con
estas dimensiones la proporión de moléulas que se situarían en la super-
ie sería demasiado grande frente a las que estaría en el seno del sistema.
Por lo que estos efetos superiales generarían una respuesta diferente a las
propiedades termodinámias de bulk.
En general en una muestra marosópia de agua se pueden despreiar
los efetos de la materia superial
1
. Para reproduir el mismo omporta-
miento en las simulaiones se ha ideado un meanismo por el que se pueden
eliminar los efetos superiales del sistema. Este metodo se denomina on-
diiones de ontorno periódias
4,8
. Normalmente el método más utili-
zado es la utilizaión de ajas de simulaión úbias, pero existen métodos
que aplian las ondiiones de ontorno periódias en otro tipo de ajas de
simulaión, dodeaedro romboédrio u otaedro trunado. En esta memoria
se expliará el método estandar que está basado en repliar la elda de si-
mulaión de modo que las moléulas siempre enuentren moléulas veinas
on las que interaionen, evitando así los efetos de superie, Fig. (2.1).
La implantaión del método es muy senilla: uando una partíula abandona
el sistema por un lado, otra moléula en las mismas ondiiones aparee por
la pared opuesta manteniendo el número de partíulas onstante. La elimi-
naión de los efetos de superie genera otro problema y es que existe una
perioidad innita y onstante durante todo el sistema. Por ello es neesario
que el número de moléulas que ontenga el sistema sea suiente omo para
evitar que se generen orrelaiones entre una partíula y sus imágenes, fal-
seando los valores alulados durante la simulaión. A ésto se le onoe omo
efeto nito del sistema.
Otra diultad que surge on este método es la evaluaión de las inter-
aiones, porque el número de moléulas es innito debido a la perioidad.
No es posible medir las interaiones intermoleulares de todas las partíu-
las. Si tenemos en uenta que las interaiones dependen inversamente de la
distania entre moléulas, podemos ignorar las interaiones entre moléulas
situadas a una distania mayor que un valor denominado distania de orte,
rc, del ual se hablará on detalle en el siguiente apartado.
A pesar de las aproximaiones anteriores, la experienia previa en la
simulaión ha demostrado que las ondiiones de ontorno periódias tiene,
en general, efetos mínimos sobre las propiedades de equilibrio termodiná-
mio uando se elige adeuadamente el número de moléulas de la aja de
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simulaión.
Figura 2.1: Sistema periódio en dos dimensiones. Se repia la elda en negrita 8
vees. Las moléulas pueden entrar y salir de ada aja a través de ada una de
las uatro fronteras. En un ejemplo de tres dimensiones, las moléulas serían libres
para ruzar por ualquiera de las seis aras del ubo haia una de las 26 eldas de
simulaión que lo rodean.
Imagen mínima
Los programas que utilizan los métodos de Monte Carlo y de la Di-
námia Moleular se basan en el álulo de la energía potenial de ada
onguraión. En el aso de la Dinámia Moleular también se alulan las
fuerzas de ada una de las partíulas, a partir del potenial de interaión.
Si se onsidera la ontribuión a la energía potenial que involuran a una
moléula dada (1) suponiendo un potenial de tipo par aditivo, se deben in-
luir las interaiones entre la moléula (1) y todas las otras moléulas que
perteneen al sistema. En un prinipio, hay N −1 términos en la euaión de
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álulo de esas fuerzas. Pero se deben inluir también todas las interaiones
entre la moléula (1) y las réplias de esa partíula de las ajas veinas gene-
radas por las ondiiones de ontorno periódias. Esto hae que los términos
neesarios para el estudio del sistema tienden a innito y por supuesto es
imposible de evaluar la energía en la prátia.
Una soluión es utilizar una funión de energía potenial de orto al-
ane, restringiendo esta suma por medio de una aproximaión. Se onsidera
la moléula (1) omo entro de una región del mismo tipo y tamaño que
la aja de simulaión, Fig. (2.2). La moléula (1) interaiona on todas las
moléulas uyo entro se enuentre dentro de esta región, es deir, on las ré-
plias periódias más eranas de las otras N−1 moléulas. A este proeso se
denomina riterio de imagen mínima
4,8
. Esta ténia está implementada
en los algoritmos de simulaión omo onseuenia natural de las ondiio-
nes periódias y fue utilizada en las simulaiones realizadas por Metropolis
y olaboradores
6
en 1953.
Los términos de interaión involurados en el álulo de la energía po-
tenial son del orden de N(N − 1)/2. Si pensamos en un sistema de 10000
moléulas este proedimiento resulta diil de abordar. Existe una aproxima-
ión adiional que se denomina trunamiento del potenial. Supongamos
que el potenial intermoleular se hae ero a partir de una ierta distania
que denominamos distania de orte, rc (uto). Este valor puede ser igual
al radio de orte utilizado para generar la imagen mínima. Durante la simu-
laión sólo se onsiderarán las energías y fuerzas debidas a las moléulas que
se situan a una distania inferior a rc. El írulo de la Fig. (2.2) delimita esa
área, y en este aso las moléulas 2, 5 y 3 ontribuyen a las fuerzas de (1),
mientras que la moléula 4 no ontribuyen ya que su entro ae fuera del
uto.
En una aja de simulaión de lado L, el número de partíulas veinas onside-
radas se reduen por un fator de aproximadamente 4πr3c/3L
3
. La utilizaión
de un radio de orte esfério supone una perturbaión pequeña en el sistema,
por lo tanto, ese parámetro tiene que ser suientemente grande para asegu-
rar la abilidad del estudio del sistema. En el aso de átomos on potenial
tipo Lennard-Jones (LJ), Fig. (2.3),
U(r) = 4ǫ
[(
σ
r
)12
−
(
σ
r
)6]
, (2.1)
el potenial intermoleular se suele trunar a una distania en torno a 2,5−4σ
donde σ es la distania en la ual el potenial se hae ero y ǫ es la profundidad
del potenial. Para asegurar que las dos réplias de una misma moléula no
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Figura 2.2: Criterio de imagen mínima en un sistema de dos dimensiones. La
aja entral ontiene ino moléulas. La aja onstruida en torno al entro de la
moléula (1) también ontiene ino moléulas. El írulo representa la distania a
la que se truna el potenial, rc.
interaionan entre sí, es neesario que la distania de orte del potenial
(uto) no sea mayor que la mitad del lado de la aja de simulaión, L:
rc ≤ L
2
. (2.2)
El método de ondiiones de ontorno periódias junto on la utilizaión
del algortimo de la imagen mínima suponen un gran ahorro omputaional.
No hay que alular las innitas distanias entre la moléula (1) y el resto
de partíulas del sistema. Sino que sólo se determinan las que estén a una
distania menor que el radio de orte. El trunamiento del potenial afeta
algo al álulo de propiedades on respeto al sistema real. Suele realizarse
una orreión de largo alane para diversas propiedades omo la energía y
la presión
8
. Para ello se supone que a valores de distanias superiores a rc no
hay orrelaiones por lo que la funión de distribuión par es igual a 1.
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Figura 2.3: Potenial de Lennard-Jones (12-6). σ es valor donde U(r) = 0 y ǫ es
la profundidad del potenial. Para una fáil loalizaión de estos parámetros se ha
representado los valores en unidades reduidas
8
2.1.2. Fuerzas eletrostátias
Las fuerzas de largo alane se denen omo las fuerzas en las que
la interaión espaial no deae a valores menores de r−d, donde d es la
dimensionalidad del sistema
4
. Tenemos omo ejemplo las interaiones arga-
arga entre dos iones o las interaiones dipolo-dipolo entre moléulas. En los
apartados anteriores se ha omentado que una forma de simpliar el álulo
de las interaiones del sistema es onsiderar sólo las que se enuentren a
una determinada distania rc y dentro de una imagen mínima. Pero nos
enontramos on una diultad uando lo que nos interesa es evaluar las
fuerzas eletrostátias. Porque eliminar las ontribuiones que se haen a
esos valores superiores del radio de orte, implia que estamos perdiendo
informaión muy relevante sobre este tipo de fuerzas. Para tener en uenta
las orreiones de largo alane en sistemas on interaiones ulómbias
y/o dipolo-dipolo es neesario utilizar ténias diseñadas para estos asos
onretos.
Elmétodo Ewald
9,10,11,12
, también onoido omo sumas de Ewald se
aplia a un sistema de argas puntuales. El álulo de las interaiones entre
una arga q ualquiera y todas las demás, inluyendo las réplias de las ajas
de ontorno periódio, se basa en apantallar a ada arga on una gausiana
de signo ontrario a q quitando la ontribuión de la propia arga q. Estas
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gausianas pueden ser muy anhas, on lo que el apantallamiento es muy poo
efetivo o pueden ser estrehas aumentando el apantallamiento.
La introduión de estas funiones hae que la interaión ulómbia
que hay entre la arga q y todas las demás deaiga de forma más rápida y on-
verja a distanias menores de lo normal. Otra onseuenia de la utilizaión
de las gausianas es que se hae impresindible ontrarrestar las aportaio-
nes de las gausianas aopladas a ada arga. Esta suma se lleva a abo en
el espaio reíproo. Graias a la utilizaión de las transformadas de Fou-
rier podemos tratar matematiamente la suma en el espaio reírpoo lo que
aelera enormemente la simulaión. Con este método, la dependenia del
osteomputaional deae a N3/2, siendo N el número de argas.
Otro proedimiento, basado en las sumas de Ewald, es el método
PME. Esta ténia
13,14
trata a las argas del sistema omo puntos dentro
de una malla y después se estudian las interaiones agrupadas en dos ate-
gorías: interaiones partíula-partíula y partíula-malla. Lo primero que se
realiza es interpolar las argas dentro de una malla la ual se dene por la
euaión de Poisson. Luego se resuelve esta euaión usando una Transforma-
da de Fourier Rápida (FFT), lo que hae dismimuir el oste omputaional
a NlogN , donde N es el número de de puntos de tranformadas de Fourier
disretas
8
.
2.2. Dinámia Moleular
La Dinámia Moleular es la soluión natural a los problemas propues-
tos por la Meánia Estadístia ya que se basa en la soluión de las euaiones
de movimiento de lasN partíulas que forman el sistema obteniendose las po-
siiones y veloidades de las misma
1,4,8
. Integrando la euaiones de Newton,
ls onguraiones generadas orresponden al oletivo NV E. Con estos datos
es posible alular ualquier propiedad marosópia realizando un promedio
temporal sobre las propiedades mirosópias:
X¯ = 〈X〉t (2.3)
De este modo, la diferenia fundamental on el otro método de simu-
laión (MC) es el heho de que la seuenia de miroestados obtenidas no es
aleatoria, sino que se genera en ada onguraión al soluionar las euaio-
nes de movimiento. Esto permite el álulo de propiedades dependientes del
tiempo y de propiedades de transferenia de alor y materia, las uales no son
diretamente aesibles por el método de Monte Carlo. Para una moléula j
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dada perteneiente a un sistema será neesario resolver una euaión del tipo
mj
d2rj
dt2
= Fj = −∇jU(rN ), (2.4)
donde mj es la masa de la partíula, rj su vetor posiión y Fj la fuerza que
atua sobre ella, la ual se puede obtener omo el gradiente del potenial
U(rN). Es fáil darse uenta de que la euaión (2.4) es la apliaión de la
segunda ley de Newton, por lo ual el movimiento de las mismas dependerá
de sus masas.
Como método prátio para resolver estas euaiones podemos utilizar
un desarrollo de Taylor, on lo que es posible obtener las oordenadas y
veloidades tras un ierto intervalo de tiempo ∆t1:
rj(t+∆t) = rj(t) + vj(t)∆t +
1
2
aj(t)∆t
2 +
1
3!
(
d3rj
dt3
)
∆t3 . . . (2.5)
vj(t +∆t) = vj(t) + aj(t)∆t + . . . (2.6)
Este desarrollo matemátio se simplia trunando la serie en un ierto tér-
mino. Una posibilidad es trunar despreiando los términos de orden superior
a las aeleraiones. Este heho implia que las aeleraiones se mantengan
onstantes durante el estudio del sistema, es deir que las fuerzas se onser-
ven en el tiempo total de simulaión. De esta forma se obtiene la trayetoria
del sistema alulando la aeleraión a partir del ampo de fuerzas e intro-
duiendola en la expresión (2.5) y (2.6), quedando entones:
aj(t) = −1/mj∇jU(rN). (2.7)
A ontinuaión se obtienen las nuevas oordenadas y veloidades a un tiempo
t +∆t y se puede además realular las fuerzas que atuan sobre ada par-
tíula y resolver el sistema para un segundo tiempo t + 2∆t. Existen varios
algoritmos que disminuyen el error que se omete por el trunamiento de las
E. (2.6) a un segundo orden sin inrementar por ello los álulos neesarios
para resolver las euaiones. Uno de estos proedimientos más senillos y
que mejor omportamiento presenta es el algoritmo de Verlet
15
, el ual se
expondrá brevemente. Si partimos del desarrollo de Taylor en un tiempo t,
obtenemos una euaión del tipo:
rj(t+∆t) = rj(t) + vj(t)∆t +
1
2
aj(t)∆t
2 +
1
3!
(
d3rj
dt3
)
∆t3 +O(∆t4), (2.8)
rj(t−∆t) = rj(t)− vj(t)∆t+ 1
2
aj(t)∆t
2 − 1
3!
(
d3rj
dt3
)
∆t3 +O(∆t4), (2.9)
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donde O(∆t4) son los términos que dependen del inremento ∆t a la uarta
o potenias superiores a este orden. Si sumamos las euaiones E. (2.8) y
E. (2.9) resulta:
rj(t +∆t) + rj(t−∆t) = 2rj(t) + aj(t)∆t2 +O(∆t4), (2.10)
si despreiamos O(∆t4).
rj(t+∆t) = 2rj(t) + aj(t)∆t
2 − rj(t−∆t). (2.11)
Por medio de esta expresión podemos onoer las futuras posiiones de las
moléulas a un tiempo t+∆t a partir de la aeleraión y de las oordenadas
de las mismas en tiempos anteriores, ometiendo sólo un error del orden de
O(∆t4).
La diultad de este método reside en la eleión del valor de ∆t. Debe
ser lo suientemente pequeño para que el error que se ometa en el truna-
miento de la serie de Taylor no afete a la abilidad de los resultados. Por
este motivo el valor de ∆t tendrá que ser, por ejemplo, menor que el tiem-
po araterístio de las vibraiones moleulares que se intenta estudiar. Y
por otro lado, el valor debe ser lo bastante grande omo para que el sistema
tenga un tiempo razonable en el que se produzan los ambios neesarios
o que los puntos reogidos de los miroestados sean estadístiamente aep-
tables. Normalmente se suele utilizar un tiempo en torno a 1 fs omo ∆t.
Con este parámetro es obligado ubrir un tiempo de simulaión del orden
del nanosegundo, lo que equivale a simular 106 miroestados1. El objetivo de
este método es que la generaión de estas onguraiones permita estudiar
el sistema en un determinado estado termodinámio (reordar que también
se pueden haer estudios fuera del equilibrio) del que sólo se onoen unas
poas variables.
Al tratarse de una dinámia newtoniana, en la ual se onserva la
energía total del sistema, estaríamos trabajando el oletivo miroanónio,
NV E. Pero es posible realizar las simulaiones bajo otros oletivos (omo
se ha realizado durante el dotorado). Por ejemplo en el aso del oletivo
anónio, NV T , para mantener la temperatura onstante se puede aumentar
o disminuir las veloidades de las partíulas, de forma que la temperatura
alulada a partir de ellas en un determinado instante oinida on la tem-
peratura requerida para la simulaión. Esta relaión viene determinada por
la siguente euaión
8
: ∑
i=1
1
2
miv
2 =
Ngl
2
kT, (2.12)
donde Ngl es el número de grados de libertad del sistema ompleto. Si la
temperatura alulada según la euaión (2.12) es demasiado alta, sólo hay
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que disminuir las veloidades, mientras que si es demasiado baja se aumentan.
Para que las onguraiones generadas on el reesalado de la veloidades
orrespondan on el oletivo se introdue un fator λ. Para ada tipo de
termostato nos enontramos on diferentes expresiones de este fator, en esta
memoria sólo desribiremos el fator λ para el termostato de Berendsen16.
λ =
[
1 +
∆t
τT
(
T0
T
− 1
)]1/2
, (2.13)
donde ∆t es el paso de tiempo del algoritmo de integraión de las euaiones
de movimiento de las partíulas, T0 es el valor de la temperatura objetivo, T
es la temperatura instantánea de la simulaión y τT es una onstante.
El aso de los barostatos utilizados en DM es más ompliado. Se basan
en modiaiones, en la aja de simulaión, en las posiiones y en los momen-
tos de las partíulas para mantener la presión del sistema ontrolada. Pero
al igual que el termostato de Berendsen, el proedimiento de su barostato
16
también están basados en un fator µij , el ual viene denido por un tensor
de dimensiones ij:
µij = δij − nPC∆t
3τp
βij (p0ij − pij) , (2.14)
siendo δij, nPC y τp onstantes, ∆t es el paso de tiempo elegido durante la
simulaión, p0ij es la presión objetivo y pij la presión atual en ada paso.
2.3. Monte Carlo
Este método es una herramienta fundamental en la simulaión moleu-
lar por ordenador y se basa en la obtenión de las propiedades marosópias
del oletivo mediante un promedio de onguraiones (miroestados) del
mismo
8
. Estas son generadas al azar por un proedimiento que garantiza que
las distintas onguraiones apareen en la proporión dada por la funión
de partiión del oletivo NV T (o NpT ).
Vamos a haer un pequeño paréntesis para ilustrar la potenia de un
estudio de un sistema basado en la probabilidad. El objetivo es onoer si un
dado está truado y tiene una ara más pesada que las otras, lo ual sería
muy útil si somos el responsable de un asino. Podemos apliar las dos visio-
nes de la hipótesis ergódia a nuestra investigaión. Generar réplias al azar
para obtener un onjunto suientemente grande para formar un oletivo o
analizar minuiosamente nuestro sistema, el dado, durante una tirada. Esta
última visión se podría haer de la siguiente manera. Se monotoriza la tra-
yetoria de los 8 vérties del dado oloando un pequeño sensor en ada uno
56
2.3. Monte Carlo
de ellos, todos los sensores deben pesar lo mismo y estar en las posiiones
orretas para no afetar a la medida. Con poas tiradas, si somos realmente
perfetos on una tirada valdría, podremos observar que existe una posiión
predominante, la ual equivale a la que mantiene la ara más pesada orien-
tada haia el tapete. Esa es el lado del dado que pesa más, es el que está
más atraido por la gravedad. Por otro lado, podemos dejarnos en manos de
la probabilidad y lanzar el dado unas miles de vees. Puede resultar más
ansado para nuestro brazo pero es muho más efetivo desde el punto de
vista matemátio y tenológio. Después de las suientes tiradas nos dare-
mos uenta de que hay una ara del dado que sale mayoritariamente. Por
lo tanto la ara sobrepesada es la opuesta. La segunda forma de abordar el
problema nos ofree una soluión más rápida e inmediata. Este es un senillo
ejemplo sobre ómo a vees es más útil para estudiar un sistema utilizar la
probabilidad asoiada al mismo que una desripión minuiosa.
Pero volvamos a la desripión del método de análisis que está basado
en probabilidad y números al azar. Existen simulaiones de Monte Carlo en
todos los oletivos. Básiamente lo que se hae en este tipo de simulaión
es alular propiedades promedio a lo largo de millones de onguraiones
del sistema. A ontinuaión se expondrán y desarrollarán las expresiones
neesarias para obtener las propiedades marosópias del oletivo NpT ,
pero de forma análoga se puede haer el mismo estudio y desarrollo para
el oletivo NV T . Para generar una onguraión perteneiente al oletivo
NpT , neesitamos onoer la posiión de todas las partíulas del sistema y
el volumen del mismo. El valor de propiedades omo la energía interna U o
el volumen V de ada onguraión utuará en torno a un valor medio una
vez que el sistema se enuentre en equilibrio termodinámio. El promedio de
estas variables es lo que se obtiene omo resultado de una simulaiónNpT . Es
neesario espeiar que el método de Monte Carlo sólo se aplia a sistemas en
equilibrio termodinámio, ya que el balane detallado que aepta las nuevas
onguraiones, se basa en la evaluaión de propiedades enmaradas en esas
ondiiones termodinámias.
La utilizaión del balane detallado nos asegura que las onguraiones
que estamos generando en la adena de Markov (en líneas suesivas se de-
nirá), están dentro del oletivo y podemos obtener la funión de partiión
del mismo. Podríamos basarnos en el prinipio de reversibilidad mirosópia
para obtener estas onguraiones pero si umplimos el balane detallado, un
nivel más de exigenia, nos aseguramos la representatibilidad de las nuevas
onguraiones.
Entremos en más detalle sobre el balane detallado. Se basa en que
el número medio de movimientos aeptados desde la onguraión iniial, i,
es exatamente igual al numero de movimientos que regresan a la ongura-
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ión iniial. Pero antes debemos presentar el prinipio de reversibilidad
mirosópia, que die que la probabilidad de ujo de una onguraión a
otra debe ser igual. Esto de representa en la siguiente relaión matemátia:
Piπ(i, i+ 1) = Pi+1π(i+ 1, i), (2.15)
siendo Pi y Pi+1 las probabilidades de enontrar al sistema en la onguraión
i y i+ 1, respetivamente, π(i, i+ 1) es la probabilidad de transiión de i a
i + 1 y en el aso de π(i + 1, i) la transiión es de i + 1 a i. Si apliamos el
sumatorio de i a la expresión anterior, llegamos a la siguiente deniión:∑
i
Piπ(i, i+ 1) =
∑
i
Pi+1π(i+ 1, i) = Pi+1
∑
i
π(i+ 1, i) = Pi+1 ∗ 1
Pi+1 =
∑
i
Piπ(i, i+ 1) (2.16)
A partir de la E. (2.15), podemos llegar a la riterio de aeptaión de Me-
tropolis E. (2.22) que hemos esrito en la memoria. La probabilidad de
transiión π(i, i + 1) depende diretamente de dos tipos de fatores: la pro-
babilidad de generar una onguraión i + 1 a partir de la onguraión i,
y de la probabilidad de aeptaión de un ambio en la onguraión i para
llegar a la nueva onguraión i+ 1. Es deir,
π(i, i+ 1) = α(i, i+ 1)Pac(i, i+ 1) (2.17)
y lo mismo para la transformaión de i+ 1 a i
π(i+ 1, i) = α(i+ 1, i)Pac(i+ 1, i). (2.18)
Si sustituimos la E. (2.17) y (2.18) en la relaion general (2.15) obte-
nemos,
Piα(i, i+ 1)Pac(i, i+ 1) = Pi+1α(i+ 1, i)Pac(i+ 1, i), (2.19)
además omo α es una matriz simétria, α(i, i+1) = α(i+1, i) y la expresión
de arriba se simplia,
PiPac(i, i+ 1) = Pi+1Pac(i+ 1, i)
Pac(i, i+ 1)
Pac(i+ 1, i)
=
Pi+1
Pi
. (2.20)
Por lo tanto, para poder generar y aeptar una nueva onguraión i + 1
desde i se tienen que evaluar la relaión de Pi y Pi+1, para que Pac(i, i + 1)
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sea favorable. La forma de evaluar la aeptaión de la nueva onguraión es
omparar las probabilidad Pi y Pi+1 de la siguiente manera.
Pac(i, i+ 1) = 1 Pi+1 ≥ Pi
Pac(i, i+ 1) = Pi+1/Pi Pi+1 ≥ Pi
(2.21)
Esto signia que si la probabilidad de enontrar la onguraión i + 1 es
mayor que la probabilidad de enontrar la onguraión i, la probabilidad
de aeptaión es de 1, es deir, se aepta la nueva onguraión. Si por el
ontrario Pi+1 es menor que Pi, la probalidad de aeptaión es Pi+1/Pi. Otra
forma de expresar esta misma ondiión es:
Pac(i, i+ 1) = minimo
(
1,
Pi+1
Pi
)
(2.22)
En el primer apéndie hemos denido el término Pi en funión de la
energía del miroestado o onguraión (5.36) para el oletivo NV T , pero
si suponemos que estamos en el oletivo NpT y que no sabemos ual es la
funión de partiión, lo ual es ierto, sólo podremos onoer el fator de
Boltzmann para ada onguraión de diho oletivo:
Pi ∝ e−β(Ei+pVi)+N ln(Vi) (2.23)
donde Vi y Ui son el volumen y la energía interna de la onguraión i res-
petivamente. El oiente de estas probabilidades de apariión en el oletivo
NpT viene dado por el oiente de los fatores de Boltzmann de las mismas:
Pi+1
Pi
=
e−β(Ei+1+pVi+1)+N ln(Vi+1)
e−β(Ei+pVi)+N ln(Vi)
=
e−βHi+1
e−βHi
. (2.24)
De auerdo a la E. (2.22), si Hi+1 > Hi el ambio se aepta on probabilidad
1. Si Hi+1 < Hi el ambio se aepta on probabilidad e
−β(Hi+1−Hi)
. En aso
de rehazo, la onguraión i + 1 se sustituirá por i, y sus propiedades se
uentan de nuevo para el promedio que se hae a lo largo de la simulaión
según la euaión (2.25). Una vez expliado este proedimiento se puede
denir la adena de Markov omo la serie de onguraiones donde una
nueva onguraión es una modiaión de la onguraión inmediatamente
anterior, siendo esta modiaion aeptada por medio del riterio del balane
detallado.
Básiamente, el algoritmo propuesto por Metrópolis
6
para generar la
adena de Markov se resume en el siguiente esquema:
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1. Determinar el fator de Boltzmann de la onguraión i, E. (2.23).
2. Modiar la onguraión i para obtener la onguraion i+ 1.
3. Determinar el fator de Boltzmann de la nueva onguraión i + 1,
E. (2.23) para i+ 1.
4. Aeptar o rehazar el ambio sobre la onguraión i de auerdo al
riterio de Metrópolis, E. (2.22).
5. Volver al primer paso on la onguraión que haya resultado.
La evaluaión de fatores de Boltzmann es la esenia de toda simula-
ión de MC. Pero existen aspetos onretos de ada oletivo que hay que
tener enuenta para la generaión orreta de las nuevasa onguraiones.
Por ejemplo en el oletivo NpT , el volumen V de la onguraión se halla
muy fáilmente omo el lado de la aja de simulaión al ubo, si la aja es
úbia, o a partir del produto mixto de los vetores que denen la aja de
simulaión, si no lo es. Entendiendo el álulo del fator de Boltzmann de una
onguraión, podremos realizar fáilmente los pasos 1, 3 y 4 del algoritmo.
El paso 2 onlleva una modiaión en la onguraión i para produir la
i+1. Ésta puede ser un ambio de la posiión de una partíula o en el ambio
de volumen del sistema (on el onsiguiente reesalado de las oordenadas de
todas las partíulas).
Después de haber generado todas las onguraiones neesarias dentro
del oletivo pormedio del método de Monte Carlo, expuesto en los párrafos
anteriores, podemos alular el promedio del oletivo de las propiedades
termodinámias. Para alular el promedio de una magnitud X omo
〈X〉 =
∑M
i=1Xi
M
, (2.25)
donde M es el número de onguraiones que se generan a lo largos de la
simulaión y Xi es el valor de la magnitud X en la onguraión i.
2.4. Monte Carlo Híbrido. Hybrid Monte Carlo
(HMC)
Existe una ténia que ombina los dos métodos anteriores de forma
que aproveha las ventajas de ambos algoritmos. Esta ténia es el Hybrid
Monte Carlo (HMC)
17,18
, al igual que on otros términos se usará el nombre
en inglés. Este nuevo método de simulaión fue desarrollado por Duane et al.
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en 1987 y se basa en la idea de obtener los movimientos de las partíulas por
medio de una dinámia moleular y posteriormente se evalua la aeptaión de
las nuevas onguraiones on un algoritmo de Metropolis
8,4
. En un primer
momento puede pareer que no hay ninguna ventaja en este proedimiento,
sin embargo el paso de tiempo que se puede utilizar en el la DM bajo el
ontrol del MC es muy superior al que se maneja en el una DM onvenional,
llegando hasta los 15-25 fs. Así el muestreo se hae de forma más rápida y
eaz en sistemas on un gran número de partíulas. Muy relaionado on
este método, se ha desarrollado una aproximaión del HMC, que reprodue
los mismos resultados en los proesos de nuleaión estudiados. Se basa en la
aeptaión del 100% en los algoritmos de Metropolis y la utilizaión de una
dinámia moleular en el oletivo NpT 19. Este heho nos permite sortear el
problema de las rígidas ondiiones de mirorreversibilidad y simpletiidad
que deben umplir las onguraiones generadas según un HMC estrito. En
el aso de la nuleaión (tema de esta memoria), la ombinaión de HMC y
el algoritmo de Umbrella Sampling (ver Seión 2.5) es ya un proedimiento
estandar para el álulo de barrera de energía libre
20
.
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Esta ténia de simulaión se basa en el álulo de propiedades que están
en fuera del equilibrio a través de una simulaión de Monte Carlo. Imaginemos
que el estado que queremos evaluar está a una distania energétia de ∆U
respeto del estado en equilibrio, U0.
21
Esto quiere deir que su funión de
partiión (por ejemplo en NV T ) se puede esribir omo:
Q(N, V, T ) =
∑
e−β∆Ue−βU0 = Q0(N, V, T )
∑
e−β∆Ue−βU0
Q0(N, V, T )
(2.26)
= Q0(N, V, T )
〈
e−β∆U
〉
0
,
donde
〈
e−β∆U
〉
0
es el promedio del fator del Boltzman para la diferenia de
energia alulada a través de una simulaión en el equilibrio.
De esta forma podremos alular propiedades termodinámias de un
sistema que se enuentra en asi equilibrio:
〈A〉NV T =
∑
Ae−β∆Ue−βU0
Q(N, V, T )
=
Q0(N, V, T )
Q(N, V, T )
∑
Ae−β∆Ue−βU0
Q0(N, V, T )
(2.27)
=
〈
Ae−β∆U
〉
0
〈e−β∆U〉0
,
En todo este desarrollo es neesario onoer∆U y es ahí donde radia la
ompliaión del método. La forma de aeder a esa energía es por medio de
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una funión de bias, W , es deir, una funión que genere esta ontribuión
equivalente a la diferenia de energías en el fator de Boltzman, U0 = U+W .
Esta ténia es muy utilizada en el álulo de propiedades que estan
fuera del equilibrio, omo es nuestro aso que alulamos barreras de nulea-
ión. A través del Umbrella Sampling podemos dirigir el reimiento del
núleo de la fase estable dentro de la fase metaestable para que se produz-
a la transformaión ompleta a la fase estable. Para más detalle sobre este
proeso se reomienda ir al Cap. 4 donde se explian estos oneptos sobre la
nuleaión e ir a la Se. 4.5.2 para enontrar una expliaión más detallada
sobre esta ténia apliada al álulo de barrera de nuleaión.
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Fundamento Teóri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Modelos de potenial de agua
Desde los primeros estudios por simulaión del agua, se han propuesto
una gran antidad de modelos de agua. Sabemos que la moléula de agua es
exible, polarizable y de unas determinadas dimensiones y geometría. Por lo
tanto el modelo que se debería utilizar para representar la moléula de agua
tendría que seguir estas diretries. Pero es en este punto del diseño de un
modelo de potenial donde abe preguntarse por el oste omputaional que
deberemos invertir en ada simulaión para representar todas las propiedades
del agua. Como respuesta de esta pregunta apareen los modelos rígidos y no
polarizables, es deir, no presentan exión en el enlae H-O-H, ni vibraión
de los enlaes O-H, ni modiaiones en la distribuión eletrónia moleular.
Aeptamos que se pierde informaión sobre la exibilidad y la polarizaión de
la moléula del agua, pero a ambio se gana rapidez omputaional. El oste
de simulaión de la representaión de los grados de libertad vibraional es
elevado frente a la informaión adiional que se obtiene de esos modelos. Sólo
reientemente, se han propuestos modelos polarizables on buenos resultados
globales
? 22
pero el el oste omputaional sigue siendo una gran desventaja
de estos nuevos poteniales. Por esa razón y porque el álulo de las propie-
dades del sistema es muy similar a los valores experimentales, se utilizan de
forma estandar y generalizada los modelos rígidos y no polarizables.
Los modelos de potenial de agua
23,24,25,26,27,28
que se muestra en la
Tabla (3.1) son los más populares y usados en la mayoría de los trabajos
de simulaión sobre agua. Los modelos que mejor resultados dan en simula-
ión tienen el entro Lennard-Jones (LJ) sobre el átomo de oxígeno y una
geometría moleular determinada, habitualmente on una distania O-H de
0.9572 Å y un ángulo de 104,52
o
a exepión del modelo SPC, del ual se
hablará a ontinuaión. En general se pueden haer tres grupos de modelos
atendiendo al número de entro que se han utilizado para desribir el modelo:
1. Modelos de tres entros: TIP3P
23
, SPC
24
Propuestos por Jorgensen y Berendsen, respetivamente, se arateri-
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zan porque la arga negativa está loalizada sobre el átomo de oxígeno
y la positiva está oloalada sobre los dos átomo de hidrógeno. En el
modelo SPC no se utilizan valores experimentales de los parámetros
moleulares omo las distanias O-H o los ángulos H-O-H; sino que se
toma omo distania O-H 1 Å y 109
o
omo ángulo H-O-H. Una modi-
aión de este potenial es el SPC/E, también heha por Berendsen,
aumenta ligeramente la arga, ya que esto supone que la energía de
polarizaión puede ser sumada a la energía interna del líquido uando
se ajustan los parámetros del potenial a la entalpía de vaporizaión
del agua real, mejorando las prediiones del modelo original.
2. Modelos de uatro entros: TIP4P
23
, TIP4P/Ew
29
, TIP4P/2005
27
,
TIP4P/Ie
28
El modelo base, TIP4P, fue desarrollado por Jorgensen. Emplean los
parámetros experimentales de distanias O-H y ánguloH-O-H. El entro
de interaión Lennard-Jones está también sobre el átomo de oxígeno y
las dos argas positivas loalizadas en las posiiones de los Hidrógenos.
Pero la oloaión de la arga negativa, que en el modelo anterior se
situaba sobre el oxígeno, en estos modelos se situa a lo largo de la
bisetriz del ángulo moleular H-O-H.
3. Modelos de ino entros: TIP5P
25
Propuesto por Mahoney
25
y el propio Jorgensen, la arga negativa se
divide en dos argas pariales negativas en las posiiones de los "pares
de eletrones no enlazantes del oígeno". Este modelo reuerda muho
al utilizado en la déada de los 70, el modelo ST2
26
.
4. Modelos Coarse-Grained: mW
30
, CSW
31,32
, CCM
33
Este tipo de modelos se están haiendo muy populares y utilizados por
la omunidad ientía por la rapidez omputaional que onllevan.
Cada uno de los tres modelos presentados tienen sus propias arate-
rístias y se reomienda para más detalle leer las respetivas itas que
se ofreen en la memoria. Sólo deir que on el modelo desarrollado
por V. Molinero
30
se ha estudiado la ristalizaión del modelo
34
, ofre-
iendo informaión importante sobre la ontroversia de los esenarios
teórios del agua (ver Seión (5) de esta memoria). Sobre este mismo
tema nos enontramos el trabajo de Stokely et. al
35
donde utilizano
el modelo CCM, onsiguen reproduir un esenario sin punto rítio
líquido-líquido pero on la línea de equilibrio líquido-líquido, a partir
de un esenario on punto rítio líquido-líquido.
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Tabla 3.1: Parámetros de potenial para los distintos modelos de agua. dOH es la
distania entre oxígeno e hidrógenos, H-O-H el ángulo formado por los hidrógenos y
el oxígeno, σ uando el potenial se hae ero para ada modelo, ǫ/k la profundidad
del potenial en ada aso, qH la arga sobre el hidrógeno, dOM y dOL son las
distanias entre los puntosM y L araterístios para ada modelo omo se explio
en el texto.
Modelo dOH (Å) H-O-H σ (Å) (ǫ/k) (K) qH (e) dOM (Å) dOL (Å)
TIP3P 0.9572 104.52 3.1506 76.54 0.417 0 -
SPC 1.0 109.47 3.1656 78.20 0.41 0 -
SPC/E 1.0 109.47 3.1656 78.20 0.423 0 -
TIP4P 0.9572 104.52 3.1540 78.02 0.52 0.15 -
TIP4P/Ew 0.9572 104.52 3.1643 81.90 0.524 0.125 -
TIP4P/Ie 0.9572 104.52 3.1668 106.1 0.5897 0.1577 -
TIP4P/2005 0.9572 104.52 3.1589 93.2 0.5564 0.1546 -
TIP5P 0.9572 104.52 3.1200 80.51 0.241 - 0.70
Después de la enumeraión de los tipos de modelos se expondrán las
araterístias más importantes de alguno de los modelos itados. El modelo
TIP4P
23
tiene la arga negativa loalizada en un punto M, que está situado
a una distania dOM del átomo de oxígeno en la bisetriz del ángulo H-O-H
en direión a los hidrógenos. En el modelo TIP3P
23
, la arga negativa se
loaliza diretamente sobre el oxígeno. Ninguno de estos modelos son apa-
es de reproduir orretamente propiedades termodinámias, tales omo el
máximo de densidad o el punto de fusión del agua por lo que es neesario
modiaiones de sus parámetros moleulares. De esta manera y on el espí-
ritu de poder reproduir de la mejor forma la mayor antidad de propiedades
termodinámias, naen los nuevos modelos de potenial del agua. Estos mo-
delos son: TIP4P/Ew
29
, TIP4P/2005
27
y TIP4P/Ie
28
. Más onretamente
los dos primeros se ajustaron para la reproduión del máximo de densidad
a presión ambiente del agua líquida en funión de la temperatura y el último
TIP4P/Ie para dar un buen valor de la temperatura de fusión.
Las diferenias de parámetros entre los modelos de agua son muy im-
portantes porque se ven reejadas diretamente en los tiempos de simulaión
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Figura 3.1: Representaión esquématia de los modelos SPC/E y TIP4P. Los íru-
los verdes representan las esferas LJ. Los írulos negros los puntos de arga nega-
tiva y los írulos azules los de arga positiva. Las líneas representan los enlaes.
requeridos para el álulo de las propiedades de estudio. Por ejemplo, los
modelos SPC requieren la determinaión de 9 distanias entro-entro. Los
TIP4P requieren 10 (9 distanias arga-arga y la interaión LJ) y el modelo
TIP5P neesita 17 (16 distanias arga-arga y la interaión LJ). El oste
omputaional guarda una relaión 1 : 1,1 : 1,9 respetivamente.
En la atualidad los avanes en el diseño de los modelos de agua se
basan en la inorporaión de la exibilidad y polarizabilidad. Estas nuevas
modiaiones mejoran las propiedades predihas por los anteriores modelos.
Además nos permiten alular las magnitudes a las uales los modelos rígidos
y no polarizables son inapaes de aeder, véase el aso de reproduir un
espetro de IR o Raman por un modelo rígido. En esta memoria se presenta
un nuevo potenial de agua exible el ual mantiene el nivel de exigenias y
alidad que se le pide al modelo TIP4P/2005 y además ofree informaión
sobre la exibilidad moleular y espetrosópia del agua. Este modelo lleva
por nombre, TIP4P/2005f y se expliará, tanto sus parámetros omo los
resultados del mismo en el Capítulo (3).
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Fundamento Teório: Capítulo 4
Nuleaión. El n de los estados
metaestables
4.1. Introduión
En esta seión de la memoria se darán unas pineladas sobre el fenó-
meno de la nuleaión. Pero antes es neesario enmarar este proeso en un
esenario termodinámio. Para ello partiremos de los estados metaestables.
El ejemplo on más reurrenia aadémia es el diamante. Esta estrutura
no es estable termodinámiamente en ondiiones ambientes, la ongura-
ión atómia estable para estas ondiiones es el grato. Aún así, seguimos
omprando diamantes y deimos que son para toda la vida, lo ual es ierto.
Esto se debe a que en la estabilidad partiipa una variable inétia: el tiempo
que neesita el diamante para que se transforme a grato es muy elevado.
La ombinaión de fatores inétios y de termodinámios haen que una
sustania sea un estado metaestable, en este ejemplo un sólido metaestable.
Termodinámiamente no es estable pero existe en la naturaleza por motivos
inétios.
La Termodinámia ontempla y estudia los estados metaestables a par-
tir de la deniión de los límites de estabilidad. Existe la linea binodal entre
dos estados termodinámios, la ual establee el punto donde los poteniales
químios de dos estados son iguales. Por otro lado, podemos alular la línea
espinodal, que es la frontera entre los estados metaestables y los inestables.
De esta forma queda denida por estas dos líneas una región donde se en-
uentra una fase metaestable de una sustania, omo el agua sobrealentada
y sobreenfriada. Podemos enontrar una respresentaión esquemátia sobre
la línea binodal y las espinodales en la Fig. 4.1.
El agua hierve a 100 oC (temperatura que dene la binodal líquido-
vapor a presión ambiente) y ongela a 0 oC (temperatura de la binodal
líquido-sólido a presión ambiente). Es posible tener agua líquida a más de
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Figura 4.1: Diagrama de fases en el plano p−T donde se representa la línea binodal
y dos líneas espinodales, la orrespondiente al líquido y al vapor. Notese que las
tres líneas parten del punto rítio líquido-vapor (CP).
100 oC o a menos de 0 oC, ya que nos enontramos fuera de la zona de
equilibrio (ruzando la línea binodal), pero dentro de la zona de estabilidad
termodinámia del agua (antes de ruzar la línea espinodal). Obtendremos
una fase metaestable durante un periodo de tiempo indenido hasta que el
sistema no entre en ontato on la fase estable y inétiamente sea lábil la
transformaión a la fase estable en esas ondiiones. Esta transiión se basa
en una transformaión de fase de primer orden y lleva por nombre nulea-
ión. Este es el meanismo de relajaión para los estados metaestables y se
fundamenta en la apariión de embriones (núleos o luster) dentro de la fase
metaestable. A través del reimiento de estos núleos toda la fase metaesta-
ble se tranformará en la nueva fase. El fenómeno de nuleaión es un proeso
ativado, es deir, existe una barrera de energía libre que es neesario sobre-
pasar para poder aeder a la transformaión total de la fase metaestable en
la fase estable. Esta barrera depende de lo alejado que nos enontremos de la
binodal. Así, si nos situamos era a esta línea el oste de energía libre tiende
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a innito, lo que quiere deir que los embriones que tenemos de la nueva fase
son innitamente grandes (nos enontramos en equilibrio de fases). Por otro
lado, uando estamos muy alejados de la binodal, era de la espinodal la
barrera disminuye hasta desapareer y los embriones que tenemos de la nueva
fase también disminuyen de tamaño. Cuando se ruza esta última línea se
produe la desomposiión espinodal, en le que las dos fases se separan de
manera homogénea, instantánea y espontánea. Éste es el meanismo de rela-
jaión utilizado por los estados inestables para onseguir la transformaión
a la fase estable. Volviendo al proeso de nuleaión, este fenómeno depende
de una barrera de energía libre llamada barrera de nuleaión, la ual
depende a su vez de dos aspetos: el grado de metaestabilidad de la fase de
partida y el trabajo neesario para la reaión de la interfase.
Habiendo enmarado nuestro proeso a estudiar, ahora estamos en on-
diiones de abordar el problema de desripión y análisis desde el punto de
vista de la teoría.
4.2. Teoría Clásia de Nuleaión
Como se dijo en el apartado anterior la nuleaión es el proeso por
el ual una fase metaestable se tranforma en la fase estable a partir de la
apariión de embriones de la nueva fase. También se puede denir omo
el meanismo de relajaión para los estados metaestables. Antes de expliar
ómo se determina este proeso por la Teoría Clásia de Nuleaión es preiso
deir que existen dos tipos de nuleaión:
1. Nuleaión homogénea, uando la nuleaión se produe a partir
de una sola fase, de forma espontánea debido a utuaiones de la
densidad que arateriza la nueva fase.
2. Nuleaión heterogénea, similar a la homogénea pero el proeso
da omienzo en presenia de paredes y/o impurezas de otra sustania.
Esta oexistenia aelera la nuleaión y disminuye la sobresaturaión
neesaria para la transformaión a la nueva fase.
La Teoría Clásia de Nuleaión, normalmente itada por sus siglas en
inglés (Classial Nuleation Theory, CNT) es una teoría fenomenológia ba-
sada en la observaión de la transiión de fase vapor-líquido, a través de la
formaión de una gota líquida en un vapor sobresaturado. Esta sobresatura-
ión no se reere al grado de disoluión de un soluto en un disolvente sino
a la diferenia de potenial químio |∆µ| entre una fase estable y una fase
metaestable que están impliadas en el proeso de nuleaión. Para poner
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la deniión de CNT en los mismo términos que hemos utilizado durante
la memoria diremos que partimos de una fase metaestable, vapor sobresatu-
rado o vapor sobreenfriado, que se transforma irremediablemente en la fase
estable en esas ondiiones, la gota líquida. Un aspeto muy importante a
tener en uenta de esta teoría es que desribe un proeso marosópio. Los
riterios utilizados están aorde on el mundo marosópio, por ejemplo,
se utilizan normalmente valores de tensión superial basados en superies
totalmente planas. Este heho será relevante uando tengamos que analizar
los resultados de sistemas mirosópios.
Los primeros en desarrollar esta teoría fueron Volmer y Weber
36
(1926),
su trabajo está basado en apliar la formulaión de Gibbs sobre un trabajo
reversible de la formaión de un embrión de la nueva fase dentro de la fase
metaestable. De esta forma se puede alular la tasa de nuleaión y ponerla
en relaión on la formaión del núleo rítio en proesos de estas arate-
rístias, onepto que denirá en páginas suesivas. Seguidamente en 1935,
en el trabajo de Beker y Döring
37
se propone la utilizaión de la distribu-
ión del estado estaionario (steady state) en sustituión de la distribuión
de núleos en equilibrio propuesta por Volmer et al.. Además obtuvieron, al
utilizar este tipo de distribuión, una euaión donde se dene la tasa de
nuleaión independiente del número de partíulas. Utilizando este mismo
sistema, Zeldovih
38
en 1943, hizo aportaiones y modiaiones importan-
tes a la CNT, pero no se aplió en materia ondensada hasta el trabajo de
Turnbull y Fisher
39
(1949).
A partir de esta teoría se han realizado suesivas mejoras y se han
abierto otros amino no tan lásios. Como la aproximaion al fenómeno de
la nuleaión por medio de la Teoría del Funional de Densidad (TFD), mejor
onoida omo DFT, de sus siglan en inglés, Density Funtional Theory. Esta
nueva visión se la debemos al trabajo de Cahn y Hillard
40
en 1959, y a la
posterior revisión de Oxtoby y Evans
41
. En este aso se trata al embrión y su
evoluión omo una inhomogeneidad de la estrutura, medida a través de la
densidad. La energía libre del sistema se vinula on la densidad por medio
de un funional on el ual podemos alular diretamente la energía libre
de la formaión del núleo de la nueva fase
42
.
Como dijimos en un omienzo, la Teoría Clásia de Nuleaión nos per-
mite determinar, a través de una formalismo riguroso, la barrera de nulea-
ión, ∆G y la tasa de nuleaión, J . A ontinuaión daremos unas pineladas
sobre el tratamiento de estos dos oneptos según la CNT.
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4.3. La Barrera de Nuleaión según la CNT
Sabemos que el proeso de nuleaión es un proeso ativado, lo ual
implia la existenia de una barrera de energía libre denominada barrera
de nuleaión. Para alular esta barrera partiremos de dos sistemas A y
B en ondiiones termodinámias de presión y temperatura onstantes. El
sistema A está ompuesto por la fase metaestable α y el sistema B está
onsittuido por esa misma fase metaestable y un embrión de la nueva fase β.
Para ontinuar la idea propuesta por Volmer y Weber, la fase α es un vapor
sobreenfriado, mientras que la fase β es el líquido estable. Con la presentaión
de los personajes de nuestra pelíula sólo queda empezar a narrar la historia
del álulo de la barrera de nuleaión, ∆G.
Lo primero que haremos será determinar la energía interna del sistema
A, UAα :
UAα = T
ASA − pAV + µAN, (4.1)
donde T es la temperatura, S la entropía, p la presión, V el volumen, µ el
potenial químio y N el número total de partíulas del sistema. Podemos
alular la misma magnitud para el otro sistema B, UBα+β
UBα+β = T
BSB − pBαV Bα − pBβ V Bβ + Aγ + µBαNα + µBβNβ, (4.2)
en esta oasión debemos de tener en uenta la apariión de la nueva fase β y
por onsiguiente el trabajo que tenemos que realizar para rear la interfase
que las separa, la ual viene determinada por el área de la propia interfase,
A y por la energía libre interfaial, γ. Como la transformaión se produe
a presión y temperatura onstante, podemos suponer que pAα = p
B
α = p,
TA = TB, además N = Nα + Nβ y suponer que los volumenes son aditivos
nos ayuda a simpliar el álulo, así, V = Vα + Vβ,
UBα+β = T
BSB − pBαV − (pBβ − pBα )V Bβ + Aγ + µBαN + (µBβ − µBα )Nβ. (4.3)
Si las fases α y β están en equilibrio termodinámio, esto implia que µBα =
µBβ ; y si el núleo de β es muy pequeño frente a la fase metaestable α, Nα >
Nβ. Con todas estas aproximaiones se puede utilizar la formulaión de Gibbs
para un trabajo reversible apliado al reimento del núleo de β en la fase
metaestable α. De este modo si alulamos GAα y G
B
α+β , la determinaión de
∆G es inmediata.
∆G = ∆U + p∆V − T∆S, (4.4)
en ombinaión on la euaión (4.1) y la (4.3), la última relaión expuesta
queda modiada de la siguiente manera,
∆G = GBα+β −GAα = (p− pBβ )V Bβ + Aγ + (µBβ − µBα )NBβ . (4.5)
71
4. Nuleaión. El n de los estados metaestables
En este punto es donde la Teoría Clásia de nuleaión hae tres apro-
ximaiones para determinar la barrera de nuleaión.
1. Las araterístias de reimiento de la nueva fase vienen determinadas
por las propiedades de bulk de la misma fase, por ejemplo, µBβ (p
B
β ).
2. La energía interfaial, γ, es alulada omo la tensión superial de una
esfera de radio innito, o una superie plana, γ∞.
3. Por último, el núleo será inompresible, por lo que su densidad per-
maneerá onstante umpliendose la relaión termodinámia, ∂µ/∂p =
1/ρ y podemos entones reesribir el potenial químio de funión la
presión de la fase β omo,
µBβ (p
B
β ) = µ
B
β (p
B
α ) +
pBβ − pBα
ρβ
(4.6)
Sustituyendo la E. (4.6) en la E. (4.5), podemos llegar a
∆G(Nβ) = A(Nβ)γ∞ +
[
µBβ (p
B
α )− µBα (pBα )
]
Nβ (4.7)
∆G(Nβ) = A(Nβ)γ∞ + |∆µ|Nβ. (4.8)
Así hemos enontrado una funión de∆G dependiente del número de partíu-
las que forman parte de la nueva fase estable β, de la diferenia de poteniales
químios entre las fases y de la energía libre interfaial γ. Si el núleo de la
fase β tiene la forma esféria, podemos esribir ∆G en funión del radio de
este núleo. Si tomamos omo A(Nβ) = 4πR
2
, área de una esfera y Nβ el
número de partíulas de esa esfera de volumen, V = (4/3)πR3, la barrera en
la E. (4.7) queda:
∆G(R) = 4πR2γ∞ + |∆µ| ρβ(4/3)πR3. (4.9)
∆G en ambas expresiones (4.8) y (4.9) tiene dos términos:
El primer término está determinado por la tensión superial y tiene
en uenta el trabajo neesario para rear la interfase entre la nueva fase
β y la metaestable α.
El otro es un término de bulk que depende del grado de metaestabilidad
de la fase α on respeto a la fase termodinamiamente estable β. Al
ontrario del otro término, éste es negativo y favoree al proeso de
nuleaión.
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Figura 4.2: Representaión esquemátia de la barrera de energía libre del proeso
de nuleaión. El aspa negro mara el máximo de la barrera, ∆G∗, donde el ual
orresponde al valor del radio rítio, R∗.
Si representamos ualquiera de las dos euaiones 4.8 y 4.9, aunque en esta
memoria nos entraremos en la segunda, observaremos un máximo en la
funión ∆G.
Este punto, se onoe omo top de la barrera. Está araterizado por el
valor de un radio onreto, radio rítio y por el valor máximo de la energía
libre del proeso ativado de nuleaión,∆G∗. El núleo que nos enontramos
en este punto de la funión se denomina núleo rítio y se dene omo el
luster que tiene una probabilidad del 50% de ontinuar reiendo irreme-
diablemente hasta que la transformaión haia la fase estable es ompleta y
el otro 50% de probabilidad de volverse a disolver en la fase metaestable α.
El radio rítio es:
R∗ =
2γ∞
ρβ |∆µ| , (4.10)
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y el top de la barrera:
∆G∗ =
16πγ3
∞
3(ρβ |∆µ|)2 . (4.11)
La diferenia de presiones entre las dos fases (el nuleo termodinámiamente
estable rodeado por el bulk termodinámiamente metaestable) impliadas en
funión del radio rítio y de la energia libre interfaial,
∆p =
2γ∞
R∗
, (4.12)
es la presión de Laplae. En el ejemplo que estamos onsiderando, una gota
líquida que ree en un vapor sobresaturado, podemos utilizar la presión de
Laplae para determinar la sobresaturaión del sistema.
El trabajo de formaión de un núleo de la fase estabe de tamaño n
en una fase metaestable se puede también alular teniendo en uenta la
Termodinámia Estadístia. Con los mismos sistemas A y B alulamos la
energía libre asoiada a la formaión de la nueva fase, β. Determinamos el
potenial químio del sistema B a través de la expresión,
µn(p) = Aγ + nµβ(p), (4.13)
donde n (n = Nβ) es el número de partíulas que forman el núleo de area
A, γ es la energía libre interfaial y p es la presión de la fase metaestable β.
Esta expresión nos ofree un valor general del potenial químio que depende
de las propiedades marosópias. Pero omo vimos en la seión (1.3), si
elegimos el oletivo orreto, seremos apaes de determinar las magnitudes
masrosópias a través de las funiones de distribuión de probabilidad de
los miroestados. En nuestro aso trabajamos on el oletivo NpT . Además
trataremos al sistema omo una mezla ideal de núleos, de distintos tamaños
que no interaionan entre sí y están araterizados por una presión parial,
pn. Partiendo de la relaión termodinámia dµ/dp = 1/ρ y la deniión de
presión de un gas ideal, p = ρkBT alulamos el potenial químio de estos
núleos de tamaño n,
µn(pn) = µn(p) + kBT ln
(
pn
p
)
. (4.14)
Si sustituimos en la E. (4.8) las relaiones (4.12) y (4.13) obtendremos la
expresion de ∆G para el proeso de nuleaión.
∆G = µn(pn)− nµα(p)− kBT ln
(
pn
p
)
, (4.15)
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omo los núleos de distintos tamaño n estan en equilibrio termodinámio
on la fase metaestable α. Se umple que µn(pn) = nµα(p), por lo tanto la
expresión anterior se simplia a
∆G = −kBT ln
(
pn
p
)
. (4.16)
El alulo de la presiones pariales de los núleos es ompliado. Pero si apli-
amos la Ley de Raoult que die que pn/p ≃ Nn/N (donde p es la presion
total del sistema y N el numero total de moleulas). La E. (4.16) se trans-
forma en la euaión general del álulo de ∆G en proesos de equilibrio.
∆G = −kBT ln
(
Nn
N
)
= −kBT lnP (n), (4.17)
donde P (n) es la probabilidad de enontrar un núleo de n partíulas en
equilibrio on la fase metaestable que lo rodea.
Después de las anteriores fórmulas y disgresiones, hemos obtenido las
prinipales relaiones para el álulo de la energía libre asoiada al proeso
de nuleaión. A ontinuaión pasaremos a estudiar la tasa de nuleaión y
ómo ha sido abordado su resoluión por la CNT.
4.4. La tasa de nuleaión según la CNT
Otro aspeto del proeso de nuleaión abordado por la CNT es el
álulo de la tasa de nuleaión. Por deniión la tasa de nuleaión es el
número de núleos rítios formados por unidad de volumen y de tiempo.
Esta magnitud se representa por la letra J y en el trabajo de Volmer y
Weber se determina a partir del reimiento y la desapariión del núleo
rítio omo una euaión inétia. La ondiión iniial de este planteamiento
es que el proeso de reimento y redisoluión del embrión será por medio
de añadir y eliminar del núleo ritio monómeros de la nueva fase. En la
formulaión original los autores estudiaron la ondensaión de un líquido
(nueva fase) a partir de un vapor metaestable. Para ello se tiene que umplir
que la poblaión de monómeros sea predominante frente a dímeros, trímeros...
y que no haya olisiones entre núleos. Con estas premisas podemos esribir
las siguientes reaiones de formaión y desapariión del núleo.
βn−1 + β1
k+,n+1−−−−⇀↽ −
k−,n
βn (4.18)
βn + β1
k+,n−−−−⇀↽ −
k−,n+1
βn+1 (4.19)
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donde β1 es el monómero de la fase β, n−1, n y n+1 los índies del número
de partíulas que forman el núleo y k+,n, k−,n, k+,n+1 y k−,n+1 las tasas de
reimiento (+) y de desapariión (−) de los embriones impliados. Podemos
alular la dependenia on el tiempo de la distribuión de núleos Nn(t)
resolviendo la euaión general
dNn(t)
dt
= Nn−1(t)k+,n−1 +Nn+1(t)k−,n+1 − [Nn(t)k−,n +Nn(t)k+,n] (4.20)
Ahora, si queremos alular la tasa neta de nuleaión, es deir la tasa de
reimiento y desapariión del luster βn podemos esribirlo omo sigue,
J(n, t) = Nn(t)k+,n −Nn+1(t)k−,n+1, (4.21)
que orresponde al ujo (dependiente del tiempo) de núleos que alanzan un
tamaño n. Para alular la E. (4.21) Volmer y Weber hiieron la suposiión
de que el ujo de retorno de un núleo más grande que el núleo rítio desde
este tipo de embrión es ero, es deir, Nn(t) = 0, para n > n
∗
. Además para
n < n∗, podemos tomar omo Nn(t) independiente del tiempo si representa
a la distribuión de núleos en equilibrio, onvirtiendose en Nn. Si utilizamos
la E. (4.17) podemos denir Nn en funión de la energía libre del sistema
en ombinaión on la deniión de ∆G quedando la E. (4.21) omo sigue,
J(n) = Nnk+,n∗ = N1k+,n∗e
−β∆G(n∗), (4.22)
siendo k+,n∗ y ∆G(n
∗) la tasa de reimiento y la energía libre del núleo
rítio, respetivamente.
Esta tasa de nuleaión alulada por Volmer y Weber es dependiente
del número de partíulas del embrión y este heho puede ser diil de eva-
luar. Los enargados de eliminar esta dependenia fueron Beker y Döring
37
.
Proponen utilizar en la E. (4.21) la distribuión del estado estaionario N ssn ,
quedando
J = N ssn k+,n −N ssn+1k−,n+1. (4.23)
A partir de esta expresión y teniendo en uenta que para los estados estaio-
narios el ujo es el mismo, se llega a la deniión siguiente
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J = N1
[
∞∏
i=1
1
k+,nKn
]
−1
, (4.24)
donde Kn =
∏n−1
j=1
k+,n
k−,n+1
siendo n > 1. Lo que se plantea on la utilizaión de
la onstante englobadora Kn es aproximar las semi-reaiones a una reaión
global de formaión del núleo Nn.
nN1
Kn−−⇀↽− Nn. (4.25)
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Utilizando la relaión entre Kn y la E. (4.17),
(
Nn
N1
)
= Kn = e
−β∆G
, que nos
permite obtener la expresión general de la tasa de nuleaión independiente
de n:
J = N1
[
∞∏
i=1
1
k+,ne−β∆G
]
−1
. (4.26)
Al igual que hiieron Volmer y Weber, Beker y Döring simpliaron
esta expresión (4.26) on el n de obtener una relaión on soluión abordable
por experimentos. Si se realiza el áulo de J en la región del top de la barrera,
y además si el límite de álulo es el tamaño del núleo rítio, n∗, podemos
reesribir la euaión omo,
J = N1k+,n∗
( |∆G′′(n)|n∗
2πkBT
)1/2
e−β∆G(n
∗), (4.27)
siendo |∆G′′(n)|n∗ la segunda derivada de la energía libre de Gibbs en funión
de n, alulado en el núleo rítio. El término entre paréntesis se denomi-
na fator de Zeldovih
38
, Z, y teniendo en uenta la E. (4.11) podemos
simpliar la expresión anterior a
J = N1k+,n∗
( |∆µ|
6πkBTn∗
)1/2
e−β∆G(n
∗). (4.28)
Utilizando la deniión de prefator inétio de Beker y Döring
37
, κ, pode-
mos esribir la tasa de nuleaión de la E. (4.27) omo
J = κe−β∆G(n
∗)
(4.29)
κ = N1k+,n∗Z (4.30)
Utilizando las euaiones arriba expuestas, Turnbull y Fisher
39
proponen
una expresión mejorada del prefator inétio para el estudio de los sistemas
ondensados.
J = κTF e
−β∆G(n∗)
(4.31)
κTF = N1
24Ds(n
∗)2/3
λ2
Z (4.32)
Donde Ds es el oeiente de difusión, N1 es la onentraión de monóneros,
Z es el prefator de Zeldovith, λ es la distania de salto atómio, la ual es
neesaria para denir la freuenia de reimiento/desapariión de una partí-
ula simple en el núleo. El término (n∗)2/3 es el número de átomos/moléulas
que se enuentran en la superie del núleo rítio suponiendo que es una
esfera.
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Después de esta desripión de la Teoría Clasia de Nuleaión sólo
queda expliar ómo aborda el estudio de este fenómeno la Simulaión Mole-
ular. En la siguiente seión se detallarán los prinipales métodos de análisis
de proesos de nuleaión.
4.5. Ténias de simulaión del proeso de nu-
leaión
La Simulaión Moleular es una herramienta muy útil para el estudio de
este tipo de fenómenos. Es apaz de expliar proesos marosópios desri-
biendo los meanismos mirosópios que los generan. Como se ha omentado
en las seiones anteriores a través de la simulaión obtenemos onguraio-
nes representativas de nuestro sistema en determinadas ondiiones termo-
dinámias, aunque el sistema no esté en equilibrio y se enuentre en estados
metaestables, omo en el aso de la nuleaión. Este evento, la nuleaión,
es un proeso ativado, en el que el sistema neesida ruzar una barrera de
energía libre para transformarse en la fase termodinamiamente estable. Co-
mo hemos expliado anteriormente un fator que determina la nuleaión es
el grado de sobresaturaión, |∆µ|, o lejanía respeto a la binodal del esta-
do termodinámio. La altura de la barrera es inversamente proporional a
|∆µ|, por lo tanto ésta es mayor uanto más nos aeramos a la binodal y
vieversa. Alejandonos de la binodal, nos aeramos a su vez a la espinodal,
alanzada la ual la barrera de nuleaión desaparee y el sistema se separa
espontáneamente en dos fases a través de un meanismo de desomposiión
espinodal.
Además, la nuleaión es un evento raro que depende tanto de la altura
de la barrera de nuleaión omo de la inétia de reimiento de los nú-
leos rítios. Este omportamiento se puede observar si evaluamos el tiempo
neesario para que se produza la nuleaión. Cuando tenemos una sobre-
saturaión elevada el tiempo requerido para la transiión es muy pequeño.
Pero uando la sobresaturaión es muy baja este tiempo se hae muho más
grande. Esta diferenia de tiempos hae que desde el punto de vista de la
simulaión exista un límite en el ual podemos maras la frontera entre los
proesos de nuleaión espontáneos y los no espontáneos.Un evento de nulea-
ión suele apareer de manera espontánea en las simulaiones, si su barrera
de nuleaión tiene el máximo en torno a un valor de 14-15 kBT
21
. Mientras
que un evento de nuleaión no suele apareer espontáneamente si su barrera
de nuleaión es más alta que 15 kBT . Los dos asos son iertos bajo la su-
posiión de que la inétia del sistema de interés sea favorable, omo podría
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pasar al agua sobrealentada en una transiión líquido-vapor, pero no ourre
al agua sobrenfriada en una transiión líquido-sólido.
Otro aspeto muy importante a tener en uenta antes de desribir las
ténias de analásis de nuleaión es la deniión de parámetro de orden
de nuleaión que arateriza ada transiión de fase de primer orden, y en
funión del ual podemos representar la barrera de nuleaión. El parámetro
de orden suele ser una funión de las oordenadas de todas las partíulas del
sistema, y tiene las siguentes propiedades:
1. Nos permite araterizar de manera inequívoa tanto el estado me-
taestable iniial del sistema omo el estado nal, termodinámiamente
estable.
2. Es una funión monótona y reiente, desde el estado iniial hasta el
estado nal.
Una lasiaión de los parámetros de orden podría ser la siguente: si estu-
diamos la transiión desde un punto de vista general, analizamos ambios
en propiedades marosópias tales omo la densidad o la energía interna
y denimos a estas magnitudes omo nuestros parámetros de orden global.
En ambio, si nos entramos en aspetos moleulares, omo por ejemplo, el
número de partíulas que forman el núleo más grande que está ristalizando
en un líquido sobreenfriado o el tamaño de la burbuja más grande que esta
reiendo en un líquido sobrealentado, estaremos utilizando un parámetro
de orden loal. Con respeto a la Seión anterior, el tamaño del núleo más
grande n puede ser utilizado omo parámetro de orden para el álulo de la
barrera de nuleaión, ∆G. En general, los parámetros de orden global son
senillos de alular y seguir durante la transformaión pero no ofreen nin-
guna informaión sobre el meanismo mirosópio de nuleaión. Por otro
lado, los parámetros de orden loales sí que son apaes de desribir este
meanismo pero la eleión y deniión omo tal no es tan seilla.
Para failitar la onexión entre esta parte de la memoria y los resulta-
dos presentados hemos ambiado la nomenlatura tradiional por una más
aorde on los datos y el método utilizado durante el estudio de dotorado.
Así, el número de partíulas n que forman el núleo rítio por el volumen
del núleo más grande v omo parámetro de orden loal. Además y sólo para
distinguir entre volumen total del sistema V y el volumen del núleo más
grande v, se utiliza la letra v. En el aso del proeso de ondensaión la on-
versión de un parámetro a otro (de n a v) es inmediato a través de la densidad
del líquido. Pero en nuestro aso hemos trabajado en el proeso de nulea-
ión de burbujas por lo que la relaión no es tan inmediata omo se puede
ver en el Capítulo (6) de resultados, pero se llegan a las mismas onlusiones
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y es totalmente aeptable la formulaión que se presentará en líneas suesivas.
4.5.1. Mean First Passage Time (MFPT)
Volviendo a la lasiaión de los proesos de nuleaión y su estudio
por medio de la simulaión moleular, en el aso de la nuleaión espontánea
on una simple simulaión de DM o de MC se puede observar la transi-
ión de fase. Pero el fenómeno es estoástio y muy rápido, por lo tanto, se
neesita simular la nuleaión un número muy grande de vees para obtener
resultados signiativos on simulaiones de fuerza bruta, omo normalmente
se las onoen. Para solventar este problema, Regera te al.
44,45,46
desarrolla-
ron un método por el ual se llega a un análisis riguroso de la nuleaión
espontánea. Este método se denomina Mean First Passage Time (MFPT) y
está basado en la monitorizaión de un parámetro de orden en funión del
tiempo. Lo que los autores proponen es evaluar la primera vez que el pará-
metro de orden alanza un determinado valor, y promediar este tiempo sobre
un número muy elevado de trayetorias de nuleaión para disminuir el efe-
to de la estoastiidad del proeso, aumentando la estadístia del análisis.
Se puede desribir este método en poas palabras de la siguiente manera:
Primero se realiza una serie de trayetorias independientes de nuleaión, las
uales parten de un estado metaestable y aaban uando el sistema se ha
ompletamente transformado en la fase termodinamia estable. Seguidamen-
te se anota el tiempo al que aparee el parametro de orden por primera vez
y en el momento en el que éste ree se anota el nuevo tiempo. Para alarar
este punto utilizaremos el siguiente ejemplo basado en la Tabla (4.1), donde
se expone omo ejemplo el seguimiento normal del volumen del núleo de va-
por más grande de la fase termodinamiamente estable durante los primeros
5 ps de una simulaión de un sistema en una fase líquida metaestable.
v/Å3 20 22 26 22 25
Tiempo/ps 1.0 2.0 3.0 4.0 5.0
Tabla 4.1: Monitorizaión del volumen del núleo más grande de la fase termodi-
námiamente estable del sistema durante los primeros 5 ps.
Según el método MFPT la relaión de este volumen on su primer
tiempo de apariión se muestra en la siguiente tabla, Tabla (4.2). Según el
método MFPT se tienen enuenta todos los volúmenes posibles del núleo y se
les asigna el primer tiempo de apariión. Así al volúmen 22 Å3 le orresponde
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un tiempos de 2 ps, ya que ese es el primer momento en el ual aparee un
núleo on ese volumen. Este proedimiento implia asignar tiempos a iertos
volúmenes que o no apareen explíitamente en la trayetoria o apareen
después de que se hayan generado lusters mayor que ellos. Un laro ejemplo
es el volumen de 21 Å3, el ual no aparee en la trayetoria, (Tabla 4.1) pero
se le asigna el tiempo de 2 ps, el mismo tiempo que el luster más grande
y más erano, núleo de 22 Å3. El error ometido en este prodeimiento se
minimiza on el análisis de un gran número de trayetorias.
v/Å3 20 21 22 23 24 25 26
Tiempo/ps 1.0 2.0 2.0 3.0 3.0 3.0 3.0
Tabla 4.2: Nueva distribuión de volúmenes respeto del primer tiempo de apari-
ión del nuléo más grande.
Cuando hemos realizado esta reorganizaión de los tiempos de apariión
para todas las trayetorias alulamos la media de estos tiempos para ada
uno de los volúmenes, τ(v) y así obtenemos una funión que sigue la expresión
matemátia:
τ(v) =
τJ
2
(1 + erf [c(v − v∗)]) (4.33)
donde τJ es el tiempo de nuleaión, c es una onstante proporional al
fator de Zeldovih Z = c(π)−1/2 y ofree informaión sobre la urvatura de
la barrera de nuleaion y v∗ es el volumen rítio. A través de los términos
de esta funión podemos obtener tanto la tasa de nuleaión omo la barrera
de nuleaión, J y ∆G, respetivamente.
La tasa de nuleaión está diretamente relaionada on el tiempo de
nuleaión, τJ , según la euaión:
J =
1
τJ 〈V 〉 (4.34)
siendo 〈V 〉 el volumen medio del sistema en la fase metaestable.
La barrera de nuleaión, ∆G, omo se explia en la referenia45, se al-
ula por medio de la E. (4.35) y la E. (4.36), donde es neesario determinar
las variables:
τ(v): Media de los tiempos para ada uno de los volúmenes, omo se explió
en la Tabla (4.2).
B(v): Funión de distribuión de volúmenes del núleo más grande.
D: Constante que depende del parámetro de orden que se utilie.
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β∆G(v) = lnB(v)−
∫ vmax
vmin
dv′
B(v′)
+D (4.35)
B(v) = − 1
P (v)
(∫ vmax
vmin
P (v′)dv′ − τJ − τ(v)
τ(v)
)
(4.36)
los límites de integraión de las integrales son nitos y se utiliza omo límite
superior vmax, un volumen suientemente grande para estar seguros de que
el proeso de nuleaión ha terminado. El límite inferior de las integrales,
vmin es el volúmen mínimo que se puede determinar para un núleo de vapor.
En el aso de utilizar el número de partíulas que ontiene el núleo más
grande omo parámetro de orden, el límite inferior sería la unidad.
En términos generales, podemos deir que la ténia MFPT en ombi-
naión on un parámetro de orden nos ofree la posibilidad de alular las
tres variables de araterizan el proeso de nuleaión: J , ∆G y v∗, la tasa, la
barrera de nuleaión y el tamaño del núleo rítio. Aunque tanto la altura
de la barrera omo el tamaño del núleo rítio tiene una fuerte dependenia
on el parámetro de orden que se use para estudiar la transiión. El MFPT
es la ténia que hemos utilizado para los estudios de nuleaión espontánea,
que se presentarán en los apítulos de resultados de esta memoria.
4.5.2. Ténias de simulaión para eventos raros. Mé-
todo Bennett-Chandler
Por otro lado uando nos enfrentamos a la araterizaión y análisis de
los proesos de nuleaión no espontáneos, las simulaiones de fuerza bruta
no son útiles. Tanto la ténia de MC omo la DM generarán informaión
sólo del estado metaestable y los tiempos que se pueden llegar a simular
podrían ser inferiores a los tiempos que se neesitan para que ourra el propio
proeso de nuleaión. Por estas razones neesitamos ténias espeías para
estudiar la nuleaión no espontánea, llamados proesos de eventos raros, ya
que desde el punto de vista de la nuleaión se produen sólo eventualmente.
Para araterizar este tipo de eventos se alula la tasa de nuleaión.
Basándonos en la deniión de tasa de nuleaión que se extrae de la
Teoría del Estado de Transiión
47,48,49
, y que es similar a la presentada en la
Seión (4.4), podemos esribir la tasa de nuleaión en funión del tamaño
del núleo más grande omo se ha heho en líneas anteriores:
J = κ(v∗)P (v∗) = κ(v∗)e−β∆G(v
∗), (4.37)
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donde κ(v∗) es el prefator inétio y P (v∗) es la probabilidad de enontrar el
núleo más grande on volumen rítio en equilibrio on la fase metaestable
que lo rodea omo se demostró en la E. (4.17).
Nos queremos entrar en una ténia que nos permite alular la tasa
de nuleaión de este tipo de eventos, el Método Bennett-Chandler
48,49
.
Este método y más onretamente el segundo paso ha sido remarado dentro
de otras ténias de simulaión de eventos raros por que ha sido esta ténia
la utilizada en el trabajo de tesis del andidato para el álulo de varios
resultados que se expondrán en los apítulos siguientes. A ontinuaión se
expliará brevemente. El método está divido en dos pasos: por un lado se
alula el prefator inétio, κ(v∗) y por el otro se determina el top de la
barrera, ∆G(v∗), que nos permite alular la probabilidad de que se forme el
núleo rítio.
Para el primer paso se simulan una serie de trayetorias a partir del
luster rítio, normalmente en el oletivo NV T , y se analiza el parámetro
〈(∆v∗(t))2〉 en ada trayetoria. Siendo ∆v∗(t) = v∗(t)−v∗(0) es la variaión
del tamaño del núleo rítio en el tiempo on respeto al tamaño iniial
v∗(0). Esta média uadrátia nos permite alular las tasa de reimiento
presentada en la E. 4.28 proviene de la siguiente relaión, la ual reprodue
el prefator inétio
k+,v∗ = l´ım
t→∞
1
2
〈(∆v∗(t))2〉
t
, (4.38)
donde k+,v∗ es la tasa de reimiento desde núleo rítio, Una vez alulada
la tasa de reimiento, siguendo la E. (4.28), el produto de k+,v∗ por el
prefator de Zeldovih y por la densidad de estado de partida nos permite
obtener el fator inétio. Para mayor detalle se aonseja ver la referenia
50
,
donde se aplia este método al álulo de la tasa de nuleaión en el proeso
de ristalizaión de oloides argados.
Para expliar el segundo paso nos ayudaremos del trabajo de van
Duijneveldt y Frenkel
51
, los uales propusieron apliar la formulaión para
el Umbrella Sampling
52,21
(ver Se. 2.5) para alular el top de la barrera en
los proesos de nuleaión. De la misma forma que van Duijneveldt y Frenkel
partimos de un oletivo NpT y on la ayuda de un parámetro de orden
adeuado Q (n o v), se muestrea la transiión entre los sistemas A y B y
se alula la barrera de nuleaión. Obtendremos entones una funión de
probabilidad de distribuiones on una orreta estadístia para evaluar el
evento. Pero antes, denamos la funión de distribuión en equilibrio, P (Q0),
y averigüemos porqué no se puede utilizar. Si analizamos las utuaiones
del parámetro de orden, Q, alrededor del parametro de orden en equilibrio
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Q0, obtendremos la funión de disribuión omo
P (Q0) =
∫
e−βU+pV δ(Q−Q0)dΓ∫
e−βU+pV dΓ
= 〈δ(Q−Q0)〉NpT , (4.39)
donde dΓ dene la integral en el espaio de fase. Esta funión de distribuión
no muestrea bien el oletivo ya que el sistema raramente llega a ompletar
la transiión por la penalizaión energétia que onlleva tener una barrera
de energía tan alta. Para aumentar la estadístia del parámetro de orden en
este tipo de ondiiones se obtienen onguraiones de forma que no siguen
el fator riguroso de Boltzmann, del que se ha hablado en la Seión (2.3),
ya que ese le añade la siguiente funión
e−βU+pVW (Q) (4.40)
donde
W (Q) = e−βω(Q) (4.41)
siendo W (Q) una funión que aumenta el peso estadístio en las ongura-
iones que se enuentran era del valor del parámetro de order Q. Esto se
logra graias a un potenial bias, ω(Q), la ual orienta las onguraiones
haia valores de Q. Este potenial es arbitrario pero normalmente se desribe
por medio de un potenial armónio, ω(Q) = 1
2
k(Qi −Q). Desrito a su vez
por una onstante k que ajusta la amplitud del pozo, por el valor objetivo Q
y Qi que es el valor del parámetro de orden para una onguraión i.
Por lo tanto, la nueva funión de probabilidad de distribuiones, PW (Q0),
según este muestreo queda
PW (Q0) =
∫
e−β[(U+pV )+ω(Q)]δ(Q−Q0)dΓ∫
e−β[(U+pV )+ω(Q)]dΓ
. (4.42)
Como nos enontramos en el oletivo NpT , la forma de alular la propie-
dades termodinámias on esta nueva metodología se realiza on la relaión,
〈A〉NpT =
〈A/W (Q)〉W
〈1/W (Q)〉W
. (4.43)
En el aso onreto del álulo de la energía libre, β∆G(Q), la formu-
laión es la siguente. Partiendo de β∆G(Q) = − lnP (Q),
β∆G(Q) = − ln
[
〈δ(Q−Q0)〉NpT
]
(4.44)
= − ln [〈δ(Q−Q0)/W (Q)〉W ] + ln 〈1/W (Q)〉W
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donde
〈δ(Q−Q0)〉NpT =
〈δ(Q−Q0)/W (Q)〉W
〈1/W (Q)〉W
. (4.45)
Así obtenemos la barrera de nuleaión graias al análisis de Umbrella Sam-
pling.
En resumen, el método Bennett-Chandler tiene omo objetivo el álulo
de la tasa de nuleaión, J , según se expone en la E. (4.37). Através de
determinar los dos parámetros neesarios: κ(v∗) y ∆G(v∗). El primero de
ellos lo obtenemos por medio de una serie de trayetorias de evoluión del
reimiento/dereimiento del núleo ompletando así el método Bennett-
Chandler.
4.5.3. Otras ténias de eventos raros. TPS, TIS, FFS
Para terminar esta seión de ténias de simulaión de proesos de
eventos raros on los que podemos alular la tasa de nuleaión, no pode-
mos dejar de haer una lista de otras ténias que nos enontramos en la
literatura on el mismo n. Como por ejemplo, el método Transition Path
Sampling (TPS)
53
que es apaz de analizar el evento de nuleaión a través
de un onjunto de trayetorias entre el estado iniial y el nal utilizando un
parámetro de orden que no tiene porque ser la oordenada de reaión más
representativa. El problema del TPS es el alto oste omputaional neesario
para generar un numero elevado de trayetorias. A partir de esta ténia, se
desarrolló en 2003 el Transition Interphases Sampling (TIS)
54,55,56
que alu-
la las probabilidad de ruzamiento de una serie de interfases denidas por el
parámetro de orden y loalizadas entre el estado iniial y el nal del proeso.
Por último, la ténia de Forward Flux Sampling (FFS)
57,58,59
desrita por
Allen et al. nos permite analizar el ujo de trayetorias que pasan por unas
interfases situadas entre los dos estados impliados en la nuleaión. Con lo
desrito en esta seión esperamos que se haya dado una vision general tan-
to al fenómeno de nuelaión omo a las ténias utilizadas en Simulaión
Moleular para estudiar este evento.
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Fundamento Teório: Capítulo 5
Esenarios termodinámios para
el agua. ¾Segundo punto rítio
del agua?
Ciertas propiedades termodinámias del agua tienen valores anormal-
mente altos (o bajos). Además sus variaiones a lo largo de una isoterma
(o isóora o isobara) muestran la presenia de un mínimo o un máximo. El
ejemplo más onoido es el máximo de la densidad a presión ambiente. El
agua tiene un máximo de densidad a una temperatura de 4 oC y una pre-
sión de 1 bar. Además, la estrutura sólida de esta sustania tiene menor
densidad que el líquido a presión atmosféria, por lo ue el hielo ota en el
agua líquida. Si además nos movemos a la zona del agua sobreenfriada el
omportamiento anómalos se aentúa. Un laro ejemplo de este heho es el
inremento exaerbado de la ompresiblidad isoterma y de las apaidades
alorías. Existen otras propiedades, tales omo visosidad, ondutividad
elétria o la onstante elétria, que también presentan un omportamiento
anómalo. Para expliar estas anomalías se han propuesto diversos esenarios
termidinámios, donde se representan las prinipales funiones que presentan
las anomalías y su interelaión.
En esta memoria se entiende omo esenario termodinámio de una
sustania omo el plano p-T donde se representan los puntos rítios y tri-
ple, las líneas de transiión de fase, los lugares geométrios de los máximos
y mínimos de las funiones que presentan anomalías en su omportamiento.
Esta seión trata sobre los uatro esenarios termodinámios del agua pro-
puestos hasta ahora, (ver Fig. (5.1)). Todos ellos tienen en omún las líneas
de transiión entre vapor, líquido y sólido, el punto rítio líquido-vapor, el
punto triple, la línea espinodal líquido-vapor y la línea de los máximos de
densidad (TMD o LDM, line of density maxima). Dependiendo del esenario
se representa el segundo punto rítio líquido-líquido, la espinodal líquido-
líquido y la línea de los máximos y mínimos de las funiones respuesta, CV ,
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Cp, κT . . . Una funión respuesta se dene omo la magnitud que nos infor-
man sobre los ambios de una variable de estado en respuesta a un ambio de
otra variable de estado bajo ondiiones ontroladas, siendo las dos variables
independientes.
Figura 5.1: Los uatro esenarios propuestos para expliar las anomalías del agua.
En todos ellos nos enontramos on las líneas de equilibrio entre las fases sólido,
líquido y vapor (líneas azules), sobre ellas estan representados el punto rítio
líquido-vapor (C) y el punto triple (T) , la urva morada y disontínua orresponde
a la línea de TMD o LDM, la línea roja se ha utilizado en la representaión de la
espinodal líquido-vapor (LV spinodal). En el esenario A
60
, nos enontramos on
una espinodal reentrante que aparee a presiones positivas a bajas temperaturas.
El esenario B
61
, añade un punto rítio líquido-líquido (LLCP) representado por
una ruz naranja, la línea de transiión líquido-líquid (LLT) orresponde a la línea
ontínua naranja, por último la línea de Widon de la ompresibilidad isoterma es
la urva verde dsiontínua. El terer esenario C
62,63,64
está araterizado por la
línea ontinua y naraja de la transiión líquido-líquid (LLT), on el mismo olor
pero disontínua tenemos la espinodal líquido-líquid (LL spinodal). Por último el
esenario D
65
ontempla una prolongaión de la línea de Widom, ontinuando on
los mínimos de κT , marados on la línea de puntos.
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Antes de desribir los esenarios debemos denir las líneas que los om-
ponen. La línea de máxima densidad se onstruye a través del álulo de
la densidad en diferentes temperaturas a presión onstante. En ada una de
esas isóbaras loalizamos un máximo a una temperatura onreta. Si unimos
todos esos máximos de densidad obtendremos la TMD o LMD. Por otro la-
do todos los puntos de la espinodal umplen la ondiión termodinámia
(∂p/∂V )T = 0 y son fáilmente alulables a través de las isotermas en un
plano p − V . Las líneas de los máximos y mínimos de las funiones
respuesta o líneas de Widom se alulan omo ualquier extremo de una
funión.
El problema de todas estas propiedades es que las anomalías se presen-
tan en la región de temperaturas bajas y presiones negativas, lo ual experi-
mentalmente entraña problemas. Una posibilidad para resolver este problema
e intentar llegar un poo más lejos que los experimentos es la extrapolaión
de las funiones de estado ajustadas a partir de datos experimentales. Estas
fuiones tienen un gran valor preditivo dentro de los rangos para los que
se ajustaron pero no son ables uando extraemos informaión de extrapo-
laiones de las funiones. Por estas dos razones, el límite experimental y la
baja abilidad de las extrapolaiones de la funiones de estado, se utiliza la
simulaión omo herramienta auxiliar para expliar el omportamiento del
agua en la región sobreenfriada y de presiones negativas.
Speedy y Angell
66
en 1976 fueron los primeros que registraron las ano-
malías de la ompresibilidad isoterma a temperaturas bajas (−45 oC), obser-
vando que los valores aumentaban signiativamente según se disminuía la
temperatura. Este omportamiento se puede expliar por medio de la onje-
tura del límite estable
60
que fue propuesta por Speedy y es nuestro primer
esenario, Fig. (5.1.A). Este esenario está basado en una inestabilidad del
líquido, es deir, la espinodal líquido-vapor del agua, que nae en el punto
rítio líquidovapor, tiene un mínimo y diverge haia valores altos de pre-
sión al disminuir la temperatura, (espinodal reentrante). Esto implia que
la LDM rue on la esponidal y a partir de ese punto las dos línes tengan
la misma pendiente. Este esenario esta avalado por la extrapolaión de la
euaión de estado para el agua IAPWS
67
.
Unos años después, se propone el esenario termodinámio obtenido a
partir de datos de simulaión. Está basado en la existenia de un segundo
punto rítio en el agua en el ual las dos fases en exixtenia están en estado
líquido
61
. Este esenario, Fig. (5.1.B),exige que la LDM sea reentrante a pre-
siones negativas, omo suede en muhos modelos de agua. Por lo tanto la
pendiente de la espinodal tiene que ontinuar monótona desde el punto rí-
tio. Esta relaión entre la pendiente de la LDM y la espinodal se demuestra
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en el trabajo de Sastry et. al
65
que ambas funiones tienen el mismo signo y
no pueden ruzarse. Además en el mismo artíulo se explia que existe una
línea de Widom de la ompresibilidad isoterma, asoiada al punto rítio
líquido-líquido, y que ruza on la LDM. Las anomalias y divergenias de
las propiedades se produen por la presenia del nuevo punto rítio. Este
esenario esta apoyado por los trabajos de Siortino et. al
68,69
.
El terer y el uarto esenario surgen de ligeros ambios del segun-
do esenario. Estas modiaiones se basan en eliminar el punto rítio
líquido-líquido o quitar además la transiión líquido-líquido. El terer es-
enario, Fig. (5.1.C), propuesto por Poole et. al
62,63,64
, onsiste en desplazar
el punto rítio líquido-líquido fuera del plano p − T pero manteniendo la
línea espinodal líquido-líquido.
Por último el uarto esenario
65
, Fig. (5.1.D), es muy similar al ese-
nario B y propaga la línea de Widom on los mínimos de ompresibilidad
isoterma.
En esta memoria se expondrán los resultados de simulaión para el
TIP4P/2005 en ombinaión on los primeros datos experimentales de bulk
a presiones negativas, los uales apoyan al esenario Fig. (5.1.B y 5.1.D
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APÉNDICE A: Relaión entre la
distribuión más probable y la
entropía
Partimos
2
de un oletivo NV T (el letor podrá enontrar una deni-
ión y breve expliaión sobre oletivos en la Seión 1.2). Nuestro oletivo
está ompuesto por una serie de miroestados, on el mismo número de par-
tíulas (N), el mismo volumen (V ) y se enuentran a la misma temperatura
(T ). Al no ser onstante la energía E que existen muhos miroestados on
diferentes valores de esta propiedad que umplen la ondiión de oletivo.
También dentro del oletivo nos enontramos on miroestados que tienen
el mismo valor de energia, Ei, y se pueden ualtiar a través de una dis-
tribuión estadístia, Ω(n). Para alular el número miroestados que tiene
una distribuión se utiliza la formula estadístia siguiente:
Ω(n) =
M !∏n
i=1 ni!
, (5.1)
donde n es el número de distribuiones del sistema, M es el número de
miroestados totales y ni es el número de vees que aparee el miroestado i
dentro de la distribuión. Para simpliar los álulos se ha utilizado ln Ω(n)
en lugar de Ω(n), ya que la distribuión que da el máximo para Ω(n) es la
misma que se genera para ln Ω(n), porque ln f(x) varia de forma monótona
on f(x). Esta suposiion, ombinada on la aproximaxión de Stirling
lnN ! ≈ N lnN −N (donde N tiende a innito) (5.2)
deja la funión ln Ω(n) omo
ln Ω(n) =
(∑
j
nj
)
ln
(∑
j
nj
)
−
∑
j
nj lnnj , (5.3)
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se ha heho un ambio de variable de i a j para failitar el áldulo del máximo,
omo se verá en los parrafos siguentes.
Por otro lado, todas las distribuiones tienen que umplir dos ondiio-
nes dentro del oletivo, para que sean aeptadas omo tal.∑
i
ni = M (5.4)
∑
i
niEi = Et (5.5)
siendo Et, la energía total del oletivo.
Para ada distribuión, denimos la probabilidad de obtener un miro-
estado on una determinada energía, Ei, omo ni/M . Pero nuestro sistema
está desrito, en prinipio, por varias distribuiones y neesitamos evaluar la
probabilidad media de enontrar un miroestado on la energía, Ei, dentro
del onjunto de distribuiones. Esta probabilidad media se obtiene según la
relaión,
Pi =
n¯i
M
=
1
M
∑
nΩ(n)ni(n)∑
n Ω(n)
. (5.6)
Además sabemos que uando M → ∞ también se umple que ni → ∞ y
enontramos una distribuión predominante frente a todas las demás. Esta
distribuión la denominamos omo distribuión más probable, n∗i , y averiguar
su expresión es el primer paso que tenemos que dar para luego relaionarla
on la entropía. Siguiendo esta premisa podemos reesribir la E. (5.6) omo:
Pi =
n¯i
M
=
1
M
Ω(n∗)n∗i
Ω(n∗)
=
n∗i
M
(5.7)
donde n∗i es el valor de ni de la distribuión más probable, n
∗
. Esta distribu-
ión, omo el resto de distribuiones, umple los dos riterios que se exponen
en la E. (5.4) y la E. (5.5).
Una vez onoida la probabilidad de la distribuión podemos alular
los promedios del oletivo para la energía y para la presión, apliando el
primer postulado de la termodinámia estadístia. Quedando
E¯ =
∑
i
PiEi (5.8)
y para la presión
p¯ =
∑
i
Pipi (5.9)
pi = −
(
∂Ei
∂V
)
N
(5.10)
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Volviendo a lo que nos oupa en este apéndie, ya tenemos las herra-
mientas neesarias para alular la distribuión más probable, es deir, de-
terminar el máximo de la E. (5.3) que además umple las dos ondiiones:
la E. (5.4) y la E. (5.5).
El método utilizado para alular este máximo es el denominado Mé-
todo de multipliadores indeterminados, que se explia en el Apéndie
III de la Ref. [ 2℄. La idea de este método es enontrar una relaión entre la
funión que tiene el máximo y las dos ondiiones matemátias que tiene que
umplir ese máximo, en nuestro aso (5.4) y (5.5). Esta onexión matemátia
se lleva a abo por medio de los multipiadores indeterminados, α y β, omo
se muestra en la siguiente exprexión:
∂
∂ni
[
ln Ω(n)− α
∑
j
nj − β
∑
j
njEj
]
= 0, i = 1, 2, 3, ... (5.11)
siendo el primer término la funión donde se enuentra el máximo, el segundo
y terer término son, respetivamente, las expresiones de la primera y segunda
ondiión que tiene que umplir la distribuión en el máximo. Si derivamos
la expresión anterior obtenemos omo soluión:
ln
(∑
j
nj
)
− lnn∗i − α− βEi = 0, i = 1, 2, 3, ... (5.12)
también se puede reesribir omo
n∗i =Me
−αe−βEi, i = 1, 2, 3, ... (5.13)
de este modo tenemos la distribuión más probable en funión de α y β. Si
queremos alular estos términos, el método de multipliadores indetermina-
dos nos die que debemos sustituir la expresión obtenida, E. (5.13), en las
ondiiones que debe umplir la distribuión y si además tenemos en uenta
que Et = ME¯, enontraremos las soluiones a α y a β:
eα =
∑
i
e−βEi , (5.14)
E¯ =
∑
iEie
−βEi∑
i e
−βEi
, (5.15)
notese que β tiene que ser funión de N y V , ya que se expresa omo funión
de E¯ la ual también lo es. Utilizando la E. (5.13) podemos obtener la
probabilidad Pi fáilmente en funión de β,
Pi =
n∗i
M
=
e−βEi(N,V )∑
j e
−βEj(N,V )
=
e−βEi(N,V )
Q(N, V, T )
i = 1, 2, 3, ... (5.16)
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Aunque todavía no hemos demostrado el valor de β ni su relaión on T ,
vamos a adelantar que el denominador de esta euaión es la funión de
partiión del oletivo NV T , Q(N, V, T ), ya que utilizaremos el término
Q(N, V, T ) para failiar la omprensión de los desarrollos La relaión en-
tre β y la temperatura es una onseuenia lógia del siguiente desarrollo
que nos llevará a la relaión entre Pi y la entropía, S.
El siguiente paso que debemos dar es enontrar el punto de partida entre
las euaiones marosópias y las euaiones basadas en eventos mirosó-
pios que aabamos de deduir. Para ello derivamos la Energía promedio del
oletivo que hemos denido en la E. (5.8) y reordemos que esta relaión
proviene del primer postulado, el ual está en relaión on Pi.
dE¯ =
∑
i
EidPi +
∑
i
PidEi. (5.17)
Ahora sustituimos la E. (5.16) en el primer término y teniendo en uenta
que la energía Ei depende de V y de N , la derivada de la Energía promedio
queda de la siguiente manera,
dE¯ = − 1
β
∑
i
(lnPi + lnQ(N, V, T ))dPi +
∑
i
Pi
(
∂Ei
∂V
)
N
dV, (5.18)
= − 1
β
(∑
i
lnPidPi +
∑
i
lnQ(N, V, T )dPi
)
+
∑
i
Pi
(
∂Ei
∂V
)
N
dV,
= − 1
β
(
d
∑
i
Pi lnPi + lnQ(N, V, T )
∑
i
dPi
)
− p¯dV,
= − 1
β
(
d
∑
i
Pi lnPi
)
− p¯dV.
dE¯ + p¯dV = − 1
β
(
d
∑
i
Pi lnPi
)
. (5.19)
Para llegar a la E. (5.19) desde la E. (5.18) se ha utilizado la deniión de
presión promedio que se da en la E. (5.9) y además las siguientes onside-
raiones: ∑
i
Pi = 1, (5.20)
∑
i
dPi = 0, (5.21)
∑
i
lnPidPi = d
∑
i
Pi lnPi. (5.22)
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Si omparamos la última euaión (5.19) on la relaión termodinámia
TdS = dE + pdV , son inmediatas las relaiones entre términos que se dedu-
en.
TdS ↔ − 1
β
(
d
∑
i
Pi lnPi
)
, (5.23)
dS ↔ − 1
βT
(
d
∑
i
Pi lnPi
)
. (5.24)
Como en la E. (5.24) dS es una direfenial exata, el otro miembro de la
relaión también tiene que ser una diferenial exata, que llámaremos df(G).
dS ↔ 1
βT
dG↔ df(G) (5.25)
Por lo tanto,
df(G) =
1
βT
dG, (5.26)
donde
G = −
∑
i
Pi lnPi, (5.27)
la ondiion de que dS sea una diferenial exata se umple sólo si también
df(G) lo es: esto es verdad si 1/βT es una funión ualquiera de G(phi(G)).
La expresión φ(G) será
φ(G) =
df(G)
dG
. (5.28)
Entones,
dS ↔ φ(G)dG. (5.29)
Si integramos en los dos lados de la E. (5.29) obtendremos que la relaión
entre S y f(G) es direta S ↔ f(G), pero seguimos sin onoer la identidad
de la funión f(G). Si estudiamos un sistema que está onstituido por dos
subsistemas A y B a la misma temperatura, la misma propiedad termodi-
námia su entropía será, SAB = SA + SB. Entones, volviendo al aso del
álulo de la propiedad GAB, se demuestra que se umple la misma relaión
porque G también es aditivo. Entones se umple que
f(GAB) = f(GA) + f(GB) = f(GA +GB). (5.30)
Si difereniamos esta última expresión respeto de GA y GB, tenemos la
relaión siguiente
df(GA)
dGA
=
df(GB)
dGB
. (5.31)
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Sólo existe una funión f(G) que umple la igualdad anterior y es:
f(G) = kG+ cte. (5.32)
La onstante se iguala a ero para que se umpla la ondión de aditividad y
nalmente se llega a la expresión de la funión f(G), f(G) = kG. Graias a
onoer la f(G) podemos onvertir la relaión (5.24) en la igualdad siguiente:
S = −k
∑
i
Pi lnPi. (5.33)
donde el multipliador indeterminado tiene el valor de β = 1/kT . Esta expre-
sión nal nos relaiona la entropía, S, on la probabilidad de la distribuión
más probable. Para terminar apliaremos la E. (5.33) en el oletivo NV E,
donde Pi es 1/Ω.
S = −k
∑
i
Pi lnPi = −kΩ
(
1
Ω
ln
1
Ω
)
(5.34)
= k ln Ω. (5.35)
Para errar este apéndie de una forma redonda y no dejar abos suel-
tos en el desarrollo podemos redenir la probabilidad de oupaión de un
miroestado en una determinada energía, Ei y también redenir la funión
de partiión del oletivo. Se hae neesario la redeniión porque hasta ahora
no se había puesto estas magnitudes en funión de la T , ya que no sabíamos
el valor del término β, β = 1/kT . Por lo tanto, se redenirá de la siguiente
forma
Pi(N, V, T ) =
e−Ei(N,V )/kT∑
i e
−Ei(N,V )/kT
(5.36)
Q(N, V, T ) =
∑
i
e−Ei(N,V )/kT . (5.37)
donde k es la onstante de Boltzmann, la ual es una onstante universal
designada omo kB y on un valor aproximado de 1,3806488(13) ·10−23 JK−1
El mismo desarrollo se puede haer para los distintos oletivos teniendo
en uenta las peuliaridades de ada uno de ellos.
96
APÉNDICE B: Cálulo de la
ompresibilidad isoterma por
utuaiones
La ompresibilidad se dene omo el ambio relativo de volumen frente
a una variaión de la presión
3
. La magnitud de la ompresibilidad depende
de las ondiiones de trabajo, por que se puede produir una variaión el vo-
lumen respeto de la presión a entropía onstante, ompresibilidad adiabátia,
κS o a temperatura onstante, ompresibilidad isotérmia, κT .
κT = − 1
V
(
∂V
∂p
)
T
(5.38)
κS = − 1
V
(
∂V
∂p
)
S
= −CV
Cp
1
V
(
∂V
∂p
)
T
(5.39)
κS =
CV
Cp
κT (5.40)
También se puede denir la ompresibilidad isoterma omo la variaión rela-
tiva de densidad respeto de la presión a temperatura onstante. Este ambio
de variable es matemátiamente y oneptualmente orreto y se demuestra
failmente sólo teniendo en uenta la deniión de densidad. Se podría deter-
minar esta propiedad a través de la deniión, siguiendo la propia deniión
(5.38), o por medio de la teoría de las utuaiones. Este último tiene en uen-
ta las variaiones de volumen en el sistema uando los demás parámetros se
enuentran totalmente onstantes. A ontinuaión se expondrá brevemente
el desarrollo matemátio
3
para el álulo por utuaiones:
σ2(V ) = 〈δV 2〉NpT = 〈V 2〉 − 〈V 〉2 =
∑
i
V 2i Pi − 〈V 〉2 = X − 〈V 〉2, (5.41)
donde V es el volumen del sistema, X es un sumatorio que lo hemos deno-
minado de esta manera para que los siguientes pasos sean muho más laros
97
5. Esenarios termodinámios para el agua. ¾Segundo punto rítio del
agua?
y Pi es el peso estadístio o la probabilidad de que el sistema se enuentre
en el estado i.
Pi =
e(−βEi)e(−βpV )
Q(NpT )
. (5.42)
Si sustituimos (5.42), donde β = 1/kT , en el sumatorio de la euaión (5.41),
lo ual implia desarrollar matemátiamente sólo ese término de la euaion
que hemos llamado X , podremos llegar a una expresión on la que podamos
trabajar omodamente.
X =
∑
i
V 2i Pi =
1
Q(NpT )
∑
i
V 2i exp(−βEi)exp(−βpV ). (5.43)
De forma independiente alulamos la derivada parial de exp(−βpV ) res-
peto del tiempo para poder generar un término dependiente de Vi,
∂
∂p
exp(−βpV ) = −βV exp(−βpV ), (5.44)
el ual se sustituye en la expresión (5.43) de la siguiente forma
1
βQ(NpT )
X = − ∂
∂p
∑
i
Viexp(−βEi)exp(−βpV ). (5.45)
La funión de partiión en este oletivo se esribe omo:
Q(NpT ) =
∑
i
exp(−βEi)exp(−βpV ). (5.46)
Si sustituimos (5.46) en (5.45) queda
X = − 1
βQ(NpT )
∂
∂p
(〈V 〉Q(NpT )) (5.47)
X = − 1
β
∂〈V 〉
∂p
− 〈V 〉
βQ(NpT )
∂(Q(NpT ))
∂p
(5.48)
X = − 1
β
∂〈V 〉
∂p
− 〈V 〉
β
∂Ln(Q(NpT ))
∂p
(5.49)
X = −kT ∂〈V 〉
∂p
− 〈V 〉kT ∂Ln(Q(NpT ))
∂p
. (5.50)
Por deniión el volumen en este oletivo es
3
:
〈V 〉 = −kT ∂Ln(Q(NpT ))
∂p
. (5.51)
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Entones
X = −kT ∂〈V 〉
∂p
+ 〈V 〉〈V 〉 (5.52)
X = −kT ∂〈V 〉
∂p
+ 〈V 〉2, (5.53)
sustituyendo (5.53) en la equaión (5.41) y teniendo en uenta la deniión
de ompresibilidad isoterma (5.38) llegamos a la expresión nal:
σ2(V ) = −kT ∂〈V 〉
∂p
+ 〈V 〉2 − 〈V 〉2 (5.54)
σ2(V ) = 〈V 〉kTκT . (5.55)
A partir de aqui es muy senillo enontrar la euaión que dene la ompre-
sibilidad isoterma dentro de la teoría de utuaiones.
σ2(V ) = 〈V 2〉 − 〈V 〉2 = 〈V 〉kTκT (5.56)
κT =
〈V 2〉 − 〈V 〉2
〈V 〉kT . (5.57)
El otro método utilizado para alular κT se basa en la deniión termodiná-
mia (5.38), por lo ual es neesario enontrar varios puntos que se ajusten
a la funion de estado del sistema y on una simple derivada respeto de
la presión y dividida por el volumen obtenemos el valor de la ompresibili-
dad isoterma a la presión y temperatura requerida. Todo los valores que se
han alulado en esta memoria han sido obtenidos por medio del método de
utuaiones.
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Results: Chapter 1
Anomalies in water as obtained
from omputer simulations of the
TIP4P/2005 model: density
maxima, and density, isothermal
ompressibility and heat apaity
minima
Helena L. Pi, Juan L. Aragones, Carlos Vega, Eva G. Noya, Jose L. F. Abas-
al, Miguel A. Gonzalez and Carl MBride
Departamento de Químia Físia, Faultad de Cienias Químias, Universi-
dad Complutense de Madrid, 28040 Madrid, Spain
1.1. Abstrat
The so-alled thermodynami anomalies of water form an integral part
of the peuliar behaviour of this both important and ubiquitous moleule. In
this paper our aim is to establish whether the reently proposed TIP4P/2005
model is apable of reproduing a number of these anomalies. Using moleu-
lar dynamis simulations we investigate both the maximum in density and
the minimum in the isothermal ompressibility along a number of isobars. It
is shown that the model orretly desribes the derease in the temperature
of the density maximum with inreasing pressure. At atmospheri pressure
the model exhibits an additional minimum in density at a temperature of
about 200K, in good agreement with reent experimental work on super-
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ooled onned water. The model also presents a minimum in the isothermal
ompressibility lose to 310K. We have also investigated the atmospheri
pressure isobar for three other water models; the SPC/E and TIP4P models
also present a minimum in the isothermal ompressibility, although at a on-
siderably lower temperature than the experimental one. For the temperature
range onsidered no suh minimum is found for the TIP5P model.
1.2. Introdution
The study of polar uids has long been a topi of interest, even more-
so sine the development of perturbation theories and omputer simulation
tehniques
1,2
. Amongst the many polar moleules, water stands out in par-
tiular. Water is a fasinating moleule, both from a pratial and from a
fundamental point of view. In the liquid phase water presents a number of
anomalies when ompared to other liquids
3,4,5,6,7
, whilst the solid phase exhi-
bits a highly omplex phase diagram, having at least fteen dierent rysta-
lline strutures
3,8
. Due to its importane and its omplexity, understanding
the properties of water from a moleular point of view is of onsiderable
interest and presents a veritable hallenge.
Computer simulations of water started with the pioneering papers by
Watts and Barker
9
and by Rahman and Stillinger
10
about forty years ago.
However, a key issue that still exists when performing simulations of water
is the hoie of model for the pair potential that is used to desribe the
interation between moleules
11,12,13,14,15
. The SPC
16
, SPC/E
17
, TIP3P
18
,
TIP4P
18
and TIP5P
19
models have beome highly popular among the large
ommunity of people simulating water or water solutions. Eah of the afo-
rementioned models are rigid and non-polarisable, but naturally, real water
is both exible and an be polarised. It is almost needless to say that these
models represent a very simplied version of the true interations between
real water moleules. Water also exhibits important quantum nulear eets,
so a realisti desription of water should also take this into aount
20
. That
said, it is of interest at this stage to analyse how far it is possible to go in
desribing real water using these simple models.
In reent years the inexorable inrease in omputing power has permit-
ted the alulation of properties that were previously inaessible to simula-
tions. These properties an be used as new `target quantities'when tting the
parameters for any new potential. More importantly, some of these proper-
ties have provided stringent tests for the existing water models. In partiular,
some of the authors have reently determined the phase diagram for dierent
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water models and have found that the performane of the models an vary
signiantly
21,22,23,24,25
. For example, it has been found that TIP4P provides
a qualitatively orret desription of the global phase diagram of water, whe-
reas the SPC, SPC/E, and TIP5P models do not.
26
For the SPC and SPC/E
models the melting temperature and the maximum in density of water our
at temperatures far below the experimental values. Taking this into aount
some of the authors proposed a new rigid non-polarisable model with the
following onstraints: that it should be based on the TIP4P model, sine this
model provides a reasonable desription of the phase diagram of water. It
should also reprodue the maximum in density of liquid water (notie that
most of models fail when it omes to prediting the loation of the density
maximum
27
). Finally, the model should aount for the vaporisation ent-
halpy of real water, but only after inorporating the self-polarisation energy
orretion proposed by Berendsen et al. for the SPC/E model
17
. It was from
these onsiderations that the TIP4P/2005 model of water arose.
25
In the
paper in whih the model was presented it was shown that TIP4P/2005 o-
rretly desribes the global phase diagram of water, the diusion oeient
at atmospheri pressure and temperature, the maximum in density along
the atmospheri pressure isobar, the density of the ie polymorphs, and the
equation of state of liquid water at high pressures. Afterwards, additional stu-
dies have shown that the model is also able to provide a good desription of
the vapour-liquid equilibria
28
and the surfae tension
29
. Further information
onerning the performane of TIP4P/2005 and its omparison with other
water models an be found elsewhere
26
. The overall results indiate that
TIP4P/2005 is probably lose to being the best rigid non-polarisable model
that an be ahieved; any signiant improvement would require the intro-
dution of `new'physis, i.e., exibility, polarisability and nulear quantum
eets.
In this paper we are interested in the thermodynami response fun-
tions in the region where water exhibits `anomalous'behaviour. In parti-
ular, these are the expansion oeient (whih vanishes at temperatures
lose to the melting point, resulting in the well known maximum of density
at about 4
◦
C at atmospheri pressure) and the isothermal ompressibility
30
(κT ) whih shows a minimum at 46.5
◦
C at p=1 bar. Moreover, we shall
investigate whether the model is able to desribe the pressure dependene
of these thermodynami properties, namely, the derease in the temperature
of the density maximum and the shift towards slightly higher temperatures
of the minimum in κT as the pressure inreases. It will be shown that the
model is indeed able to desribe these two features quite well, whih provides
further evidene of the robust behaviour of the model even when estimating
properties that were not taken into aount in the original tting proess.
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1.3. Methodology
The interation between water moleules will be desribed by the TIP4P/2005
model.
25
In this model, a Lennard-Jones entre is loated on the oxygen atom,
positive harges are plaed on the hydrogen atoms and a negative harge is
loated at the site M situated along the H-O-H bisetor. For the simulations
we have used the moleular dynamis pakage GROMACS (version 3.3).
31
The Lennard-Jones potential has been trunated at 9.0 Å. Long range o-
rretions were applied to the Lennard-Jones part of the potential (for both
the energy and pressure). Ewald summations were used to deal with eletros-
tati ontributions. The real part of the Coulombi potential was trunated
at 9.0 Å. The Fourier omponent of the Ewald sums was evaluated by using
the Partile Mesh Ewald (PME) method of Essmann et al.
32
The width of
the mesh was 1 Å and a fourth degree polynomial was used. The simulation
box was ubi throughout the whole simulation and the geometry of the wa-
ter moleules was enfored using onstraints.
33,34
The temperature was set
by using a Nosé-Hoover
35,36
thermostat with a relaxation time of 2 ps. To
maintain onstant pressure an isotropi Parrinello-Rahman barostat
37,38
with
a relaxation time of 2 ps was used. As a hek, at two pressures, p=1 bar
and p=400 bar, Monte Carlo simulations were performed using a bespoke
program. The Monte Carlo densities were in omplete agreement with those
obtained from moleular dynamis using GROMACS.
To determine the maximum in density, moleular dynamis simulations
have been performed along the isobars p=1, 400, 1000, and 1500 bar. The
number of moleules used in the simulations was 256. Long runs are required
to determine the maximum in density; for eah thermodynami state twenty
million time-steps were performed. Sine the time step was 2 fs, the results
presented here are an average of the properties of the system obtained from
runs of 40 ns. The simulations were started at high temperatures, and the
nal onguration of a partiular run was used as the initial onguration for
a lower temperature simulation. Typially about 6 to 8 dierent temperatures
were studied along eah isobar. The isothermal ompressibility is dened as:
κT = − 1
V
(
∂V
∂p
)
T
. (1.1)
The literature for the isothermal ompressibility of water models is rather
sant
39,40
. The omputational overhead required for a study of the variation
of κT with temperature with suient auray has, until now, been prohibi-
tive. Here we have evaluated the isothermal ompressibility for the following
water models: SPC/E
17
, TIP4P
18
, TIP4P/2005
25
and TIP5P
19
along the at-
mospheri pressure isobar. The isothermal ompressibility has been evaluated
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using the well known utuation formula
κT =
〈V 2〉 − 〈V 〉2
kT 〈V 〉 . (1.2)
The volume utuations were typially averaged over 20 ns using a time-step
of 1 fs. Preliminary results for TIP4P/2005 model were suiently lose to
the experimental value as to warrant a more preise alulation. Thus, for
this model, the isothermal ompressibility has been determined via two die-
rent proedures using, in both ases, a time-step of 0.5 fs and a sample size of
500 moleules. The rst method is the appliation of the volume utuation
formula, typially over 40 million moleular dynamis time-steps, for a total
simulation length of about 20ns. The relative unertainty of the alulated
ompressibilities is about ±3%. The seond route is the numerial evalua-
tion of the derivative appearing in the denition of κT (Eq. 1.1). To this end,
the results for the equation of state of ve dierent state points (at dierent
pressures but at the same temperature) were tted to a seond degree poly-
nomial. In addition to the state point of interest, for whih the volume is
already known from the runs used to alulate κT via the utuation route,
four additional runs are required: two runs at the same temperature but at
pressures of 200 and 400 bar higher, and another two runs at pressures 200
and 400 bar lower. The simulation length of these additional runs was 6.5
ns , so in the end the omputational ost of both routes is almost the same.
We have also omputed the heat apaity at onstant pressure Cp for the
TIP4P/2005 model. Cp is dened as :
Cp =
(
∂H
∂T
)
p
. (1.3)
Thus in order to ompute Cp the enthalpy at eah temperature was rst
alulated. These values for the enthalpy were then tted to a polynomial
and this t was then dierentiated with respet to temperature to obtain
Cp(T ).
1.4. Results
The simulation results for the densities are reported in Tables 1.1, 1.2,
1.3 and 1.4 for p=1, 400, 1000 and 1500 isobars, respetively. For the four
isobars onsidered a lear maximum in density has been found. The results for
p=1 bar and p =400 bar, along with experimental measurements, are plotted
in Fig. 1.1. It an be seen that the model is able to reprodue the experimental
113
1. Anomalies in water as obtained from omputer simulations of the
TIP4P/2005 model: density maxima, and density, isothermal
ompressibility and heat apaity minima
data quite niely. The density maximum for eah isobar was obtained by
tting the densities around the maximum (typially 5 or 6 densities were
used in the t) to a seond or a third degree polynomial.
Table 1.1: Moleular dynamis results for the TIP4P/2005 model of water along
the p = 1 bar isobar. Only the residual part of the internal energy is given.
T/K p/bar ρ/(g/m3) U/(kJ/mol)
150.0 1 0.9379 -57.05
156.0 1 0.9370 -56.87
162.4 1 0.9359 -56.68
169.0 1 0.9347 -56.47
176.0 1 0.9341 -56.25
183.3 1 0.9331 -55.99
191.0 1 0.9341 -55.74
199.0 1 0.9339 -55.51
207.3 1 0.9432 -54.81
215.8 1 0.9559 -54.04
224.6 1 0.9659 -53.27
233.5 1 0.9787 -52.47
242.7 1 0.9890 -51.70
252.1 1 0.9953 -50.98
261.9 1 0.9991 -50.28
272.2 1 1.0008 -49.57
283.0 1 1.0002 -48.84
294.4 1 0.9987 -48.10
300.0 1 0.9972 -47.73
The values of the maximum are reported in Table 1.5. In Fig. 1.2 the
temperatures at whih the maxima appear (TMD) are ompared to the expe-
rimental values
41
. As an be seen, the agreement is rather good. The model
orretly predits a derease of about 33 K in the temperature of the maxi-
mum when going from atmospheri pressure to a pressure of about 1500 bar.
In other words, 45 bar are required to indue a derease in the TMD of about
one degree. For D2O Angell and Kanno found a similar lowering of the TMD
with pressure.
42
For the TIP4P/2005 not only does the TMD derease with
pressure but the melting temperature does too. In Fig.1.2 the melting urve
of ie Ih (taken from our previous work
25,43,44
) is plotted along the TMD
urve determined in this work. As an be seen, both urves have a negative
slope. Notie also that at room pressure the distane between the melting
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Table 1.2: Moleular dynamis results for the TIP4P/2005 model of water along
the p=400 bar isobar. Only the residual part of the internal energy is given.
T/K p/bar ρ/(g/m3) U/(kJ/mol)
215.8 400 0.9766 -53.39
224.6 400 0.9963 -52.92
233.5 400 1.0051 -52.27
242.7 400 1.0125 -51.57
252.1 400 1.0171 -50.90
261.9 400 1.0192 -50.24
272.2 400 1.0200 -49.55
283.0 400 1.0190 -48.85
294.4 400 1.0164 -48.14
urve of ie Ih and the TMD is about 25K, whih is in ontrast with the 4K
of dierene found experimentally. The impossibility of reproduing simulta-
neously both the TMD and the melting temperature in models having three
harges has been disussed previously
27,26
.
Another interesting issue is the behaviour of the density along the at-
mospheri pressure isotherm at very low temperatures. Experimentally, it
is not possible to obtain the density of water at temperatures below 233 K
(the homogeneous stability limit of water at atmospheri pressure
45
) due to
spontaneous nuleation and freezing. However, reently, it has been possible
to avoid the formation of ie by onning water in pores a few nanometers
Table 1.3: Moleular dynamis results for the TIP4P/2005 model of water along
the p=1000 bar isobar. Only the residual part of the internal energy is given.
T/K p/bar ρ/(g/m3) U/(kJ/mol)
215.8 1000 1.0308 -53.25
224.6 1000 1.0397 -52.62
233.5 1000 1.0438 -52.04
242.7 1000 1.0463 -51.43
252.1 1000 1.0476 -50.82
261.9 1000 1.0475 -50.19
272.2 1000 1.0462 -49.55
283.0 1000 1.0441 -48.89
294.4 1000 1.0407 -48.20
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Table 1.4: Moleular dynamis results for the TIP4P/2005 model of water along
the p=1500 bar isobar. Only the residual part of the internal energy is given.
T/K p/bar ρ/(g/m3) U/(kJ/mol)
199.0 1500 1.0472 -54.25
207.3 1500 1.0617 -53.61
215.8 1500 1.0667 -53.06
224.6 1500 1.0678 -52.52
233.5 1500 1.0702 -51.94
242.7 1500 1.0701 -51.37
252.1 1500 1.0700 -50.78
261.9 1500 1.0682 -50.18
272.2 1500 1.0662 -49.56
283.0 1500 1.0631 -48.91
294.4 1500 1.0593 -48.24
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Figure 1.1: Density of liquid water at p = 1 bar (upper panel) and p=400 bar
(lower panel) as obtained from Monte Carlo and moleular dynamis simulations
with the TIP4P/2005 model. The experimental results were taken from Ref.
54
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in diameter (most probably beause of the derease in the freezing point of
water due to onnement as desribed qualitatively by the Gibbs-Thomson
approah
46
). Thanks to this the density of deuterated water has reently been
determined for the rst time
47
for temperatures as low as 160 K, reporting
the existene of a minimum in the density at a temperature of about 200 K.
A similar study (for water instead of deuterated water) was performed by
Mallamae et al.
48
. By using infra-red (IR) spetrosopy, it was possible to
determine the density of liquid water in the super-ooled regime down to
150 K. In Fig. 1.3 the reported experimental densities (from IR spetrosopy
of a sample within a 1.5 nm pore) for liquid water along the atmospheri
pressure isobar are ompared to those obtained in this work from moleu-
lar dynamis simulations of the TIP4P/2005 water model. The agreement
is surprisingly good, and the loation of the minimum around 200 K is des-
ribed properly by TIP4P/2005. Suh a minimum in density has also been
found
49,50
in omputer simulations of the TIP5P and ST2 models of water,
but the agreement with experiment was not as good as that exhibited by
TIP4P/2005. For temperatures below this minimum the density inreases as
Table 1.5: Temperature of maximum density at dierent pressures. The TMD has
been obtained by tting the data in the proximity of the maximum to a quadrati
or a ubi polynomial. The temperature ranges used in the t were 260-300 K for
p=1 bar, 242-295 K for p=400 bar, 233-283 K for p=1000 bar, and 207-272 K for
p=1500 bar.
p/bar 1 400 1000 1500
TMD/K 277(3) 270(3) 256(3) 244(3)
the temperature dereases (as in a normal uid). In Fig. 1.4 we ompare
the equation of state of superooled water to the equation of state of ie Ih
for the TIP4P/2005 model along the room pressure isobar.
51
The minimum
in density of superooled water ours just when the density is approahing
that of the ie Ih. However, we did not sueed in obtaining ie Ih by ooling
water; the radial distribution funtions of the superooled water (at room
pressure) below 200K are learly dierent from those of ie Ih. Rather the
minimum in density orresponds to the formation of a glassy state.
Note that the existene of suh a minimum is not only restrited to
water but is also present in materials suh as tellurium
52
. Interestingly the
melting urve for tellurium exhibits re-entrane . Suh re-entrant behaviour
was also found in our studies of the phase diagram of water models
21
.
We have also omputed the self-diusion oeient at p =1 bar and
p=1000 bar. The results, presented in Fig. 1.5, show that the diusion oef-
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Figure 1.2: Dependene of the TMD with pressure for the TIP4P/2005 model
(open irles). Experimental data for the TMD (solid line) taken from Fig.8 of
Ref.
41
. The dashed line is the melting urve of ie Ih for the TIP4P/2005 model.
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Figure 1.3: Density of liquid water at atmospheri pressure as obtained from
moleular dynamis simulations with the TIP4P/2005 model. For omparison, ex-
perimental data of water onned in narrow pores are also given
48
.
ient drops signiantly as the temperature dereases. The deay is less
pronouned at higher pressures. At low temperatures the diusion oeient
inreases signiantly with pressure (this behaviour is anomalous
30
sine, for
most uids, it dereases with inreasing pressure). One an imagine that the
appliation of pressure somehow breaks the hydrogen bond network, thus ai-
ding diusion proesses. Some indiret evidene of the derease in hydrogen
bonding with pressure an be obtained from the analysis of the dierent on-
tributions (Lennard-Jones and Coulombi) to the residual internal energy. In
Table 1.6 the dierent ontributions to the residual internal energy obtained
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Figure 1.4: Density of liquid water at atmospheri pressure as obtained from
moleular dynamis simulations with the TIP4P/2005 model (solid line and open
irles). Density of ie Ih at atmospheri pressure as obtained from moleular dy-
namis simulations with the TIP4P/2005 model (dashed line and open squares).
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Figure 1.5: Self-diusion oeient (in m
2
/s) of the TIP4P/2005 model at
p=1 bar and p=1000 bar ompared to the experimental results (taken from Ref.53).
from moleular dynamis of the TIP4P/2005 model along the T=224.6K isot-
herm (at dierent pressures) are given. Notie the large derease (in absolute
value) of the Coulombi energy with pressure, learly pointing to a redution
of hydrogen bonding with pressure. The Lennard-Jones ontribution is more
repulsive at low pressures (even though the density is lower) as a onsequen-
e of the stronger hydrogen bond found at lower pressures. At temperatures
above 280 K the diusion oeients at the two pressures onsidered beome
virtually idential as the dierenes fall to within the statistial unertainty.
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Table 1.6: Dierent ontributions to the residual internal energy of water along the
T = 224,6K isotherm. Results were obtained from moleular dynamis simulations
of the TIP4P/2005 model of water. The Lennard-Jones ontribution ULennard−Jones ,
the Coulombi ontribution UCoulombic and the total residual energy U are reported.
All energies are given in kJ/mol.
p/bar ULennard−Jones UCoulombic U
1 11.34 -64.61 -53.27
400 11.08 -64.00 -52.92
1000 10.78 -63.40 -52.62
1500 10.66 -63.18 -52.52
The agreement with the experimental values of the diusion oeient
53
is
quite good.
Let us now fous on another of the `anomalous'properties of water, the
isothermal ompressibility. The experimental measurements
55,56,54,57
Table 1.7: Isothermal ompressibility κT for p = 1 bar as obtained in this work
for the TIP4P, SPC/E and TIP5P models of water. Reported values orrespond to
(κT / bar
−1
) ×106.
T/K TIP4P SPC/E TIP5P Experiment
260 51.8 45.1 46.5 57.8
298.15 52.8 46.1 57 45.3
360 67.2 57.7 84 47.0
show that, at atmospheri pressure, κT drops as the temperature in-
reases from the melting temperature up to 46.5
◦
. Above this temperature
water behaves as a normal liquid and the isothermal ompressibility inrea-
ses with temperature. It is also well established from experiment that the
temperature for whih κT is minimal shifts slightly towards higher values as
the pressure inreases. Contrary to the maximum in density, the ability of
the water models to aount for the ompressibility minimum has not yet
been established. As mentioned in the previous setion, simulation studies
of the isothermal ompressibility are few and far between
39,40
. Moreover, the
omputational resoures available did not allow the extended simulations
needed to alulate κT with the preision required to determine whether the
most ommon water models predit the ompressibility minimum. For this
reason we have alulated the ompressibility for a selet few `popular'water
models.
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Table 1.8: Isothermal ompressibility κT for p = 1 bar and p = 1000 bar as obtai-
ned in this work for the TIP4P/2005 model of water. Reported values orrespond
to (κT / bar
−1
) ×106.
T/K p/bar TIP4P/2005 Experiment
260 1 51.4 57.8
280 1 48.7 48.6
298 1 46.3 45.3
320 1 46.2 44.2
340 1 47.8 44.9
360 1 50.9 47.0
370 1 52.3 48.5
260 1000 42.4 42.3
280 1000 38.5 37.7
298 1000 37.2 35.7
320 1000 36.7 34.9
340 1000 36.6 35.1
360 1000 38.2 36.0
370 1000 39.2 36.7
The results are presented in Table 1.7 for the SPC/E, TIP4P and TIP5P
models and in Table 1.8 for TIP4P/2005. The alulations for SPC/E, TIP4P
and TIP5P were performed at atmospheri pressure for three dierent tem-
peratures, namely 260 K, 300 K and 360 K. Fig. 1.6a shows that the tem-
perature dependene of the isothermal ompressibility for TIP5P does not
follow the experimental pattern sine, for this model, κT is a monotonously
inreasing funtion along the whole experimental liquid range. Despite the
fat that the slope of the TIP5P urve is opposite to the experimental one,
the values of κT are oinident in a narrow range of temperatures beause
the simulation and the experimental urves ross at a temperature lose to
the freezing point of liquid water. For temperatures near the boiling point
the TIP5P model fails ompletely, where the predited ompressibility at 360
K is almost twie the experimental value.
As for the performane of the SPC/E and TIP4P models, both provide
fairly similar results. In fat their urves are parallel, showing a more or
less dened minimum around 270 K (more omputations would be needed
to determine the preise loation of the minima). The results of SPC/E are
somewhat shifted to higher temperatures with respet to those of TIP4P,
whih results in a slightly better agreement with the experimental data. At
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Figure 1.6: Isothermal ompressibility alulated from moleular dynamis simu-
lations. Left: Results for SPC/E, TIP4P and TIP5P at p=1 bar using the u-
tuation formula (Eq. 1.2). Right: Results for TIP4P/2005 using the utuation
equation (squares) and the derivative route (Eq. 1.1, irles); upper results are for
1 bar and lower urves are for 1000 bar. Notie that we have deliberately used the
same sale in both panels. For omparison, experimental data
54
(full lines) are also
plotted.
high temperatures, the dierenes between simulation and experiment are
quite notieable for both SPC/E and TIP4P (though less dramati than in
the TIP5P ase).
As an be seen in Fig. 1.6b, the TIP4P/2005 model provides an exellent
desription of the isothermal ompressibility of water. The ompressibilities
obtained from the two routes (diereniation of the equation of state and u-
tuation formula) were found to be mutually onsistent. The departures of the
alulated ompressibilities with respet to the experimental values
55,56,54,57
are in general smaller than 7%. By tting the TIP4P/2005 ompressibili-
ties at atmospheri pressure to a third degree polynomial, a minimum in the
isothermal ompressibility is found for a temperature of about 37
◦
C whih
is in good agreement with the experimental value (46.5
◦
C). Thus the mo-
del is able to aurately reprodue not only the isothermal ompressibility
along the whole liquid range at atmospheri pressure but also the ompres-
sibility minimum. This assertion is partiularly true when one ompares the
TIP4P/2005 preditions with those of the other models, shown in Fig 1.6
(notie that we have plotted both panels using the same sale). In Fig 1.6,
we also present the ompressibility results at a higher pressure (1000 bar).
TIP4P/2005 preditions for this isobar are slightly better than those for at-
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mospheri pressure. A ompressibility minimum is also found at 1000 bar,
and, in aordane with the experiment, the minimum appears at an slightly
higher temperature than it does at atmospheri pressure
54
.
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Figure 1.7: Heat apaity of water at onstant pressure (Cp) as obtained from
simulation results of the TIP4P/2005 for p = 1 bar (solid line/irles) and for p =
1000 bar (dashed line/squares). The symbols represent the results of a rst degree
nite dierene alulation for equation (3), and the urves were obtained from the
results of a third degree polynomial t (p=1000 bar ) and fourth degree (p=1 bar)
for the enthalpy.
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Figure 1.8: Heat apaity of water at onstant pressure ( Cp ) as obtained from
simulation results of the TIP4P/2005 for p = 1 bar. Experimental results for D2O
and for H2O taken from Angell,Oguni and Sihina
58
are also presented.
Finally we have examined the behaviour of the heat apaity at onstant
pressure for two isobars, namely, p = 1 bar and p = 1000 bar. The results
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are presented in gure 1.7. As an be seen, the model hints at the existene
of minima in the heat apaity for both of these isobars. The loation of the
minimum seems to move to lower temperatures as the pressure inreases, in
onordane with experiment (see g.7 of Ref.
41
).
In gure 1.8 the values of Cp from the simulations are ompared to the
experimental
58
values for water and D2O. As one an see, the model ove-
restimates the experimental values of the heat apaity of water at onstant
pressure. The large dierene in the experimental values of the heat apaity
of H2O and D2O demonstrate the importane of nulear quantum eets in
the desription of the heat apaity of water. Not surprisingly, the values
of TIP4P/2005 whih were obtained through lassial simulations lie loser
to the experimental values of D2O, probably reeting the somewhat more
lassial behaviour of D2O with respet to H2O.
Taking into aount the suess of TIP4P/2005 in desribing most
of the properties of water, the failure in the quantitative desription of Cp
(along with the important dierenes in the experimental values of D2O and
H2O) points out the neessity of inorporating nulear quantum eets for
a quantitative desription of this property. Although one ould inorporate
quantum orretions empirially
59,25
, quantum simulations (for example, via
path integrals) are probably the only way to orretly desribe the heat
apaity of water
60,61
.
1.5. Conlusions
In this work moleular dynamis simulations have been undertaken for
liquid water along several isobars. The TIP4P/2005 model has been used to
desribe the interation between water moleules. The results obtained in
relatively long runs (i.e., 40 ns) indiate that a maximum in density is found
for the isobars onsidered in this work (i.e., p=1, 400, 1000 and 1500 bar). The
TMD dereases by about 1 K for eah 45 bar of applied pressure. Thus, the
TIP4P/2005 model, designed to reprodue the TMD at atmospheri pressure,
is also able to predit the dependene of the TMD with pressure. Motivated
by reent experimental work the behaviour of the density at low temperatures
along the atmospheri pressure isobar was also studied, resulting in a density
minimum at temperatures around 200 K. The loation and density at the
minimum of the model are in very nie agreement with reent experimental
work on the equation state of water at very low temperatures (obtained by
onning water in narrow pores in order to prevent the nuleation of ie). Also
in agreement with experimental measurements we have found a signiant
inrease of the diusion oeient of super-ooled water with pressure.
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Finally, we have also omputed the isothermal ompressibility along the
atmospheri pressure isobar for several water models and, one again, the re-
sults for TIP4P/2005 are those losest to experimental values. A minimum in
the isothermal ompressibility was found for temperatures around 37
◦
C, one
again in good agreement with the loation of the minimum found in experi-
ments (46.5
◦
C) . Not only is the loation of the minimum well desribed by
the model, but the value at the minimum as well. Finally, we have alulated
κT at several temperatures at a higher pressure (1000 bar) observing that
TIP4P/2005 also exhibits a ompressibility minimum. In aordane with
experiment, the minimum is shifted towards slightly higher temperatures
62
when the pressure inreases from 1 bar to 1000 bar.
The results of this work indiate that the TIP4P/2005 is able to repro-
due almost quantitatively many of the anomalous properties of water ou-
rring at low temperatures with the exeption of the heat apaity. Therefore,
the model an be used with ondene to obtain a better understanding of
the behaviour of water in the super-ooled regime where the experimental
determination of properties is a diult task. It seems that for super-ooled
water the performane of the TIP4P/2005 model of water supersedes the
performane of other more traditional models.
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Results: Chapter 2
The shear visosity of rigid water
models
Miguel Angel González and José L. F. Abasal
Departamento de Químia Físia, Faultad de Cienias Químias, Universi-
dad Complutense de Madrid, 28040 Madrid, Spain
2.1. Abstrat
In this work the shear visosity at ambient onditions of several wa-
ter models (SPC/E, TIP4P, TIP5P and TIP4P/2005) is evaluated using the
Green-Kubo formalism. The performane of TIP4P/2005 is exellent, that
of SPC/E and TIP5P is more or less aeptable whereas TIP4P and, espe-
ially, TIP3P give a poor agreement with experiment. Further alulations
have been arried out for TIP4P/2005 to provide a wider assessment of its
performane. In aordane with experimental data, TIP4P/2005 predits a
minimum in the shear visosity for the 273 K isotherm, a shift of the mini-
mum towards lower pressures at 298 K and its disappearane at 373 K.
2.2. Introdution
Computer simulation is a useful tool whih an be employed to validate
models of physial systems by omparing the simulation results with experi-
mental data. Obviously, the quality of a model should be established by its
ability to predit other properties dierent from those used to t the model
parameters. Given the importane of water there have been a large number
of omputer simulation studies
1
. Among the suessful water models we may
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ite SPC/E
2
and TIP4P
3
proposed more than twenty years ago. Despite
their simpliity (both models are rigid and non-polarizable) and the work
devoted to rene the water fore eld, until reently there has been no lear
improvement. Already in the 2000's, Mahoney and Jorgensen
4
proposed a
new promising water model, TIP5P. More reently the study of the pha-
se diagram of water
5
has triggered several reparametrizations of TIP4P.
6,7
One of these, TIP4P/2005, has an impressive performane for a wide variety
of properties and thermodynami onditions.
7,8,9,10,11
In fat, for ondensed
phases, the preditions of TIP4P/2005 are better than those of TIP4P for
all the properties investigated up to now. But it is important to note that
this model has not been thoroughly heked for dynamial properties. The
shear visosity of water is partiularly interesting beause it shows an ano-
malous"behavior: its dependene with pressure exhibits a minimum below
306 K
12
.
An aurate alulation of the shear visosity requires signiant om-
puter resoures. There are some reports of simulations of this property for
SPC/E
13,14,15,16,17
, TIP4P,
18
and TIP3P.
16
To the best of our knowledge, the
visosities of TIP5P and TIP4P/2005 have not yet been reported. Thus in
this work we have undertaken the task of alulating the visosity of SPC/E,
TIP3P, TIP4P, TIP5P and TIP4P/2005 at ambient onditions. As we will
see below, it turns out that the models providing a better aount of the
water visosity at 298 K are SPC/E and, espeially, TIP4P/2005. A deeper
investigation of the performane will only be done for these models.
The Green-Kubo formula relates the shear visosity to the autoorre-
lation funtion (ACF) of the o-diagonal omponents of the pressure tensor,
Pαβ. Namely,
η =
V
kT
∫
∞
0
〈Pαβ(t0)Pαβ(t0 + t)〉t0dt, (2.1)
The main ontribution omes from the short time ACF but an aurate
omputation of the shear visosity also requires a preise alulation of the
ACF tail (for this reason alternative methods have been proposed to ompute
the shear visosity, see Ref.
15
and referenes therein). A areful analysis for
the ase of SPC/E water made by Guo and Zhang
14
has shown that the
Green-Kubo relation leads to reliable results using an upper limit of the
order of 3 ps in the above integral. In order to obtain good statistis for
the ACF at suh orrelations times, simulations of about 4 ns were required.
In this work we follow the same methodology as in the paper by Guo and
Zhang but we have extended the simulation length to improve the statistis
of the ACF tail and, thus, the auray of the alulations. As the system
is isotropi, the o-diagonal elements of the pressure tensor, Pxy, Pxz, Pzy,
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are equivalent. Besides, due to the rotational invariane of the moleule, the
terms (Pxx−Pyy)/2 and (Pyy−Pzz)/2 are also equivalent.14,19 In this way, in
our alulations, the auray of the resulting ACF is enhaned by averaging
over ve pressure omponents.
2.3. The simulations
For the simulations we have used the GROMACS pakage.
20
The si-
mulations have been performed in the anonial (NV T ) ensemble using the
Nosé-Hoover thermostat
21,22
for a sample size of 500 water moleules. The
box size was xed from the knowledge of the density of the model at the
desired pressure. As a result the nal pressures were slightly dierent from
the target ones typially by less than 1 MPa but this has a negligible
eet on the reported visosities.
Long range eletrostati interations have been alulated with the
Ewald summation method using PME for the reiproal part.
23
The simula-
ted time was between 20 ns and 60 ns using a timestep of 1 fs. The ACF has
been alulated from the pressure omponents saved on disk every 2 fs. All
the ongurations were used as a time origin. The upper limits in the integral
were between 3 ps and 10 ps depending on the system.
24
Other details of the
simulations as well as the ACF funtions and the numerial values of the
visosity are given as supplementary material.
24
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Figure 2.1: Shear visosities, in logarithmi sale, of TIP4P/2005 (irles, dashed
lines) and SPC/E (squares, dotted line). Full lines are the experimental results.
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2.4. Results
The shear visosities at ambient onditions for the water models on-
sidered in this paper are shown in Table 2.1. It is interesting to note that
Table 2.1: Shear visosities (in mPa·s) of several rigid water models at 298 K and
1 bar.
TIP3P TIP4P TIP5P SPC/E TIP4P/2005 Expt.
25
0.321 0.494 0.699 0.729 0.855 0.896
our results are lose to those reported reently by other authors at about
the same temperature: 0.31 mPa·s for TIP3P16, 0.47 mPa·s for TIP4P18 and
0.64,
15
0.65,
14
0.67,
17
and 0.72
16
mPa·s for SPC/E (the results for TIP3P
and SPC/E orrespond to temperatures slightly above 300 K whih may ex-
plain the small departures from our values). The preditions of TIP3P and
TIP4P are quite poor. The estimates from TIP5P and SPC/E are somewhat
better but still far from the experimental value (around a 20 perent depar-
ture). On the ontrary, TIP4P/2005 performs quite well sine the deviation
from experiment is slightly less than a 5 perent. This is an aordane with
the exellent preditions of TIP4P/2005 at normal pressure shown in reent
alulations
26
.
Figure 2.3 shows the visosities of SPC/E and TIP4P/2005 for several
temperatures. Although both models systematially underestimates the vis-
osity at 298 K, the results for TIP4P/2005 are loser to the experimental
data. Besides, the latter model predits a minimum whereas SPC/E does not
show it (or, if exists, it is a very shallow one). The minimum shifts towards
lower pressures at inreasing temperatures so it does not appear at 373 K.
Thus, the overall behavior of TIP4P/2005 losely follows the experimental
trends
12,25
. The results shown in this work together with those previously re-
ported for the self-diusion oeient
11
indiate that TIP4P/2005 also gives
an impressive performane for the dynamial properties. We may onlu-
de that the model is able to aount for the anomalies in the dynamial
properties of water as well as for the stati ones.
10
This work has been funded by grants FIS2007-66079-C02-01 from the
DGI (Spain), S-0505/ESP/0229 from the CAM, and 910570 from the UCM.
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SUPPLEMENTAL MATERIALS for
The shear visosity of rigid water models
We present the supplemantal materiasl for this hapter. Where we nd
the gure of the normalized autoorrelation funtion for several water mo-
dels, the gure of the running values of shear visosity, the gure with the
same magnitude but for only TIP4P/2005 water model using 500 and 1000
moleules. In the end, we look at the last Table 2.2 with the values of dierent
models at dierent onditions.
Autoorrelation funtions
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Figure 2.2: Normalized autoorrelation funtions of the non-diagonal omponents
of the pressure tensor for rigid water models at ambient onditions (298 K, 1 bar)
Running values of the visosity
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Figure 2.3: Running values of the visosity obtained by integration of the nor-
malized ACF displayed in Fig.1. The vertial lines indiate the upper limits used
for the nal results. The experimental value is displayed as a dashed line.
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Figure 2.4: Visosity of TIP4P/2005 at ambient onditions for two dierent sys-
tem samples: 500 and 1000 moleules.
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Numerial values of the visosity of rigid water models
Table 2.2: Shear visosities (in mPa·s) of rigid water models. The fth olumn
shows the upper limit (in ps) in the integral over the autoorrelation funtions and
the sixth the simulation length (in ns).
Model T/K p/MPa η tmax length
TIP3P 298 -1 0.324± 0.009 4.0 18
* TIP4P 298 1 0.495± 0.013 4.5 30
* TIP5P 298 0 0.699± 0.012 4.5 40
* SPC/E 298 1 0.729± 0.012 4.5 20
SPC/E 298 100 0.718± 0.022 4.5 20
SPC/E 298 302 0.777± 0.018 4.5 20
SPC/E 298 495 0.844± 0.024 4.5 20
TIP4P/2005 373 -2 0.289± 0.008 4.0 20
TIP4P/2005 373 100 0.313± 0.008 4.0 20
TIP4P/2005 373 300 0.358± 0.009 4.0 20
TIP4P/2005 373 500 0.394± 0.008 4.0 20
TIP4P/2005 298 0 0.855± 0.013 5.0 40
TIP4P/2005 298 99 0.819± 0.019 5.0 30
TIP4P/2005 298 299 0.850± 0.019 5.0 30
TIP4P/2005 298 501 0.922± 0.022 5.0 30
TIP4P/2005 273 -1 1.66 ± 0.04 10.0 54
TIP4P/2005 273 100 1.34 ± 0.05 8.0 27
TIP4P/2005 273 201 1.42 ± 0.04 7.5 30
TIP4P/2005 273 298 1.45 ± 0.05 7.5 23
TIP4P/2005 273 501 1.54 ± 0.04 8.0 38
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Results: Chapter 3
A exible model for water based
on TIP4P/2005
Miguel Angel González and José L. F. Abasal
Departamento de Químia Físia, Faultad de Cienias Químias, Universi-
dad Complutense de Madrid, 28040 Madrid, Spain
3.1. Abstrat
A new exible water model, TIP4P/2005f, is developed. The idea was to
add intramoleular degrees of freedom to the suessful rigid model TIP4P / 2005
in order to try to improve the preditions for some properties, and to enable
the alulation of new ones. The new model inorporates exibility by means
of a Morse potential for the bond strething and a harmoni term for the
angle bending. The parameters have been tted to aount for the peaks of
the infrared spetrum of liquid water and to produe an averaged geometry
lose to that of TIP4P/2005. As for the intermoleular interations, only a
small hange in the σ parameter of the Lennard-Jones potential has been
introdued. The overall preditions are very lose to those of TIP4P/2005.
This ensures that the new model may be used with the same ondene as
its predeessor in studies where a exible model is advisable.
3.2. Introdution
Given the importane of water, it seems pertinent to understand the
interation between water moleules in the ondensed phase. Several suess-
ful interation potentials have been developed in the past. Simulation studies
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show that these fore elds aount for many important properties of liquid
water although, needless to say, there is still room for improvement.
1,2
A
ommon feature of the most popular water models is that they are rigid,
i.e., the intramoleular degrees of freedom are frozen. It may seem obvious
that a step forward for the improvement of the water potential would be
the addition of exibility. However, there has been some skeptiism on the
past about the usefulness of exible water models.
3,4,5,6
In fat, Tironi et al.
4
onluded that the introdution of exibility reates more problems than it
solves and does not improve upon the auray of rigid models. Notie that
the high frequeny of the bond strething fores one to use a time step about
ve times smaller than that of a rigid model. In this way, the performane
of exible models may not justify its inreased omputational ost. It may
be argued that exible models make possible the alulation of new proper-
ties. But that must be done with are beause the high frequeny of the new
aessible vibrational modes indiates that these are strongly quantized. In
this ontext, a exible model would be more justied in the ase of a quan-
tum treatment of the nulear motion. In fat, interesting results have been
obtained in quantum simulations of a exible water model.
7
However, rigid models do not allow to investigate ertain properties,
notieably the infrared (IR) spetrum, that require the use of a exible mo-
leular geometry. This is important beause omputer simulations provide
a set of instantaneous ongurations of the system from whih it is possi-
ble to get useful strutural information that an not be diretly extrated
from experiment. For instane, it enables the assignment of some bands of
unlear origin appearing in the Raman spetrum of liquid water. Moreover it
enables a detailed analysis of the relationship between power spetrum and
the hydrogen bonding network.
8,9
A exible model is also imperative in other
situations as, for example, in the empirial valene bond methodology and its
multistate generalization.
10
Besides, there are a number of reports laiming
that some preditions of exible models are loser to experimental data than
those of rigid potentials.
11,13,14,15,12
Yuet and Blankshtein
15
have onluded
that the surfae tension of water is determined by the deliate balane bet-
ween intramoleular (bond strething) and intermoleular (LJ) interations.
Raabe and Sadus
12
have shown that introduing bond exibility signiantly
improves the predition of both the dieletri onstants and the equation of
state of liquid water. These authors argue that adding intramoleular degrees
of freedom to a rigid water model introdues in some way the eet of the
loal environment. This is beause the hanges in the moleular geometry in
response to the thermodynami state point produe variations in the dipole
moment. Thus, the utuations in the total dipole moment of the system
ome not only from the variations in the relative orientation of the moleules
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(as in a rigid model) but also from the hanges in the dipole moment of the
moleules. In this way the variation of the dieletri onstant as a onsequen-
e of hanges in the environment of the moleules ould be better desribed
with a exible model than with a rigid one (notie also that the ability of
a exible model to vary in a hanging environment ould be, in priniple,
of great value in the study of interfaes.) On the other hand, exible bonds
and angles are required when dealing with systems with torsional degrees of
freedom. Consequently, the fore-elds employed in biomoleular simulations
ontain terms aording with this need. Although many authors prefer to use
a rigid water model in these onditions, some of them nd more onsistent
to use also a exible water model. In summary, despite the skeptiism of
several reports, there are some reasons supporting the interest in developing
(or improving) exible water models.
It seems natural that the development of exible models will onsist
on the addition of exibility to a suessful rigid potential. Until reently, it
has been a general feeling that two models, namely TIP4P
16
and SPC/E,
17
provided the best ratio between performane and simpliity. However, reent
investigations on the phase diagram involving the solid phases of water ha-
ve demonstrated
18,19,20,21
the superiority of the harge distribution of TIP4P
model over that of SPC/E. For this reason, an updated version of TIP4P
inluding intramoleular degrees of freedom ould of interest for those in-
vestigating water properties that require the use of a exible model. On the
other hand, the idea behind the parametrization of SPC/E (a orretion
term is added to the enthalpy of vaporization) seems to be responsible for
the good preditions of this model. In this way, TIP4P and SPC/E obtain
similar sores in a reently reported performane analysis of water models.
2
It was evident that the water fore eld ould be improved by merging the
relevant features of both models. This is in essene the basis of the suess of
TIP4P/2005.
22
Sine its proposal, a rather omprehensive set of properties
has been evaluated for this model. It provides an exellent agreement with
experiment for thermodynami,
22,23,24
strutural,
25,26
and dynamial
27,28
pro-
perties, over a wide range of temperatures from subritial
29
to the liquid-gas
ritial point. Its performane has also been ontrasted with experiment in
the ase of biomoleular systems.
30
Beause of this, the goal of this work is
to develop a exible version of TIP4P/2005.
This artile is organized as follows: In setion II we give the details
of our hoie for the intramoleular interations and present the parameters
of the new model (whih we term as TIP4P/2005f) as well as the averaged
geometry in the liquid state. In setion III we disuss the results obtained
in moleular dynamis simulations of the model whih are ompared with
experiment and with those for TIP4P/2005. Finally, onlusions are given in
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Setion IV.
3.3. The model
A number of omputer simulations with dierent exible water models
have been reported
31,32,33,34,8,11
sine the pioneering works of Lemberg and
Stillinger
35
and Toukan and Rahman.
36
As ommented in the introdution
it seems onvenient to develop a new exible model based on the rigid water
model TIP4P/2005. The rst problem we fae is the hoie of the harater
of this exibility, namely harmoni or anharmoni. The use of a harmoni
funtion VOHi = Drβ
2(rOHi − req)2 may be advised beause it is omputatio-
nally less expensive. Figure 3.1 ompares the harmoni potential for the bond
strething with the ubi and quarti ones as well as the full Morse potential.
All funtions have the minimum at the same distane but the interation dif-
fers signiantly as one moves away from equilibrium. When alulating the
power spetrum with the harmoni potential we observed a splitting in the
OH strething band (∼3400m−1) whih did not orrespond with the experi-
mental data.
37,38
In the ase of using anharmoni funtions, the splitting of
the band disappeared and was loser to experiment. For this reason we hose
an anharmoni funtion to represent the exibility of the OH bond. One
the harmoni potential is ruled out, it an be seen in Fig. 3.1 that the ubi
funtion exhibits a wiggle whih an be problemati in omputer simulation.
The quarti and Morse funtions are quite similar even at distanes relatively
far from equilibrium. We nally opted for the full Morse funtion beause the
alulations indiated that its use did not inrease the omputational ost.
The intramoleular potential is then given by
V intra = VOH1(r) + VOH2(r) + VHOH(θ), (3.1)
VOHi = Dr{1− exp[−β(rOHi − req)]}2, (3.2)
where req and θeq are the values of the bond length and angle at equilibrium
and rOHi is the instantaneous distane between the hydrogen atom i and
the oxygen atom. Dr and β are the parameters of the Morse potential that
determine the bond strength and width. For the angle bending, a harmoni
funtion (with an assoiated strength onstant Kθ) seems to be suient
VHOH(θ) =
1
2
Kθ(θ − θeq)2. (3.3)
The moleular geometry of our model is given by a slight modiation of
the TIP4P/2005 parameters. This amendment is the result of inorporating
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Figure 3.1: Four alternative funtions to desribe the bond strething in a exible
water model.
the exibility whih produes a elongation of the OH distane and a redu-
tion of the HOH angle. For this reason we hose a smaller bond distane at
equilibrium (req = 0,9419 Å) and a larger angle (θeq = 107,4
◦
) than those of
TIP4P/2005 (Table I).
As for the intermoleular potential, we follow the usual hoie of TIP4P-
like models: a Lennard-Jones enter at the position of the oxygen atom plus
the eletrostati interation given by two positive harges loated at the
hydrogen atoms and a ompensating negative harge plaed at the so-alled
M-site. Sine the moleule is not rigid, the loation of the M site is dened
in terms of the positions of the hydrogen atoms:
dOM = d
rel
OM(zOH1 + zOH2), (3.4)
where zOH1 and zOH2 are the distanes to the oxygen of the hydrogens pro-
jetions along the HOH bisetor, zOHi = dOHi cos(θ/2). We have hosen the
value for drelOM so as to reprodue the distane dOM in the TIP4P/2005 geo-
metry (i.e., dOH = 0,9572, θ = 104,52 and, thus, dOM = 0,1546). As a result
of the addition of exibility and the hanges in the average moleular geo-
metry it produes, the intermoleular parameters may not be optimized
39
and require a further tuning. We observed that the properties more related
to the interation energy did not hange signiantly while those dependent
on the moleular size (the orthobari densities in partiular) were slightly
shifted with respet to those of the rigid model. Thus, it has been nees-
sary to inrease the parameter σ of the Lennard-Jones interation while the
rest of parameters are not altered from TIP4P/2005. The parameters of the
TIP4P/2005f model are olleted in Table I where we have also inluded for
omparison the orresponding values for TIP4P/2005.
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Table 3.1: Potential parameters of the TIP4P/2005f and TIP4P/2005 water mo-
dels. Notie that req and θeq dene the rigid geometry of TIP4P/2005.
Parameter TIP4P/2005f TIP4P/2005
ǫ/k(K) 93.2 93.2
σ(Å) 3.1644 3.1589
qH(e) 0.5564 0.5564
drelOM 0.13194 0.13194
Dr(kJ/mol) 432.581 -
req(Å) 0.9419 0.9572
β(nm−1) 22.87 -
θeq/deg 107.4 104.52
Kθ(kJ/ (mol rad
2
)) 367.810 -
Figure 3.3 shows the normalized histogram of the distribution of bond
distanes for a single moleule at a temperature lose to 0 K (the atual value
is 2 K) ompared to that for bulk onditions. We have used here a small time-
step, 0.1 fs, and the simulations lasted 10ps. As an be expeted for a lassial
solution of the equation for the intramoleular motion, the bond distribution
for a single moleule has two maxima oinident with the turning points of the
bond strething (at this temperature the behavior orresponds approximately
to a harmoni spring). This result is ompletely dierent from that given by
quantum mehanis so one ould question the validity of the results for the
ondensed state. But the olletive eet of the intermoleular interations
dramatially hange the distribution, whih shows a more or less Gaussian
prole in the liquid, in lose agreement with quantum mehanial results.
It is notied that the maximum appears at distanes larger than req. For
liquid water, the position of the peak depends slightly on the thermodynami
state. At room temperature and pressure, the value req=0.9419 Å results in
a maximum at 0.966 Å (lose to the xed OH distane in TIP4P/2005).
Table 3.2 presents the average value along a simulation at ambient onditions
of the parameters related to the moleular geometry, namely bond distane
〈rOH〉, distane O-M 〈rOM〉, angle H-O-H 〈θ〉 and dipole moment 〈µ〉. Also
given are the orresponding values for the rigid model TIP4P/2005. It may
be seen that the averaged moleular geometry of the model somewhat diers
from that of the isolated moleule (f. Table I and Fig. 3.3) but it is very
lose to that of TIP4P/2005.
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Figure 3.2: Distribution of bond distanes at dierent onditions. The area of
both histograms is normalized. The red (broader) histogram orresponds to liquid
water at 1bar, 298 K while the blue one orresponds to the results for a single
moleule at 2 K (zoomed at the inset).
Table 3.2: Average value of the parameters related to the moleular geometry in
a simulation at T=298 K and p=1 bar. The orresponding values for TIP4P/2005
are also given for omparison.
Model TIP4P/2005f TIP4P/2005
〈rOH〉(Å) 0.9664 0.9572
〈rOM〉(Å) 0.1555 0.1546
〈θ〉(deg) 104.79 104.52
〈µ〉 (D) 2.319 2.305
3.4. Results
The simulations were arried out with the GROMACS 4.0 pakage
40,41
for a sample of 500 water moleules. When neessary we used the veloity-
resale thermostat,
42
and the barostat of Parrinello-Rahman.
43
The Lennard-
Jones interations were trunated at 8.0 Å. The partile mesh Ewald met-
hod
44
was employed to alulate the long-range eletrostatis fores. For the
alulation of most of the properties disussed in this artile we used a ti-
me step of 0.2 fs lasting 10 ns of total simulation time. In the event that
we have used other onditions for the simulation we shall desribe it at the
orresponding plae in the manusript.
Table 3.3 presents a summary of the properties of the TIP4P/2005f
water model at T=298 K, p=1 bar ompared with experimental data and
with the results for TIP4P/2005. We also give there the melting point and
147
3. A exible model for water based on TIP4P/2005
Table 3.3: A summary of the properties of TIP4P/2005f ompared to the orres-
ponding values for TIP4P/2005 and with experimental data. Density, ρ, isothermal
ompressibility, κT , (relative) stati dieletri onstant, εr = ε/ε0, and self-diusion
oeient, Ds, have been alulated at T=298 K, p=1 bar. The melting tempera-
ture, Tm, and the enthalpy of vaporization, ∆vH, also orrespond to a pressure of
1 bar. ∆vH inlude the self-polarization orretion Eq.(3.6) while the values
in parenthesis are the result of Eq.(3.5) without any further orretion.
Model TIP4P/2005f TIP4P/2005 Expt.
ρ (g/m3) 0.9977 0.9979 0.9970
105κT (MPa
−1
) 4.46 4.63 4.53
εr 55.3 57.3 78.4
109Ds (m
2
s
−1
) 1.93 2.08 2.27
Melting temperature (K) 254 252.1 273.15
∆vH (KJ mol
−1
) 45.7(50.3) 45.6 (50.1) 44.05
the enthalpy of vaporization of the TIP4P/2005f model at room pressure. In
what follows we desribe in more detail the properties of this new exible
model.
Liquid densities at normal pressure
We have evaluated the density for the room pressure isobar at twelve
dierent temperatures, from 250 K to 370 K. Numerial data are provided in
Table IV and a plot of the results is shown in Figure 3.4 where the harate-
risti anomalous"behavior of water is learly seen. The alulated densities
are in exellent agreement with the experimental data. In fat, TIP4P/2005f
performs even better than TIP4P/2005 for this property. Densities for the
exible model have been adjusted to a fth-order polynomial. The tempera-
ture of maximum density (TMD) obtained with the t is 280.3 K, only three
degrees above the experimental value. As stated in several studies,
45,2
an
aurate predition of the densities at room pressure and the TMD usually
indiates that the model has an exellent performane in reproduing a wide
variety of properties of liquid water.
Struture. Radial distribution funtion
Oxygen-oxygen radial distribution funtion goo(r) is shown in Fig 3.4.
TIP4P/2005f results are in general very lose to the experimental data.
46
Similarly to TIP4P/2005, it overestimates the height of the main peak and
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Table 3.4: Liquid densities (g/m
3
) at p=1 bar
T/K TIP4P/2005f Expt.
250 0.9906 0.9913
260 0.9959 0.9970
270 0.9984 0.9995
280 0.9997 0.9999
290 0.9993 0.9988
300 0.9971 0.9965
315 0.9927 0.9915
330 0.9862 0.9848
340 0.9808 0.9795
350 0.9748 0.9737
360 0.9684 0.9674
370 0.9615 0.9606
240 260 280 300 320 340 360
T(K)
0.96
0.97
0.98
0.99
1
1.01
ρ(g
/cm
3 )
Expt
TIP4P/2005
TIP4P/2005f
Figure 3.3: Densities of the TIP4P/2005f model (full irles) at p = 1 bar om-
pared to the values of the same property of TIP4P/2005 model (open squares) and
experimental data (full line).
follows losely the experiment at larger distanes. Minor dierenes between
the results of both water models are seen at the rst minimum where the
exible model results are slightly lower than those for TIP4P/2005 and at
the seond maximum where TIP4P/2005f performs slightly better.
Enthalpy of vaporization
The dierene between the gas phase enthalpy minus the enthalpy of
the liquid phase is known as enthalpy of vaporization, ∆vH = Hg − Hl. At
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Figure 3.4: Oxygen-oxygen radial distribution funtion at T=298 K, p=1 bar.
low pressures the gas may be onsidered ideal and gives a negligible ontri-
bution to the internal energy. Besides, its volume may be alulated from
the perfet gases equation. In this way, the enthalpy of vaporization may be
approximated by
∆vH = −Ul − pVl +RT (3.5)
The omputed value for our model (Table 3.3) is, by design, larger than the
experimental result. This is beause it is now widely aepted
2
the need of
the so-alled self-energy orretion proposed by Berendsen and oworkers in
1987.
17
This term should be subtrated from the enthalpy of vaporization to
take into aount the dierene in polarization between the gas and the liquid
phase. The orretion depends on the dierene between the dipole moment
of the model µl and that of the gas phase µg and may be approximated by
∆Epol = (µl − µg)2/2α. (3.6)
Using the average dipole moment of the liquid at room temperature and
temperature, the orretion amounts to 4.6 kJ/mol. In these onditions, the
enthalpy of vaporization is lose to the experimental value.
Isothermal ompressibility
To alulate the isothermal ompressibility we make use of the utua-
tions equation
κT =
〈V 2〉 − 〈V 〉2
kBT 〈V 〉 , (3.7)
where 〈V 〉 is the average volume, kB is the Boltzmann's onstant and T is
the temperature. The value of κT for our model is (4,46 ± 0,003) · 105 MPa
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at 298 K and atmospheri pressure. This result is again similar to that for
the TIP4P/2005 model but it is slightly loser to the experiment as it may
be seen in Table 3.3.
Self-diusion oeient
The self-diusion oeient was alulated by means of the Einstein
equation
6Dst = l´ım
t→∞
〈|ri(t)− ri(0)|〉2 , (3.8)
where ri(t) is the position of partile i at time t. The value of Ds for the
exible model is (1,93± 0,03) · 10−9 m2 s−1 at 298 K and ambient pressure.
It is slightly lower than the experimental data 2,27 · 10−9 m2 s−1 and 2,23 ·
10−9 m2 s−1 reported by Mills,47 by Kryniki et al.,48 and by Gillen et al.,49
respetively.
3.4.1. Melting temperature of ie Ih
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Figure 3.5: Evolution of the total energy of a system made of liquid water in
ontat with ie Ih. The results are averages over 20 ps simulation bloks for three
NpT simulation runs at 1 bar and T=256 K, 254 K and 252 K, respetively.
To alulate this point of the phase diagram we have used the diret
oexistene method.
51,52,50
The system onsisted of an anisotropi simulation
box ontaining 432 moleules with the ie Ih struture in ontat with 438
moleule with a liquid arrangement. SeveralNpT runs are arried out in order
to establish if the solid-liquid interfae evolves towards the growth of the solid
phase or to its disappearane. Seleted runs are shown in Figure 3.4.1. In the
simulation at 252 K, the energy progressively dereases beause the liquid
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phase is transforming into ie Ih until total rystallization. The opposite
is true for the run at 256 K where the solid phase melts ompletely thus
inreasing the total energy of the system. Finally, the energy remains more or
less onstant in the run at 254 K indiating that the interfae does not hange.
We thus assign this value as the melting temperature of the TIP4P/2005f
water model. There is a modest improvement over the TIP4P/2005 result
(the melting temperature inreases 4 degrees but the result is still 19 degrees
lower than the experimental value). It seems that a polarizable model is
needed to get a loser agreement with experiment.
3.4.2. Relative stability of ies
It has been shown reently that the relative stability of the ie poly-
morphs is not orretly predited be several rigid water models.
18,45
In par-
tiular, the stable phase at ambient onditions of three site models suh as
TIP3P, SPC or SPC/E is not the hexagonal ie Ih but the proton ordered ie
II. The alulation of the omplete phase diagram is outside the sope of this
work but there is a simple alternative onsisting in the alulation of the re-
lative stabilities at 0 K.
53
Table 3.5 present the densities and energies of ies
Ih, II, III and VI for the exible models TIP4P/2005f and SPC/Fw as well
as for their rigid ounterparts TIP4P/2005 and SPC/E. Both TIP4P/2005
and TIP4P/2005f predit ie Ih as the more stable phase while ie II is mo-
re stable for SPC/E and SPC/Fw indiating that the exibility has a small
inuene on the relative stability of ies. In this respet, it is perhaps worth
to mention the slight inreased stability of ie III whih is marginally more
stable than ie II at 0 K for TIP4P/2005f. This means that ie II would
be absent from the phase diagram of this model. This is in aordane with
a reent alulation for a exible model (also based on TIP4P/2005) desig-
ned to be used in simulations expliitly aounting for the quantum nulear
motion.
54
The fat that SPC/Fw is unable to predit the relative stabilities of
ies Ih and II is a serious drawbak of the model and supports our deision
to develop a exible model based on TIP4P/2005. It may be argued that the
properties of water in the solid state are not important beause these models
are intended to be used for the liquid state. But this is a simpliation beause
it is now well doumented that the relative stability of ie II with respet
to the other proton disordered polymorphs (Ih, III, V and VI) is related to
the ratio between the magnitudes of the dipole and quadrupole moments of
the model.
20,21
Thus, the failure of SPC/Fw in aounting for the relative
stability of ies Ih and II is not a simple inadequay for the study of ies but
it has deeper roots with onsequenes also for the liquid state.
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Table 3.5: Properties of several ie polymorphs at T=0 K and p=0 bar for exible
water models and their rigid ounterparts. The results marked in bold orrespond
to the more stable phase.
Ie TIP4P/2005 TIP4P/2005f SPC/E SPC/Fw
U(kal/mol)
Ih -15.06 -14.76 -14.69 -14.64
II -14.85 -14.49 -14.85 -14.80
III -14.74 -14.52 -14.35 -14.26
VI -14.51 -14.20 -13.95 -13.85
ρ(g/m3)
Ih 0.954 0.961 0.981 0.996
II 1.230 1.232 1.279 1.295
III 1.184 1.189 1.181 1.214
VI 1.385 1.390 1.413 1.434
Table 3.6: Dieletri onstant at dierent thermodynamis states.
T/K p/bar TIP4P/2005 TIP4P/2005f Expt
298 1 57.2 55.3 78.4
298 2000 62.2 63.1 84.9
473 2000 31.8 33.0 41.3
673 2000 16.6 16.7 19.4
3.4.3. Stati dieletri onstant
The stati dieletri onstant is one of the few properties for whih
the TIP4P/2005 model does not provide a satisfatory result. The appro-
priate equation for its omputation in a simulation using Ewald sums with
onduting boundary onditions reads
55
εr = 1 +
4π
3kBTV
(〈
M2
〉− 〈M〉2) . (3.9)
In order to ompute the dieletri onstant we have performed several si-
mulation in the NV E ensemble lasting 15 ns. It seems interesting to hek
not only the values of the dieletri onstant but also how the model is able
to predit its hange for dierent thermodynami states. Table 3.6 presents
the dieletri onstant for several points along the 298 K isotherm and the
1000 bar isobar. The results for the exible model follow the same trends as
the experimental values but the error is onsiderable. Besides the dieletri
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onstants of the exible model are quite similar to those of the rigid one;
exept for the point at ambient onditions there is a marginal improvement
assoiated to the addition of exibility.
3.4.4. Power spetrum
There are several methods to alulate the infrared (IR) spetrum. We
used a method based on the omputation of the density of states or the power
spetra
56
. This involves the Fourier transform of the veloity autoorrelation
funtion (VAC) for the relative veloities of a hydrogen atom with respet to
the oxygen atom,
57,58,56
I(ω) ∝
∫
∞
0
dt exp(−iωt) 〈v(0)v(t)〉 , (3.10)
where 〈v(0)v(t)〉 is the veloity autoorrelation funtion and ω is the fre-
queny. This method allows one to obtain the values of the maximum of
the bands at a muh lower omputational ost than the traditional method
based on the dipole moment of the system. This is suient to verify the
validity of the model but if one wants to improve the alulation of the in-
frared spetrum, quantum orretions
33
or, better, advaned methods based
on quantum alulations
59,60,61,62,63
are required. To obtain this information
of the system, we have used spei simulation onditions. The required si-
mulation time is quite short, only 10 ps, beause of the rapid deay of the
VAC but a small time-step, 0.1 fs, is needed to dene preisely the VAC at
very short times. Besides this, a larger system (4000 moleules) is neessary
to eliminate noise and to obtain aurate values for I(ω).
Figure 3.4.4 displays the prole of the spetrum of densities of states
of water. We have also inluded in the plot the positions of the peaks of
the experimental bands. As expeted, the frequeny at the maximum for the
angle bending and the bond strething are more or less oinident with the
experimental values. The bands orresponding to the librational motion with
symmetries A2, B2 are merged together in a single band whose maximum
appears approximately at the middle point of the experimental peaks.
65
The
intramoleular streth is somewhat shifted towards higher frequenies. It is
to be notied that the band at about 50 m
−1
appears learly resolved in our
model and that is maximum is oinident with the experimental value. The
peaks of the bands of the power spetrum are olleted in Table 3.7 where
we ompare it with experimental measurements.
64,65,37
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Figure 3.6: Spetrum of densities of state of water. Vertial lines signal the posi-
tion of the peaks in the experimental spetra of liquid water.
Table 3.7:Wavenumbers (in m
−1
) at the peak of the bands of the power spetrum
for the TIP4P/2005f model and liquid water. Experimental results have been taken
from Refs.
64,65,37
and
66
TIP4P/2005f Expt
Cage vibrations
9
50 50
Intermoleular streth 230 183.4
Librations A2, B2 570 430, 650
Bending (H-O-H) 1670 1643.5
Strething (O-H) 3370 3404.0
3.5. Conlusions
In this work we have developed a exible water model, TIP4P/2005f,
based on the rigid potential TIP4P/2005. A number of strutural, thermody-
nami and dynami properties have been evaluated for the new model. Most
of the results are in exellent agreement with experiment in line with as tho-
se of its rigid predeessor. Taking into aount the exellent performane of
TIP4P/2005 for other properties not evaluated in this work, this seems to en-
sure that TIP4P/2005f is a very aurate exible model. The model slightly
improves the melting point and there are also marginal improvements in ot-
her properties. On the negative side, although the results for the dieletri
onstant follow similar trends as the experimental ones, they are still on-
siderably dierent from experiment. In summary, the exible TIP4P/2005f
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seems to inherit the exellent performane of TIP4P/2005 but it does not
improve it substantially. We must onlude that adding exibility does not
improve the performane for those properties for whih the preditions of
TIP4P/2005 are not quantitative.
The reasoning of the preeding paragraph seem to be in ontradition
with several reports laiming that some preditions of exible models are
loser to experimental data than those of rigid potentials.
15,12
It seems that
the exibility has more inuene on the nal results (at least for a few number
of properties) when the model is based on SPC/E than for a model based
on TIP4P/2005. The reasons of this dierent behavior are unlear to us but
this might be simply beause the TIP4P/2005 results are already very good
so its improvement is not an easy task. It was not the objetive of this work
to ompare the results of TIP4P/2005f to those of other exible models. We
have alulated the relative stability of ies just to onrm that our hoie on
using a TIP4P topology as the starting point of a exible model was based
on orret premises. We have shown that SPC/Fw predits erroneously that
ie Ih is less stable than ie II. Moreover, given the value of the expansivity
reported by Wu et al.
11
, it is likely that the temperature of maximum density
for SPC/Fw is far from the experimental value (following the behavior of
SPC/E for whih the maximum density is reahed at 241 K, 36 degrees below
the experimental value). TIP4P/2005f is free from these drawbaks and its
performane is exellent even if the addition of exibility does not improve
substantially that of TIP4P/2005. It is then a good andidate in simulations
where the use of a exible water model is advisable.
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Results: Chapter 4
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4.1. Introdution
Water is the most abundant liquid on Earth. It is involved in many
proesses, both industrial proesses and biohemial or hemial reations.
Water has been studied sine the beginning of siene and hemistry. There
are many studies about the properties of this moleule as a reation medium,
as a reagent or as a produt of many hemial reations.
The anomalous behaviour of water is well known: others liquids do not
exhibit minima and/or maxima in its thermodynamis properties as it ours
with water. The most famous anomaly is the maximum in the density that
appears at 4 oC. There are other properties that show anomalies: visosity,
isothermal ompressibility, heat apaities,. . .
In the last years, eorts have been foused on studying the superooled
water region and its anomalous behaviour
1,2,3,4,5
. In 1976 Speedy and Angell,
measured the isothermal ompressibility, κT , in the superooled liquid region
6
and found a sharp inrease in this property for dereasing temperatures. Six
years later, Speedy interpreted this behaviour
7
as the eet of the liquid-
vapour spinodal whih hanges its slope inreasing the value of the pressure
when the temperature dereases. This senario was alled stability-limit (SF)
onjeture, (see Fig. (4.1.A)).
Following this idea, the ritial point free (CF) senario
8,9,10
was propo-
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sed in 1994 by Poole et al. supported by the works of Zheng and Angell
9,10
.
The senario is presented in Fig. (4.1.C). The authors explained in their expe-
rimental data the presene of the liquid-liquid transition (LLT) without any
ritial point. Sine there was a liquid-liquid spinodal line assoiated with
it, this spinodal line was the responsable of any divergene in the response
funtions.
Poole et al.
1,8,11,12
, using moleular simulations, attempted to reprodue
the theoretial behaviour proposed by Speedy, but they did not nd the
re-entrant spinodal. From the extrapolation of the simulation results, the
existene of a new (liquid-liquid) ritial point in water was onjetured.
This ould explain the behaviour of superooled water. The name of this
senario is seond ritial point (CP) senario (see Fig. (4.1.B)).
Sastry et al.
13
arried out several studies followed by a thermodyna-
mi analysis whih gave strong support to the ritial point senario, but in
this senario they loated the ritial point at 0 K keeping the rest of the
lines. This singularity-free (SF) senario is shown in Fig. (4.1.D). In fat, the
few experimental data available and, espeially, omputer simulation studies
seem to indiate that the anomalies in superooled water are perturbations
assoiated with the Widom line
14,15
whih is the line of maximum orrelation
length emanating from the ritial point. Related to the Widom line are the
extrema observed for the response funtions suh as the ompressibility or
the expansion oeient emanating from a ritial point.
The purpose of this work is to perform a omputer simulation study on
the thermodynami behaviour in the superooled region in order to larify
whih is the senario haraterizing TIP4P/2005.
4.2. Simulation details
The results presented in this work have been obtained for a rigid and
non-polarizable water model, TIP4P/2005, under extreme onditions of pres-
sure and temperature. All simulations were performed with the GROMACS
4.0 moleular dynamis software pakage
16,17
. The system onsists of 500
moleules, although in spei thermodynami onditions the number was
inreased to 4000 to avoid nite size eets. The orresponding temperature
vary from 190 K to 320 K and the pressure from −3000 bar to 1500 bar. The
alulation of most of the properties was arried out in the NpT ensemble,
exept for the ase of the determination of the spinodal line, whih was per-
formed in the NV T ensemble. The Nosé-Hoover thermostat18,19 was used to
keep the temperature onstant; in order to maintain the pressure onstant,
the Parrinello-Rahman barostat
20
was used. The time step was set to 1fs.
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Figure 4.1: The four senarios proposed to explain the water anomalies. In all of
them we nd the oexistene lines between solid, liquid and vapour phases (blue
lines), the vapour-liquid ritial point (C) and the triple point (T). The purple
dashed urve orresponds to TMD line or LDM (line of the density maxima), and
the red line represents the vapour-liquid spinodal line (LV spinodal). In senario
A
7
, stability-limit (SF) onjeture, there is a re-entrant spinodal that appears at
positive pressure at low temperatures. Panel B shows the Seond ritial point (CP)
senario
1
, with the liquid-liquid ritial point (LLCP) represented by an orange
ross. The liquid-liquid transition (LLT) is the solid orange line. The line of isother-
mal ompressibility maxima is the dashed green urve. The ritial point free (CF)
senario
8,9,10
represented in panel C, is haraterised by the solid orange line of the
liquid-liquid transition (LLT). The dashed orange line represents the liquid-liquid
spinodal line (LL spinodal). Finally, the Singularity-free (SF) interpretation
13
, is
similar to senario B but with the ritial point shifted to 0 K.
The Lennard-Jones potential had a ut-o of 8,5 Å and the long range ele-
trostati interations where simulated via the Partile Mesh Ewald Method
(PME)
21,22
is used.
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4.3. Results
This hapter is the study of the thermodynami senario for the TIP4P/2005,
water model. We will investigate the loation of the extrema of the isother-
mal ompressibility at positive and negative pressure. We will also evaluate
the TMD line, the liquid-vapour spinodal line and the avitation line in order
to omplete the senario. Previous studies
14,15
had proposed the existene of
a liquid-liqdui ritial point (LLCP) for this model. A line of ompressibility
maxima was obtained for positive pressure. Although the existene of the
LLCP for TIP4P/2005 model is still nowadays disputed in a reent paper
23
.
Our study will fous on the possible re-entrant behaviour of the TMD line,
involving simulations at negative pressure. This allowed us to extend the line
of maxima κT to the negative pressure region. When performing these simu-
lations, we eventually found several avitation events. In order to obtain the
spinodal line, we had to hange the simulations to the NV T ensemble.
4.3.1. Widom line. Maxima y minima of the isothermal
ompressibility
The Widom line is the lous of maximum orrelation length. Close
to the ritial point the Widom line oinides with the lines of extrema in
the response funtions. As we move away from the ritial point the lous
of extrema in the response funtion are not oinident any more. Thus the
extrema for the isothermal ompressibility κT , thermal expansion oeient
αp and heat apaities Cp and CV have a dierent path on the p−T plane but
they all emerge from the ritial point. For example, in a previous study
14
the
liquid-liquid ritial point for the TIP4P/2005 model was extrapolated from
the maxima in κT and the inetion point of the density of the system (whih
was equivalent to the maxima of αp). For simpliity, given the similarities of
the lines of maximum κT and αp, we refer to as then Widom line.
We evaluate the Widom line from the lous of the maxima of the isot-
hermal ompressibility beause the loation of a maximum or a minimum is
more aurate than the loation of an inetion point, as shown to be the
ase if the density of the system is used (loating the maxima in αp). On
the other hand, we ould also determine the maxima and minima of the heat
apaity, alulating the orresponding Widom line. However, when dealing
with numerial simulations to alulate Cp, quantum nulear eet have been
shown to be signiant at low temperatures
24
. Sine we are working with a
lassial model without quantum orretions, it is not possible to generate a
Widom line aurate enough. Thus, we have deided to use the maxima and
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minima of κT to alulate the Widom line.
Table (4.1) shows the numerial results for the isothermal ompressibi-
lity of superooled water in positive pressures region. These data are olleted
from Refs.
25
and
14
.
Pressure (bar)
T (K) 1 400 700 1000 1200
272.2 5.0E-5 4.6E-5 4.3E-5 4.00E-5 -
261.9 5.3E-5 5.0E-5 4.6E-5 4.18E-5 -
252.1 5.7E-5 5.3E-5 4.9E-5 4.53E-5 4.23E-5
242.7 5.8E-5 5.8E-5 5.55E-5 4.99E-5 4.60E-5
233.5 6.5E-5 6.6E-5 6.4E-5 5.47E-5 5.31E-5
224.6 6.4E-5 8.6E-5 6.9E-5 6.36E-5 6.10E-5
215.8 5.5E-5 8.2E-5 9.9E-5 7.86E-5 7.54E-5
207.3 3.6E-5 5.2E-5 9.9E-5 10.7E-5 9.89E-5
203.0 2.6E-5 4.1E-5 - 11.8E-5 -
199.0 2.1E-5 3.5E-5 4.9E-5 12.8E-5 12.3E-5
195.0 2.5E-5 3.0E-5 3.1E-5 - 16.5E-5
191.0 1.4E-5 1.6E-5 2.0E-5 3.5E-5 5.78E-5
183.0 - - - 2.3E-5 2.91E-5
Table 4.1: Isothermal ompressibility (MPa
−1
) in the superooled region at posi-
tive pressures for TIP4P/2005 water model from Refs.
25
and
14
.
The results are also shown in Fig. (4.2). Notie that the height of the
maxima strongly inrease when dereasing temperatures, suggesting the vi-
inity of a ritial point. The sale of the gure does not allow to show the
κT minima, whih were reported in a previous publiation
25,14
for the 1 and
1000 bar isobars.
In this hapter, we have extended the alulations to investigate the
behaviour of the model at negative pressure. The numerial results are given
in Table (4.2) and displayed in Fig. (4.3).
The trend observed for the κT maxima in Fig. (4.2) also appears at
negative pressure. Moreover, it is now possible to represent in the same plot
both maxima and minima of κT . When dereasing pressures the distane
between them dereases until they eventually ollapse into an inetion point.
Below this pressure (around −1000 bar) the isothermal ompressibility does
not exhibit a maximum or a minimum.
Fig. (4.4) represents the lous of κT maxima and minima in the p− T
plane. We have also depited the positon of the LLCP reported in Ref.
14
.
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Figure 4.2: Isothermal ompressibility in the superooled region at positive pres-
sures for TIP4P/2005 water model Ref.Refs.
25
and
14
. Notie that the y-axis has
been multiplied by 10
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Figure 4.3: Isothermal ompressibility at negative pressures for the TIP4P/2005
water model.
Notie that the region of anomalies in κT extends deeply into the negative
pressures.
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Pressure (bar)
T (K) 1 -400 -1000 -1500
370.0 5.2E-5 - - -
360.0 5.8E-5 6.01E-5 - -
340.0 4.8E-5 5.48E-5 7.01E-5 -
320.0 4.6E-5 5.09E-5 6.36E-5 -
310.0 - 5.10E-5 6.07E-5 7.52E-5
298.0 4.6E-5 5.09E-5 5.88E-5 7.02E-5
290.0 - 5.15E-5 5.90E-5 6.684E-5
280.0 4.8E-5 5.24E-5 5.83E-5 -
272.2 5.0E-5 - - -
270.0 - 5.32E-5 5.65E-5 5.925E-5
261.9 5.3E-5 - - -
260.0 - 5.51E-5 5.68E-5 5.52E-5
252.1 5.7E-5 - - -
250.0 - 5.88E-5 5.43E-5 5.03E-5
242.7 5.8E-5 - - -
240.0 - 5.96E-5 5.08E-5 4.25E-5
233.5 6.5E-5 - - -
230.0 - 5.27E-5 3.94E-5 3.48E-5
224.6 6.4E-5 - - -
220.0 - 4.08E-5 - 2.85E-5
Table 4.2: Numerial results for the isothermal ompressibility (MPa
−1
) of
TIP4P/2005 at negative pressures.
4.3.2. The line of temperatures of maximum density
For the alulation of this property, we performed simulations at ons-
tant pressure in order to obtain the density of the system for a wide range of
temperatures. The simulations were arried out in the NpT ensemble with
500 moleules beause the density is not signiantly aeted by the sys-
tem size. Table (4.3) shows the numerial values of the density at dierent
pressures and temperatures for the TIP4P/2005 water model. A visual re-
presentation of the results is given in Fig. (4.5). A t of the densities for
eah isobar provides the temperature of maximum density (TMD) represen-
ted in the gure as a red triangle. The TMD is shifted to higher temperatures
when the pressure is lowered. The slope inreases until it beomes innite
and hange its sign.
This point is as the re-entrant point of the TMD (RTMD) (already
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Figure 4.4: Lous of extrema in the isothermal ompressibility. The minimum of
this urve is the inetion point at approximately −1000 bar. The blue dotted line
is a guide to the eye. The blak irle indiates the loation of the liquid-liquid
ritial point (LLCP) for the TIP4P/2005 water model.
Pressure (bar)
T (K) 1000 400 1 -400 -750 -1000 -1250 -1500
230 1.0416 1.0111 0.9771 0.9507 - 0.9250 - 0.9090
240 1.0452 1.0166 0.9878 0.9633 - 0.9319 - 0.9119
250 1.0469 1.0189 0.9941 0.9719 0.9527 0.9389 0.9266 0.9156
260 1.0472 1.0199 0.9986 0.9770 0.9582 0.9437 0.9316 0.9192
270 1.0464 1.0189 1.0003 0.9799 0.9612 0.9469 0.9344 0.9205
280 1.0444 1.0171 1.0006 0.9808 0.9627 0.9484 0.9352 0.9211
290 1.0418 1.0150 0.9993 0.9799 0.9620 0.9477 0.9345 0.9196
298 1.0391 1.0107 0.9974 0.9783 0.9604 0.9467 0.9326 0.9171
310 - 1.0107 0.9934 0.9746 0.9564 0.9419 0.9277 0.9117
320 1.0300 1.0066 0.9892 0.9702 0.9521 0.9370 0.9222 0.9044
340 1.0200 0.9964 0.9787 0.9590 - 0.9241 0.9070 0.8864
360 1.0085 0.9838 0.9658 0.9452 - - 0.8871 -
Table 4.3: Equilibrated densities (g/m
−3
) of dierent isobars at positive and
negative pressures.
mentioned in in previous setions). Under these onditions of strongly nega-
tive pressure it is very ompliated to experimentally measure the properties
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Figure 4.5: Values of density versus temperature at onstant pressure. The ma-
xima of eah isobar, TMD, is marked with a red triangle.
of water. Hene, in order to validate our results and to ompare them to
experiments, we used a reliable equation of state alulated from experi-
mental data, whih provides reliable values of the TMD until a pressure of
about −400 bar26. The fat that the TMD line is reentrant implies that the
stability-limit onjeture is not valid for TIP4P/2005 senario. Thermody-
nami onsiderations
13,1
indiate that from the retraing point, the TMD
line approahes but annot ross the liquid-vapour spinodal line. Moreover,
it has also been rigurousy demoustrated that the retraing point of the LDM
should oinide with a point of the line of extrema in the isothermal om-
pressibility
1
. Fig. (4.7) shows both urves. Crossing at the retraing point
of the TMd line of TIP4P/2005 model, thus showing that our results are
thermodinamially onsistent.
4.3.3. Cavitation line
Cavitation is dened as the formation of bubbles in a metastable su-
perheated or overstrethed liquid. The nuleation rate, i.e, the rate at whih
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equation of state for water.
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Figure 4.7: TMD line (in red) together with the line of extrema in the isothermal
ompressibility (in blue) for TIP4P/2005 in the p − T plane. The blak irle
represents the loation of the LLCP. Whereas the point where the TMD rosses
the line of extrema of κT is the retraing point.
a bubble is formed depends, among other fators, on the degree of supersa-
turation (the distane of the metastable state from oexistene) and on the
system volume. For a given volume, the deeper the supersaturation the easier
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is for the system to avitate, up to the point that we get to the spinodal line
and avitation happens spontaneously. Thus, avitation provides an appro-
ximate idea of the position of the spinodal. Several events of spontaneous
nuleation were observed in our simulations. That allowed us to alulate a
avitation line. By this we mean the pressure at whih a xed volume of
water avitates within a given range of time. Fig. (4.8) shows the evolution
of the density for several runs, eah at dierent pressures and T = 280 K.
Notie that at −1500 bar the system does not avitate for at least 10 ns,
thus allowing to easily estimate the density of this metastable state. On the
ontrary, the runs at lower pressures exhibit at a given time a sudden drop of
density orresponding to the formation of a bubble whih grows very quikly.
Table (4.4) and Fig. (4.9) show the avitation pressures (within a given tem-
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Figure 4.8: Sampling of several isobars at 280 K. The time sale is taken on a
logarithmi sale.
perature range). In Fig.(4.9) we observe that the avitation line appears to be
monotonons funtion whih inreases with temperature. To ensure represen-
tative data for the TIP4P/2005 model, we set a minimum time to allow the
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system to equilibrate (approximately 10 ns) and simulate a system of 4000
moleules. The avitation line indiates the mehanial limit of the system,
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Figure 4.9: Cavitation line in the p-T plane for the TIP4P/2005 model.
given that when the system avitates, the simulation box literally explodes.
This explosion is due to the presene of avitation bubbles rapidly growing.
If we now represent the avitation line together with all lines presented in
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Figure 4.10: Same as Fig.(4.7) inluding the avitation line in the p− T plane.
Fig.(4.7) this line in the p− T plane. We note that it does not ross at any
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time another property Fig.(4.10). Moreover, its tendeny is not to have a
minimum that ould hange the slope of the line (thus leading to a ross
with another funtion). To onlude, we have to alulate the spinodal line
and nd out if it has the retraing point as suggested by Speedy.
Temperature (K) Pressure (bar)
240 -2750
250 -2500
260 -2250
280 -2000
296.45 -1850
320 -1750
Table 4.4: Simulation results of avitation for TIP4P/2005.
4.3.4. Liquid-vapour spinodal line
As stated in the previous setion, this property annot be evaluated
by means of simulations in the NpT ensemble beause the system avitates.
Therefore, we arried out simulations in the NV T ensemble and used the
same simulation onditions exept for the box volume whih is now xed. In
Fig. (4.11) we observe that all the isotherms exhibit a minimum at negative
pressure. These minima orrespond to the beginning of the so-alled Van Der
Waals'loops, whih are generated in the viinity of a phase separation and
are typial in NV T simulation. In this ase the spinodal point is dened as
that for whih the slope of (∂p/∂ρ)T is zero. The spinodal points are reported
in Table (4.5) and represented in Fig. (4.12). As expeted, the trend of this
funtion is similar to the avitation line. This indiates that there is no re-
entrant point in the spinodal as proposed in the seond ritial point senario,
Fig. (4.1.B), and in the singularity-free interpretation, Fig. (4.1.D). Finally,
we represent also the spinodal line to the senario for the TIP4P/2005 model,
Fig. (4.13).
4.4. Disussion and Conlusions
In this hapter we have alulated several water properties, mainly in
the superooled and negative pressure region for the TIP4P/2005 water mo-
del. This allows us to analyze whih of the senarios shown in Fig. (4.1) is
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Figure 4.11: Isotherms at negative pressures. The orange irles indiate the
spinodal for TIP4P/2005.
Temperature (K) Pressure (bar)
240 -3067.68
260 -2739.34
280 -2438.08
296.45 -2253.75
320 -2048.71
Table 4.5: Liquid-vapour spinodal for TIP4P/2005 at negative pressures.
the orret one for TIP4P/2005. A summary of our alulations is shown in
Fig. (4.13).
The rst onlusion is that the stability limit onjeture is not valid
for this model. There are several reasons for that. The main reason is that
the line of density maxima is retraing and, aording to thermodinamis
onsiderations, annot merge with the liquid-vapour (LV) spinodal. In fat,
our alulations of the liquid-vapour spinodal indiate that, after the retra-
ing pressure, the TMD line goes more or less parallel to the LV spinodal.
Also, in agreement with thermodynami onsisteny arguments is the fat
that the TMD line retraing point also belongs to the line of isothermal
ompressibilty extrema. In our ase this point is almost oinident with the
temperature dividing the region where κT exhibits a maximum from that
showing a minimum. Notie that below approx. −1000 bar the isothermal
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Figure 4.12: Spinodal line for the TIP4P/2005 water model in the p− T plane.
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Figure 4.13: The senario proposed for the TIP4P/2005 water model at extreme
onditions and negative pressures in the p− T plane.
ompressibility an no longer present a maximum nor a minimum.
The results presented in this hapter are then ompatible the ritial
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point (CP) or the singularity-free (SF) senario. As previously ommented,
both senarios may be seen as a unique one, where the CP is shifted to 0 K
in the SF onjeture. However, the shape of the p− ρ isotherms reported by
Abasal and Vega
14
are strongly suggesting the viinity of a ritial point.
Finally, it may be noted that the ritial point-free (CF) senario is not sup-
ported by our alulations beause, if the spinodal of a liquid-liquid transtion
is rossed, we should nd a divergene but not a maximum in κT .
An interesting question to disuss is to whih extent are the results of
this work representative of the behaviour of real water. An extensive analysis
of the preditions of TIP4P/2005 for a wide range of onditions and wa-
ter properties
27
indiates that the model behaves very lose to real water.
Fig.(4.14) (taken from a paper by Absaal and Vega
15
) shows a omparison of
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Figure 4.14: These isobars show the trend of density of the TIP4P/2005 model
in a large range of temperatures. The solid lines orrespond to the omputational
model and the empty squares to the experimental data
28
.
the densities predited by the model with experiments. Notie that the tem-
perature interval overs essentially the whole liquid range up to pressures of
3000 bar inluding few points in the superooled region. The agreement is
exellent and the simulation data follow losely the experimental trend in the
region of relevant to this work. Moreover, we reently had the opportunity
of ollaborating with an experimetal group performing measurements of the
speed of sound in the deeply negative pressure region. The speed of sound is
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related to the adiabati ompressibility κS; therefore, the maxima predited
for κT may be traed as minima in the speed of sound. These results for the
sound veloity will be the subjet of another part of this thesis, in partiular
Chapter 5.
The observation of avitation events and the (approximate) alulation
of the liquid-vapour spinodal open new possibilities for the study of bubble
nuleation in water. This hapter shows that spontaneous bubble nuleation
an be deteted in simulations without the need of speial simulation teh-
niques. On the one hand, avitation is a stohasti event: therefore, a large
number of simulations is required to obtain reliables results. On the other
hand, the loation of small bubbles within liquid water is a non trivial pro-
blem. We will deal with these issues in Chapters 6, 7 and 8 of this thesis.
While at deep supersaturation, avitation happens spontaneously, the forma-
tion of bubbles at not too large supersaturation an be followed using speial
rare-events tehniques, suh as Umbrella Sampling (see the Theory Chapter).
To onlude, besides being interested in homogeneous bubble nuleation from
over-strethed water, we have started studying heterogeneous bubble nulea-
tion of over-strethed water from a urved surfae (represented by a arbon
nanotube). These preliminary results will be presented in Chapter 9.
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5.1. Abstrat
Water anomalies still defy explanation. In the superooled liquid, many
quantities, for example heat apaity and isothermal ompressibility κT , show
a large inrease. The question arises if these quantities diverge, or if they
go through a maximum. The answer is key to our understanding of water
anomalies. However, it has remained elusive in experiments beause rysta-
llization always ourred before any extremum is reahed. Here we report
measurements of the sound veloity of water in a sarely explored region of
the phase diagram, where water is both superooled and at negative pressu-
re. We nd several anomalies: maxima in the adiabati ompressibility and
nonmonotoni density dependene of the sound veloity, in ontrast with
a standard extrapolation of the equation of state. This is reminisent of the
behavior of superritial uids. To support this interpretation, we have per-
formed simulations with the TIP4P/2005 potential. Simulations and experi-
ments are in near quantitative agreement, suggesting the existene of a line
of maxima in κT (LMκT ). This LMκT ould either be the thermodynami
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onsequene of the line of density maxima of water (Sastry S., Debenedetti P.
G., Siortino F., Stanley H. E. (1996) Phys. Rev. E 53:61446154), or ema-
nate from a ritial point terminating a liquidliquid transition (Siortino F.,
Poole P. H., Essmann U., Stanley H. E. (1997) Phys. Rev. E 55:727737).
At positive pressure, the LMκT has esaped observation beause it lies in
the `no man's land'beyond the homogeneous rystallization line. We propose
that the LMκT emerges from the `no man's landát negative pressure.
5.2. Introdution:
Water is the most familiar liquid, and arguably the most omplex. Ano-
malies of superooled water have been measured during deades, and om-
peting interpretations proposed. Yet, a deisive experiment remains elusive,
beause of unavoidable rystallization into ie. We investigate the state of
water that is both superooled and under mehanial tension, or negative
pressure. Liquids under negative pressure an be found in plants or uid in-
lusions in minerals. Using suh water inlusions in quartz, we report the
rst measurements on doubly metastable water down to −15◦C and around
−100MPa. We observe sound veloity anomalies that an be reprodued
quantitatively with moleular dynamis simulations. These results suggest
the possibility to rule out two proposed senarios for water anomalies, and
put further onstraints on the remaining ones.
Water diers in many ways from standard liquids: ie oats on water,
and, upon ooling below 4◦C, the liquid density dereases. In the superooled
liquid, many quantities, for example heat apaity and isothermal ompres-
sibility, show a large inrease. Extrapolation of experimental data suggested
a powerlaw divergene of these quantities at −45◦C16. Thirty years ago, the
stabilitylimit onjeture proposed that an instability of the liquid would
ause the divergene
17
(Fig. 5.1A). This is supported by equations of state
(EoSs), suh as the IAPWS EoS
2
, tted on the stable liquid and extrapo-
lated to the metastable regions. Ten years later, the seond ritial point
interpretation, based on simulations
18
, proposed that, instead of diverging,
the anomalous quantities would reah a peak, near a Widom line
19,20
that
emanates from a liquidliquid ritial point (LLCP) terminating a rst or-
der liquidliquid transition (LLT) between two distint liquid phases at low
temperature (Fig. 5.1B). The two senarios dier in the shape of the line
of density maxima (LDM) of water (see Fig. 5.1A and B). A reent work
21
has added one point on this line at large negative pressure, but this was not
enough to deide between the two senarios.
It has been argued
22
that the stabilitylimit onjeture would imply
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Figure 5.1: Senarios proposed to explain water anomalies. Shemati phase dia-
grams for water in the pressuretemperature plane with equilibrium transitions
between liquid, vapor and ie (solid blue urves); T is the triple point and C the
liquidvapor ritial point. (A) Stabilitylimit onjeture
17
. If the line of density
maxima (LDM, long-dashed purple urve) reahes the liquid-vapor (LV) spinodal
(dash-dotted red urve) at negative pressure, the latter bends to lower tension
at lower temperature. This would provide a line of instability at positive pressu-
re on whih several thermodynami funtions would diverge. (B) Seond ritial
point senario
18
. The LDM bends to lower temperatures at larger tension, and
the LV spinodal remains monotoni. The anomalies of superooled water are due
to the viinity of a liquidliquid ritial point (LLCP) terminating a liquid-liquid
transition (LLT, solid orange urve). Thermodynami funtions exhibit a peak on
lines emanating from the LLCP
19,20
, suh as the line of isothermal ompressibility
maxima along isobars (LMκT , shortdashed green urve). (C ) Critial point free
senario
23,24,13
. The LLT extends down to the LV spinodal, so that there is no
aessible LLCP. The spinodal assoiated with the LLT (LL spinodal, dash-dotted
orange urve) would ause the divergene of several thermodynami funtions. (D)
Singularity-free interpretation
25
. There is no LLT nor LLCP. Thermodynami fun-
tions do not diverge, but several exhibit extrema as a onsequene of the existene
of a LDM. The LDM reahes its highest temperature when it rosses one of the
lines of isothermal ompressibility extrema along isobars; the ase where it is the
line of minima (LmκT , dotted green urve) is displayed.
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the existene of an improbable seond, low temperature liquid-vapor ritial
point. However, it is not neessary if the line of instability at positive pressure
is not a liquid-vapor spinodal, but rather a line of instability towards another
phase. The ritial-point free senario
23,24,13
(Fig. 5.1C) provides suh a line.
There would be a LLT, but its ritial-point would be absent beause it lies
beyond the liquid-vapor spinodal. The low-density liquid ould beome me-
tastable at low temperature, but unstable on the liquid-liquid spinodal, whe-
re κT would diverge. Finally, the singularity-free senario
25
(Fig. 5.1D), does
not exhibit any LLT. It predits peaks in several thermodynami quantities
instead of divergenes, whih would be the thermodynamially inevitable
onsequenes of the existene of density anomalies
22
. It may also be seen as
a seond ritial point interpretation, but with a LLCP at zero temperatu-
re
13,14
.
In bulk water at positive pressure, despite tremendous eorts
22
dei-
sive experiments to disriminate between the proposed senarios have been
preluded by unavoidable rystallization. To irumvent this problem, water
proxies have been used: water onned in narrow pores
26
, or bulk water
glyerol mixtures
27
. Although the results supported the seond ritial point
interpretation, their relevane to bulk water is not straightforward.
Here we study bulk water samples, a few mirons in diameter, in the
doubly metastable region: the liquid is simultaneously superooled and expo-
sed to mehanial tension or negative pressure. Negative pressures our in
nature, e.g. in the sap o trees, under the tentales of otopi, or in uid inlu-
sions in minerals
28,29
. The study of the largest tensions ahievable in water
was pioneered by the group of Angell
7
. They used a `Berthelot tube'tehnique
(Fig. 5.2A), based on isohori ooling of a mirometer size inlusion of water
in quartz. Tensions as large as −140MPa have been reported, and onrmed
by others
21,8,30
, whih exeed by far the limit of other tehniques
28,29
. It
was already reognized in the work of Angell that the high density water
inlusions that were able to survive ooling to room temperature without
avitation were also able to be superooled below 0◦C. Indeed, when the
isohore rosses the line of density maxima of water, the tension is released
and avitation beomes less likely. Another study
31
using marosopi Bert-
helot tubes also reahed the doubly metastable region, but the tensions were
around −10MPa only.
In order to reah large tensions, we use two mirosopi inlusions of
water in quartz (Fig. 5.2B, inset) (see Materials and Methods, Samples). We
perform Brillouin light sattering experiments on these samples; this teh-
nique gives aess to the sound veloity within the liquid. Several Brillouin
light sattering studies on superooled water at ambient pressure are avai-
lable
32,33,34,35,36,37
, but only one work investigated water under tension
8
: all
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Figure 5.2: Experiments on metastable liquid water. A, Berthelot tube met-
hod
7,8,30,21
. A losed, rigid ontainer with a xed amount of water is heated until
the last vapor bubble disappears at Th. Upon ooling, the bubble does not reap-
pear and the liquid follows an isohore (green urve) and is put under mehanial
tension. If the density is high enough, avitation does not our and the liquid an
reah the doubly metastable region, where water is both superooled and under
tension. B, Typial Brillouin spetra. They were obtained with the homogenized
sample 1 at 140◦C (red irles) and −12◦C (blue diamonds). The solid urves are
ts used to obtain the sound veloity (see Appendix text). Note that the −12◦C
spetrum was resaled to the same exposure time as the 140◦C spetrum for easier
omparison. The samples are shown as inset (sale bars, 10µm).
185
5. Anomalies in bulk superooled water at negative pressure
samples in that study avitated above room temperature exept one with a
density lose to that of our sample 1. However, measurements in Ref.
8
were
reported only down to 0◦C, and the diret omparison to an extrapolated
EoS was not onsidered. Our work extends the overed range to superooled
water under tension, reporting measurements down to −15◦C along two iso-
hores at ρ1 = 933,2± 0,4 kgm−3 and ρ2 = 952,5± 1,5 kgm−3, and reahing
pressures beyond −100MPa (see Appendix text).
5.3. Results
Representative Brillouin spetra are shown in Fig. 5.2B. Suh spetra
are analyzed to give the zero frequeny sound veloity c (see Materials and
Methods, Brillouin light sattering). To support the experimental results, we
also perform moleular dynamis simulations of c. Previous numerial stu-
dies of water at negative pressure are available, for several potentials: ST2
18
,
SPC/E
38
, TIP5P
39
. They all nd a liquidvapor spinodal whose pressure
inreases monotonially with temperature, and a TMD that avoids meeting
the spinodal, in ontrast with the stability-limit onjeture. Here we hoo-
se to use TIP4P/2005
40
beause it has demonstrated an exellent overall
performane
41
and, in partiular, it yields results in satisfatory agreement
with the reported experimental results in the superooled region
42
. Thus,
we alulate values of c for TIP4P/2005 at the experimental thermodynami
onditions (see Materials and Methods, Moleular dynamis simulations).
Figure 5.3 shows the experimentally measured and the numerially om-
puted values of c as a funtion of temperature at several thermodynami on-
ditions. Let us rst desribe the measurements on sample 1 after avitation,
at temperatures up to Th,1: at these onditions the liquid is in equilibrium
with its vapor. The measured sound veloity is in exellent agreement with
the known sound veloity along the binodal and with our simulations of
TIP4P/2005 water along its binodal
43
. The agreement between simulations
and tabulated experimental data also illustrates the quality of the potential
used to simulate water
40
. When the temperature of sample 1 reahes Th,1,
the last vapor bubble disappears leaving the inlusion entirely lled with li-
quid at density ρ1. Upon further heating, the pressure inreases along the ρ1
isohore. One more, the measurements agree with the sound veloity from
the known EoS and from our simulations along the ρ1 isohore. Note that the
measurements leave the binodal exatly at Th,1, whih has been determined
independently by diret observation under the mirosope. This onsisteny
further orroborates the robustness of our data.
Next, we make sample 1 metastable by ooling along the ρ1 isohore.
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Figure 5.3: Sound veloity as a funtion of temperature. The IAPWS EoS is
used to plot the sound veloity along the binodal (thik blue urve) and along the
isohores at ρ1 (dashed red urve) and ρ2 (dashed green urve). A, omparison with
experiments. The symbols show our measurements on sample 1 after avitation
(open blue irles) and on metastable samples 1 (lled red irles) and 2 (lled
green diamonds). The three symbol sizes orrespond to three pinhole sizes on the
spetrometer. The solid red and green urves are guides to the eye. The arrows
show the homogeneization temperatures of samples 1 and 2 as observed under
the mirosope. B, omparison with simulations of TIP4P/2005 water. The sound
veloity was alulated along the TIP4P/2005 binodal (open blue irles), and
the isohores at ρ1 (lled red irles) and ρ2 (lled green diamonds). The solid
red and green urves are guides to the eye. Whereas the IAPWS EoS predits a
monotoni variation of c along the isohores, both experiments and simulations
nd that c reahes a minimum and inreases above the values on the binodal at
low temperature.
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We observe that below Th,1, the measured sound veloity starts diverging
with respet to the one extrapolated using the IAPWS EoS. In ontrast, it
agrees with our simulations. The IAPWS EoS predits a reentrant liquid
vapor spinodal: in this ase, one would expet the sound veloity urve to
reah a small value when the isohore approahes the spinodal at low tem-
perature (for ρ1, the IAPWS EoS predits that they meet at −15◦C with
c = 697m s−1). In ontrast, both experiment and simulation give a sound ve-
loity that reahes a minimum near 0◦C, before inreasing on further ooling.
Therefore, the isohore at ρ1 does not approah the liquidvapor spinodal as
expeted from the IAPWS EoS. The sound veloity c is related to the adiaba-
ti ompressibility κS through c = 1/
√
ρκS , where ρ is the density. Sine we
follow an isohore, the sound veloity minimum orresponds to a maximum
in the adiabati ompressibility. Eventually, the sound veloity reahes a va-
lue higher than the value that one would expet along the binodal at −15◦C,
even though ρ1 lies below the liquid density on the binodal, ρ0 = 996,3 kgm
−3
at −15◦C44.
To onrm our results, we have repeated measurements and simula-
tions on sample 2 with a higher density ρ2. We nd a similar deviation from
the extrapolation of the IAPWS EoS. In the simulations, the sound veloity
reahes a minimum, whih is not lear in the experiments that seem to reah
a plateau. This is onsistent with the fat that the simulations nd the mini-
mum for ρ2 at a temperature lower than for ρ1, while for ρ1 the experiment
nds the minimum at a temperature lower than the simulations. Therefore it
is likely that the minimum for ρ2 lies at temperatures below the one reahed
in the experiment. In both experiment and simulations, while at −12◦C ρ2
is between ρ1 and ρ0, the orresponding sound veloity is even slightly higher
than both. Therefore, the sound veloity must reah a minimum between ρ2
and ρ0 along the −12◦C isotherm. This is more learly seen on Fig. 5.4: the
sound veloity at ρ0, ρ1 and ρ2 virtually fall on a horizontal line, but the
slope of c(ρ) at ρ0 neessarily implies a minimum. This observation agrees
with the preditions of the simulations but ontrasts those of the IAPWS
EoS.
5.4. Disussion
To explain the observed anomalies, it is interesting to look for other
systems with a minimum in c(ρ) along an isotherm. This atually ours
in all uids, in their superritial phase: the sound veloity at a onstant
temperature above the liquidvapor ritial temperature passes through a
minimum at a density lose to the ritial density (see for instane Fig. 8
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Figure 5.4: Sound veloity versus density at −12◦C and 25◦C. The IAPWS EoS
is shown in blak, as a solid urve above the binodal, and as a dashed urve for
its extrapolation to lower density. Our measurements for ρ1 and ρ2 are shown as
lled red irles and green diamonds, respetively. The red urves are guides to
the eye hosen to onnet the data to the IAPWS EoS above the binodal with
the orret slope. Note that the IAPWS EoS reprodues aurately experimental
data above the binodal for stable water (e.g. at 25◦C), and data along the binodal
for superooled water (e.g. at −12◦C). To illustrate the latter, we have inluded
in the left panel the experimental value of the sound veloity at −11,2◦C (orange
triangle) from ref.
36
(see Appendix text). The solid blue squares give the results of
the simulations of TIP4P/2005 water; note that the simulations in the right panel
were obtained at 20◦C. At high temperature, measurements and simulations agree
with the IAPWS EoS, whereas at low temperature, they suggest the ourene of
a minimum and maximum whih are absent from the extrapolation of the IAPWS
EoS.
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of Ref.
45
for methanol and ethanol). Based on this observation, we propose
that the anomalies of the sound veloity, observed both in experiments and in
simulations, are a signature of superritial phenomena. Here, in addition, the
sound veloity reahes a maximumwhen the density dereases (Fig. 5.4). This
is beause eventually the liquidvapor spinodal density has to be reahed, and
the sound veloity has then to beome small. A mirosopi ell model
14
is
able, by tuning two parameters, to reprodue eah of the possible senarios
shown in Fig. 5.1. It should be interesting to investigate the behaviour of the
sound veloity within this model but this lies outside the sope of this work. It
seems more onvenient to use instead more realisti water models as a guide
to better understand the origin of suh anomalies. Several potentials predit
a LLT in the superooled region, ending at a LLCP. Based on the lous of
maxima of κT along isobars, a LLCP for TIP4P/2005 has been proposed at
Tc = 193K, Pc = 135MPa, and ρc = 1012 kgm
−3 46
, although the existene
of a LLT for TIP4P/2005 is disputed in a reent paper
47
. The LLCP is an
appealing idea beause it would give a reason for whih water above 193K
behaves like a superritial uid.
One may wonder why all previous experiments at positive pressure fai-
led to detet a peak in thermodynami funtions. Simulations with a LLT
show that spei quantities (suh as isothermal ompressibility κT or isoba-
ri heat apaity) reah a peak on dierent lines, but that these lines all ome
lose to eah other near the LLCP, approahing asymptotially the lous of
orrelation length maxima, alled the Widom line
20
. The lous of maxima
for κT along isobars (LMκT ) has been reently omputed for TIP4P/2005
water at positive pressure
46
. We have now omputed this line also at ne-
gative pressure (see Appendix text). The results are shown on Fig. 5.5 and
ompared to the isohores we studied and to the experimental line of homo-
geneous rystallization
48
. At positive pressure, the LMκT is not aessible to
experiments sine it lies in the soalled `no man's land'
49
, a region where
bulk liquid water annot be observed experimentally. However, at negative
pressure, the slope of the LMκT beomes less negative than that of the line
of homogeneous rystallization. Sine the latter keeps the same slope, the
LMκT line leaves the `no man's landánd enters the doubly metastable region
that we have now shown is aessible to quantitative experimentation.
Is there a way to diretly observe the LLT? If it exists, it is likely
to lie in the `no man's land'. Therefore it will be hard to deide between
the seond ritial point interpretation
18
and the singularity free senario
25
;
note however that the latter an be seen
14
as a LLT with a ritial point
at 0K. What our results do show is that the liquidvapor spinodal does
not reah the loation predited by extrapolation from the IAPWS EoS, and
that the measured sound veloity quantitatively agrees with the one obtained
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Figure 5.5: Pressuretemperature phase diagram of water. Colored areas are used
to identify the dierent possible states for liquid water. The melting line of ie Ih is
shown at positive pressure by a solid blue urve and its extrapolation to negative
pressure by a dashed blue urve. The blak rossed squares show the experimental
superooling limit
48
. They dene the experimental homogeneous nuleation line
(solid blak urve), whih is extrapolated here to negative pressure (dashed blak
urve). The ρ1 and ρ2 isohores of TIP4P/2005 water are shown by the red irles
and urve, and green diamonds and urve, respetively. Simulations of TIP4P/2005
water are performed to nd the maximum κT along several isobars (white trian-
gles), dening the LMκT (brown urve), that might emanate from a liquidliquid
ritial point (LLCP, white plus symbol). Sine the preditions of TIP4P/2005 are
in satisfatory agreement with the reported experimental results in the superooled
region
42
, this gure seems to indiate that the LMκT (and other extrema in the res-
ponse funtions) might be aessible to experiment only in the doubly metastable
region.
191
5. Anomalies in bulk superooled water at negative pressure
with simulations of TIP4P/2005 water. This suggests that the sound veloity
anomalies observed in the experiment are due to a LMκT , a feature present in
the LLCP and singularity free senarios (Figs. 5.1B and D), but absent from
the stability limit onjeture and the ritial point free senario (Figs. 5.1A
and C). The doubly metastable region therefore appears like a promising
experimental territory to test other preditions from the models proposed to
explain water anomalies.
5.5. Materials and Methods
5.5.1. Samples
Sample 1 was prepared by hydrothermal synthesis
30
; sample 2 is a na-
tural sample from the Frenh Alps, lled with meteori water (Fig. 5.2B,
inset). The purity of water is estimated to be greater than 99.8 mole perent
(see Appendix text). The samples were plaed on a heatingooling stage
(Linkam THMS 600) mounted on a mirosope (Zeiss Axio Imager Vario).
Phase hanges in the inlusions were observed with a 100×Mitutoyo plan apo
innity-orreted long working-distane objetive. When a bubble is present
in a sample, we observe its disappearane upon heating along the liquid-
vapor equilibrium at the homogenization temperature: Th,1 = 131,9 ± 0,5◦C
for sample 1 and Th,2 = 107,9±2◦C for sample 2, where the numbers give the
average and standard deviation over a series of at least 5 measurements. The
known data for the binodal
3
give the densities of water after homogenization:
ρ1 = 933,2± 0,4 kgm−3 and ρ2 = 952,5± 1,5 kgm−3, respetively.
5.5.2. Brillouin light sattering
Brillouin sattering experiments were performed in baksattering geo-
metry through the mirosope objetive. The sample is illuminated with
a single longitudinal monomode laser (Coherent, Verdi V6) of wavelength
λ = 532 nm foused to a 1µm spot. The light sattered from the sample
is olleted on the entrane pinhole of a tandem FabryPerot interferome-
ter (JRS Sienti, TFP-1). We use the reommended ombination between
entrane and output pinholes, and three dierent values for the entrane
pinhole diameter: 150, 200, and 300µm. A smaller pinhole gives less signal,
but more resolution. It also redues the volume of the sample from whih
the sattered light is allowed to enter the spetrometer, thus dereasing the
parasiti light due to elasti sattering from the quartz rystal. Figure 5.3A
shows that the results are onsistent for the three pinhole sizes used, india-
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ting that the resolution is suient and validating the assumption that the
elastially sattered light an be negleted in the analysis. Consequently we
have tted the Brillouin peaks only, using a visoelasti model desribed in
detail in Ref.
50
. It introdues a memory funtion with an exponential deay:
m(Q, t) = (c∞
2 − c2)Q2 exp
[
−
(
c
c∞
)2
t
τ
]
, (5.1)
where Q is the wavevetor probed by the sattering setup, c and c∞ the sound
veloity at zero and innite frequeny respetively, and τ a strutural rela-
xation time. Q = 4πn/λ where n is the refrative index of the liquid. In their
Brillouin study, Alvarenga et al.
8
used for eah isohore a onstant value of n,
determined from the known value at the homogenization temperature Th. We
hose instead to use a semiempirial formula based on the Lorentz-Lorenz
relation
51
. Along the liquid-vapor equilibrium line, it reprodues aurately
the literature data. Note however that the dierene with Alvarenga et al. is
minimal: in the temperature range investigated, n is almost onstant along
an isohore, varying from 1.31152 to 1.31456 for sample 1 and from 1.3184 to
1.321 for sample 2. The ratio between dynami (S(Q, ω)) and stati (S(Q))
struture fator is:
S(Q, ω)
S(Q)
=
1
π
(cQ)2mR(Q, ω)
[ω2 − (cQ)2 − ωmI(Q, ω)]2 + [ωmR(Q, ω)]2
, (5.2)
To omplete the analysis, the instrumental resolution funtion (IRF)
and the dark ount of the setup are needed. The IRF was determined for
eah pinhole from the elastially sattered light from a 10mgL−1 solution
of milk in water, and well represented by a gaussian. The dark ount of the
photodetetor was also taken into aount. It was determined from spetra
taken with the spetrometer entrane losed, or with no signal reahing the
entrane pinhole. The bakground was dedued from the dark ount and the
duration of eah spetra, and its eet on the sound veloity is less than the
6m s−1 error bar on c (see Appendix text).
We have then analyzed the spetra as follows. We take the funtional
form of the visoelasti model (Eq. 5.2), make a numerial onvolution with
the IRF, add the known dark ount of the photomultiplier, and t the re-
sulting funtion on the raw spetra. We use 3 tting parameters: c, τ , and
an overall intensity fator K. We minimize the merit funtion χ2, dened as
the sum of square errors normalized by the error bars on the data points.
These error bars are due to the photon noise, whih goes as the square root
of the number of ounts. We hose a onstant value for c∞ = 3000m s
−1
;
52
we heked that the results are not sensitive to this hoie. All ts are very
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Figure 5.6: A shemati representation of the four-site model of water
TIP4P/2005, onsisting of a Lennard-Jones enter at the oxygen atom (in
red) and three harged sites: two positive harges at the hydrogen atoms and
a ompensating negative harge at a dummy atom (labeled as M) plaed near
the oxygen along the bisetor of the HOH angle.
good, with a redued χ2 between 0.83 and 2.0, with an average of 1.28. To
illustrate the quality of the t, we show on Fig. S1 the residuals of the ts
to the spetra displayed in Fig. 5.2B; they are ompatible with the photon
noise. The maximum value found for τ is 18 ps: our experiments are in the
regime where relaxation eets are small, with (c/c∞)
4(ωτ)2 ≪ 1 (0.03 at
most).
5.5.3. Moleular dynamis simulations
We have performed Moleular Dynamis simulations of c at the same
thermodynami onditions as the experiments. We simulate a system of 500
water moleules interating by means of the TIP4P/2005 potential
40
with
periodi boundary onditions. TIP4P/2005 represents water as a rigid and
nonpolarizable moleule. It onsists of a Lennard-Jones site entred at the
oxygen atom and a Coulomb interation given by two partial harges plaed
at the hydrogen atom and a negative one plaed at a point M along the bise-
tor of the HOH angle. A shemati representation of the model is presented
in Fig. S2 of the Supporting Information.
The parametrization of TIP4P/2005 has been based on a t of the tem-
perature of maximum density and a great variety of properties and wide range
of thereof for the liquid and its polymorphs. TIP4P/2005 has been used to
alulate a broad variety of thermodynami properties of the liquid and solid
phases, suh as the phase diagram involving ondensed phases
53,54,55
, proper-
ties at melting and vaporization
43,56
, dieletri onstants
57
, pair distribution
funtion, and selfdiusion oeient. These properties over a temperature
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range from 123 to 573 K and pressures up to 4000MPa41. We have performed
Moleular Dynamis simulations with the GROMACS 4.5 pakage
58,59
using
the partile mesh Ewald method
60
to alulate the longrange eletrostatis
fores and the LINCS algorithm
61
to onstrain the intramoleular degrees of
freedom. We set the time step to 0,5 fs and make use of the veloity-resaling
thermostat
62
and the Parrinello-Rahman barostat,
63
with oupling onstants
set to 1 ps and 2 ps, respetively. The Lennard-Jones interations are trun-
ated at 9.5 Å. The ontributions to the energy and pressure beyond this
distane are approximated assuming that the moleules are uniformly distri-
buted. In order to alulate the sound veloity of superooled TIP4P/2005
water at negative pressure, the simulated times vary between 40 ns and 150 ns
(at the lowest temperatures). The inreased length of the runs at the lowest
temperatures is due to the amplied density/energy utuations in this re-
gion for TIP4P/2005 (and other models as well
64
). This leads to an inrease
of the error bar assoiated to the alulated quantities at the lower tempe-
ratures.
The sound veloity c is dened by the NewtonLaplae formula:
c =
√
1
ρκS
=
√
Cp
CV
1
ρκT
, (5.3)
where ρ is the density, κS = −(1/V )(∂V/∂p)S and κT = −(1/V )(∂V/∂p)T
are the adiabati and isothermal ompressibility, respetively, dened in
terms of the entropy S, volume V , pressure p, and temperature T of the
system. Cp and Cv the heat apaity at onstant pressure and volume, res-
petively. We alulate CV , Cp and κT using the utuation formulas,
CV =
〈U2〉 − 〈U〉2
kBT 2
, Cp =
〈H2〉 − 〈H〉2
kBT 2
, κT =
〈V 2〉 − 〈V 〉2
〈V 〉 kBT , (5.4)
where U is the energy, H the enthalpy, and kB the Boltzmann onstant. We
run numerial simulations in two dierent ensembles. First, by equilibrating
the systems in a NV T ensemble, we ompute CV . Next, by equilibrating the
system in a NpT ensemble, we ompute Cp and κT .
We have also used an alternative method to obtain CV , oming bak to
its denition:
CV =
(
δU
δT
)
V
. (5.5)
Thus, we ompute the values of the energy along the desired isohore and
alulate CV as the derivative with respet to T . Table S1 of the Supporting
Information shows the onsisteny between the values obtained with eah
route.
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Table 5.1: Values of Cv for the isohore ρ = 933,2 kgm
−3
obtained with the
energy utuations formula (Eq. 4 of the main text, seond olumn) and the ther-
modynami denition (Eq. 5 of the main text, third olumn). Results are given in
JK−1mol−1
T (K) CV [Eq. 4℄ CV [Eq. 5℄
203 122± 6 119
233 110± 10 111
253 115± 10 105
273 114± 10 100
293 105± 5 95.0
313 93.5± 5 90.3
333 85.3± 4 85.9
373 75.3± 4 77.8
413 70.1± 3 70.7
462 63.2± 3 63.3
516 58.5± 3 57.0
570 55.0± 3 52.6
623 52.5± 3 50.1
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SUPPLEMENTAL MATERIAL for Anomalies
in bulk superooled water at negative pressure
Data analysis and error bars
When the experimental spetra were tted with the funtion given by
Eq. 2 of the main text, onvoluted with the IRF and orreted for the bak-
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Figure 5.7: Sound veloity residuals of the data for sample 1 with a bubble
present, to the referene data for liquid water in equilibrium with its va-
por
1,2,3
. Their standard deviation σ = 5,97m s−1 was used to set the error
bar on the sound veloity to 6m s−1.
ground, the results for sample 1 with a bubble present exhibited a sound
veloity value systematially lower than the referene data for liquid water
in equilibrium with its vapor
1,2,3
. This is due to the unertainty in the λ, and
to the nite numerial aperture of the objetive
4
(0.70). The average sat-
tering angle 2θ is less than 180o, whih lowers the value of Q = 4πn sin θ/λ.
The results for the sound veloity must be orreted for this eet: a uni-
form fator of 1.0086 (whih orresponds to 2θ = 165o, ompatible with the
numerial aperture of the objetive) is suient to bring the data for sample
1 with a bubble present in exellent agreement with the referene data.
Fig. 5.7 shows the residuals. Their standard deviation was used to set
the error bar, whih gave 6m s−1 (less than 0,45%) and was applied to all
data.
The guides to the eye in Fig. 3A are arbitrary ts to the data for the
homogenized samples. With the 6m s−1 error bar, the resulting redued χ2 is
0.94 and 1.98 for samples 1 and 2, respetively, showing that the data satter
is ompatible with the error bar. Note that the measurements were performed
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Figure 5.8: Residuals of the ts based on Eq. 2 of the main text to the experimen-
tal spetra shown in Fig. 2B of the main text for homogenized sample 1 at 140◦C
(top) and −12◦C (bottom). The error bars are the square root of the photon ounts
at eah frequeny. The data for −12◦C were not resaled (in ontrast to Fig. 2B of
the main text).
over a one month period, with many thermal yling of the samples, and also
indierently after heating or ooling. This illustrates the reproduibility of
the results. We have also performed repeated measurements under the same
onditions on a sample similar to sample 2, but ontaining salty water. We
gathered 5 measurements at −10◦C and 4 measurements at −15◦C. The
relative standard deviation of the sound veloity for eah group of data is 4.6
and 3,5m s−1, respetively, whih is even less than the 6m s−1 used for the
error bar. The unertainty given by the non-linear tting proedure on the
sound veloity is also always less than 6m s−1, exept for three of the four
lower temperature points for sample 2. These exeptions omes from a low
number of photon ounts in the orresponding spetra, due in partiular to
the extremely small size of sample 2. For these points (for whih the redued
χ2 of the t remains less than 2), the 6m s−1 error bar was replaed by the
unertainty on the t parameter, whih amounted to at most 7,8m s−1.
Finally, we disuss the statistial ondene we an have about the mi-
nimum in sound veloity versus temperature along the isohore at ρ1. The
data points at the six lowest temperatures are in an order suh that the
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Figure 5.9: Sound veloity at low temperature for the homogenized sample 1.
The red line is an attempt to t the data with a onstant. It yields c = 1320m s−1,
but an unreasonably high redued χ2 = 4,55.
sound veloity dereases with inreasing temperature. At higher tempera-
ture it learly inreases with temperature. Can this be due to a statistial
utuations of the measured values? The limiting ase would be that the
sound veloity reahes a plateau. Hene an attempt was made to t the data
at the six lowest temperatures with a onstant (Fig. 5.9).
The t gives 1320m s−1, but an unreasonably high redued χ2 = 4,55.
To hek the signiane of this value, we have simulated 220 = 1048576
series of 6 points, piked up from a Gaussian distribution with mean value
1320m s−1 and standard deviation 6m s−1. Only in 453 ourrenes (0,043%)
does the redued χ2 exeed 4,5. Only in 1450 ourrenes (0,14%) are the 6
data in desending order, and among these, only 1 has a redued χ2 above
4,5. We onlude that the minimum in sound veloity versus temperature
along the isohore at ρ1 is observed with more than 99,8% ondene.
IAPWS equation of state
The International Assoiation for the Properties of Water and Steam
(IAPWS) provides useful releases on the properties of water for general and
sienti use. The equation of state (EoS) is given by a multi-parameter
formulation for the Helmholtz free energy
1,2
. The Helmholtz free energy is
separated in two parts, an ideal-gas part and a residual part. The latter
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is tted to a omprehensive set of experimental data (thermal properties
of the single-phase region and of the vapor-liquid phase boundary, spei-
 isohori heat apaity, spei isobari heat apaity, speed of sound,
dierenes in the spei enthalpy and in the spei internal energy, Joule-
Thomson oeient, and isothermal throttling oeient). It is stated that
this formulation is `valid in the entire stable uid region of H2O from the
melting-pressure urve to 1273K at pressures up to 1000MPa', and that it
`represents the urrently available experimental data of the subooled liquid
(solid-liquid metastable region) and of the superheated liquid (liquid-gas me-
tastable region) to within the experimental unertainty'. The sound veloity
an be omputed using appropriate derivatives. A omparison showing the
agreement between the alulated sound veloity and experimental data on
superooled water at ambient pressure is given in Fig. 7 of Ref.
5
. The satura-
tion properties of water, inluding the density along the liquid-vapor binodal,
are also available
3
.
Water purity
Water in natural and syntheti uid inlusions may ontain salt
6,7
, alt-
hough Raman sattering studies show that uid inlusions an be synthesized
with a negligible salt ontent
7,8
. Dissolved salts will lower the melting point of
the frozen samples. It has been shown
6
that the measurement of the melting
point depression gives a value for the salt ontent onsistent with the value
obtained using Raman sattering from the liquid. Water in samples 1 and 2
melt at 0,1 and 0,3◦C, respetively, whih is onsistent with pure water given
the unertainty of the stage (0,15◦C) and the diulty to detet hanges of
phase in sample 2 due to its small size. We also note that water in our simula-
tions is pure, and give results onsistent with our measurements; it would be
surprising that this is the ase if samples 1 and 2 ontained impure water. As
a further test of water purity, we have measured the sound veloity in uid
inlusions as a funtion of temperature when a bubble is present. Figure 5.10
ompares the results with our measurements on a simple ultrapure (Millipore
Diret Q3 UV) free water droplet and with literature data. All results agree
within the error bars. Figure 5.10 also displays the sound veloity along the
binodal for several aqueous NaCl solutions. They are learly higher than the
measured values. Taking the error bars into aount, we onlude that water
in the inlusions studied has a purity greater than 99.8 mole perent, even
higher than the samples studied in Ref.
7
.
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Figure 5.10: Sound veloity versus temperature along the liquid-vapor equili-
brium. The symbols show our Brillouin measurements for sample 1 (open blue
irles), sample 2 (open green diamond), another uid inlusion from the same
quartz rystal as sample 2 (open red squares), and an ultrapure (Millipore Diret
Q3 UV) water droplet deposited on glass slide (lled blue squares). The three sym-
bol sizes orrespond to three pinhole sizes on the spetrometer. The blue urve
is the literature value for pure water
1,2,3
, and the other urves illustrate the shift
in sound veloity due to dissolved NaCl, measured at 0,1MPa (ref.15). The salt
molality inreases from bottom to top: 0.25 (green), 0.5 (purple), 0.75 (brown),
and 1 (red).
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Disussion of possible artefats
In this setion, we onsider other possible explanations of the experi-
mental results.
First, we question the validity of the isohori assumption. In platelet-
like inlusions, Alvarenga et al.
8
have shown that the inlusion walls ould
ollapse when submitted to large tensions, thus inreasing the density in
omparison to the isohore. However, our inlusions are not platelet-like and
a simple density eet ould not explain the values of sound veloity above
the binodal observed at low temperature. Indeed, the density annot beome
higher than the binodal, beause the inlusion would then experiene positive
pressures, and any deformation would yield densities lower than the isohore
density.
One ould also argue that a phase transition ours inside the inlusion.
If the new phase had a low density, the density of the liquid in equilibrium
would inrease, thus yielding a sound veloity larger than expeted. At the
given thermodynamis onditions, the most natural andidate for the new
phase would be hexagonal ie. But at −12◦C, the ie-liquid equilibrium o-
urs at +128MPa and the sound veloity of the liquid would be around
1575m s−1 2), muh higher than the largest measured value, 1414m s−1 for
sample 2. To get a lower sound veloity for the liquid, one should think of a
new phase having higher density than hexagonal ie. This also exludes u-
bi ie, the only other rystal that ould be found in this region of the phase
diagram. Therefore, one ould reur to another liquid phase, whih would ap-
pear if we had atually rossed a liquid-liquid transition (LLT). This would
require the LLT to be at negative pressure, whih has been already found in a
few simulations
9,10,11
(see however Ref.
12
) and proposed for some models
13,14
.
However, in our experimental measurements, we did not see the two other
Brillouin peaks that would ome from the low density liquid, and we did not
nd any hysteresis between measurements taken after heating or ooling. A
possibility remains that the Brillouin shifts of the two liquids are too lose
to be seen with the resolution of our setup. But another diulty arises: to
explain why the sound veloity in both samples rises above the binodal, one
would require the LLT to lie at positive pressure at −12◦C. Undoubtedly,
this should have been seen in the numerous experiments performed in this
region. Therefore, the hypothesis suggesting that a phase transition ourred
has also to be disarded.
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Figure 5.11: Contributions of the adiabati index (left panel) and the isothermal
ompressibility (right panel) to the sound veloity along the isohores at ρ1 =
933,2 kgm−3 (red irles) and ρ2 = 952,5 kgm
−3
(green diamonds).
On the origin of a minimum in the sound veloity
The simulations enable a detailed analysis of the appearane of a mi-
nimum in the sound veloity. In Figure 5.11 we represent the values of the
adiabati index γ and of the isothermal ompressibility κT .
Both quantities show an extremum, a minimum for γ and a maximum
for κT . Sine the sound veloity depends inversely on the latter (Eq. 3 of
the main text), both γ and κT justify the minimum in the sound veloity.
However, the relative variation of the isothermal ompressibility along the
isohores is sensibly larger than that of the adiabati index. Thus, κT mostly
determines the appearane of the minimum in c. Note that, however, below
≃ −100MPa, κT beomes monotoni along isobars. A minimum is still seen
in the temperature variation of the sound veloity for sample 1 beause the
variation is taken along an isohore (see Fig. 5.11).
Calulation of the pressure
To ompute the pressure, we equilibrate the systems in a NVT ensem-
ble, and use the virial expression. Beause our TIP4P/2005 simulations and
our sound veloity measurements agree well for both isohores studied, the
pressure alulated in the simulations gives a reasonable estimate of the a-
tual pressure reahed in the samples. Figure 5.12 shows the pressure as a
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Figure 5.12: Pressure versus temperature for the isohores at ρ1 (red irles) and
ρ2 (green diamonds) and the binodal (open blue irles, inset).
funtion of temperature along the two isohores ρ1 and ρ2 and the binodal.
The values of the pressure and temperature along isohore ρ1 are re-
presented in Table S2 and along isohore ρ2 in Table S3.
Table 5.2: Pressure versus temperature for the isohore ρ1
T (K) Pressure (MPa) T (K) Pressure (MPa)
202.99 -23.6878 372.82 -43.548
232.99 -82.688 412.82 18.840
252.90 -115.014 462.19 104.560
272.90 -126.520 516.37 205.019
292.87 -125.604 569.85 307.850
312.87 -113.452 623.41 412.515
332.85 -94.878 677.41 516.803
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Table 5.3: Pressure versus temperature for the isohore ρ2
T (K) Pressure (MPa) T (K) Pressure (MPa)
203.01 36.719 312.88 -80.366
233.01 -42.996 372.85 -8.192
252.91 -76.043 462.19 146.632
272.90 -90.980 569.84 359.583
292.89 -91.243 623.41 469.163
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6.1. Abstrat
We investigate vapor bubble nuleation in metastable TIP4P/2005 wa-
ter at negative pressure via the Mean First Passage Time (MFPT) method
using the volume of the largest bubble as a loal order parameter. We identify
the bubbles in the system by means of a Voronoi-based analysis of the Mole-
ular Dynamis trajetories. By omparing the features of the tessellation of
liquid water at ambient onditions to those of the same system with an em-
pty avity we are able to disriminate vapor (or interfaial) moleules from
the bulk ones. This information is used to follow the time evolution of the
largest bubble until the system avitates at 280 K above and below the spino-
dal line. At the pressure above the spinodal line, the MFPT urve shows the
expeted shape for a moderately metastable liquid from whih we estimate
the bubble nuleation rate and the size of the ritial luster. The nuleation
rate estimated using Classial Nuleation Theory turns out to be about 8
order of magnitude lower than the one we ompute by means of MFPT. The
behavior at the pressure below the spinodal line, where the liquid is ther-
modynamially unstable, is remarkably dierent, the MFPT urve being a
monotonous funtion without any inetion point.
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6.2. Introdution
Bubble nuleation is a widespread phenomenon in our daily life, rele-
vant to proesses suh as explosive boiling
1
and sonohemistry
2
. Despite its
tehnologial relevane, the mehanism of nuleation of vapor bubbles from
homogeneous metastable liquids is still not entirely understood. Classial
Nuleation Theory (CNT) is usually employed to predit the nuleation ra-
te, both in bubble nuleation and in vapor ondensation experiments. Early
measurements of vapor ondensation estimated nuleation rates onsistent
with the CNT preditions.
3
Regarding bubble nuleation, measurements on
dierent materials
4,5,6,7,8,9,10,11
have shown that, even though Classial Nu-
leation Theory orretly predits the temperature dependene of the bubble
nuleation rate, it yields nuleation rates that are too low at the lowest tem-
peratures. Delale et al.,
12
using a phenomenologial estimate of the minimum
work of bubble formation, omputed the steady-state bubble nuleation rate
and found that, as with the CNT estimates, there was a large disrepany
between the omputed and measured bubble-nuleation rates. Reently, El
Mekki Azouzi et al.
13
, performing experiments of liquid water under large
mehanial tension, used the avitation statistis to get the free-energy ba-
rrier. The authors observed that both the free energy and the volume of the
ritial bubble were well desribed by CNT whereas the surfae tension was
redued.
From a theoretial and numerial point of view, Zeng and Oxtoby
14
used Density Funtional Theory to estimate the bubble nuleation rate in a
super-heated Lennard Jones system and onluded that CNT underestima-
ted the nuleation rate by more than 15 orders of magnitude. One reason
for it was that CNT neglets urvature orretions to the surfae free-energy
of the bubble
15
. By means of a DFT onstrained method and moleular si-
mulations, Uline and oworkers studied bubble nuleation in a super-heated
Lennard-Jones liquid
16,17
and found that avities play an important role in
the initial stages of the liquid-to-vapor transition: when avities are small,
the superheated liquid is thermodynamially stable whereas when avities
beomes too large, the liquid is unstable. The lous of instabilities is the free-
energy surfae of bubble formation represented as a funtion of the number
of partiles inside a bubble of a given volume. In 1999, Shen and Debene-
detti
18
performed a omputer simulation study of bubble nuleation from a
metastable super-heated Lennard Jones system. Using the vapor density as
a global order parameter, they found that the ritial nuleus was a large
system-spanning avity, in ontrast to the spherial luster predited with
CNT. Later on, Wang et al
19
reported a Moleular Dynami study of homo-
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geneous bubble nuleation for the same Lennard-Jones uid. Using Forward
Flux Sampling and the volume of the largest bubble as a loal order parame-
ter, they omputed the bubble nuleation rate at a given super-heating and
obtained 10
−22σ−3τ−1. At the same onditions, the CNT estimate ould vary
from 10
−22σ−3τ−1 to 10−36σ−3τ−1, depending on the value of the interfaial
tension (whether obtained from MD or DFT alulations) used to estimate
the free-energy barrier height. The authors also observed that loal tempera-
ture utuations orrelated strongly with bubble formation (mehanism not
taken into aount in CNT) and that, ontrary to Ref.
18
, avitation started
from ompat bubbles. Reently, Meadley and Esobedo
20
studied the same
Lennard Jones metastable uid, undergoing not only super-heating but also
over-strething (negative pressure). The authors used several rare-event nu-
merial tehniques and both a loal (the volume of the largest bubble) and
a global order parameter (the global vapor density) to follow the liquid to
vapor phase transition and estimated the nuleation rate and the free-energy
barrier. They found that the free-energy barrier was higher when projeted
over the bubble volume rather than over the vapor density and onluded
that the former was a more ideal reation oordinate. When analyzing the
shape of the growing vapor bubble, they observed bubbles with non-spherial
shapes and irregular and undulating surfaes.
In ontrast to the work done to unravel the bubble nuleation meha-
nism in simple uids (suh as Lennard Jones), little eort has been made
so far to understand the mehanism behind the liquid to vapor transition
in moleular liquids suh as water. The goal of the present manusript is
to study bubble nuleation in numerial simulations of TIP4P/2005 water
at negative pressures using the size of the largest bubble as a loal order
parameter. The bubble volume is obtained by means of a Voronoi-based al-
gorithm. Knowing the loation of the spinodal line for TIP4P/2005 water at
negative pressures,
21
we study bubble nuleation for two state points loa-
ted, respetively, slightly above and below the spinodal. In both ases the
system avitated spontaneously. Therefore, the Mean First Passage Time
(MFPT) method
22,23
seemed to be adequate to ompute the bubble nulea-
tion rate and to estimate the volume of the ritial bubble. MFPT has been
suessfully applied to study liquid ondensation from metastable vapor in
a Lennard-Jones system
24,25
and from metastable TIP4P/2005 water
26
. The
appliation of the MFPT tehnique to bubble nuleation ultimately relies in
the investigation of the time evolution of the bubble growth. The detetion
of bubbles in omputer generated ongurations of a metastable liquid is mo-
re omplex than it may appear at rst. A number of proedures have been
proposed to distinguish liquid-like from vapor-like partiles.
27,28,29
A bubble
is a region of vapor within the liquid and sine the vapor is muh less dense
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than the liquid (exept in the viinity of the ritial point), in priniple, one
might think of a bubble as a voidregion. Given the small size of the bubble,
it is diult to know to what extent the interfae aets the struture of the
vapor moleules. The problem is more omplex for a network forming liquid
suh as water whose struture is not determined exlusively by paking eets
sine the hydrogen bond network is a struture with many voids. Beause of
this, the xed uto riterion of Ref.
30
whih has been suessfully emplo-
yed in the analysis of the ondensation of a metastable Lennard-Jones vapor
might not work in the ase of water. We thus fae a hallenging geometrial
problem.
The proedure to tag the moleules as either liquid or vapor may be
performed in three steps: 1) A partition of the spae between the moleules
into regions, 2) An assignment of eah region as belonging to a "vapor"(or
interfaial) or a liquid moleule, and 3) A lustering of the vapor moleules
into bubbles. To solve the rst step, the Voronoi (also known as Dirihlet)
tessellation is a natural hoie leading to an unambiguous partition of the
system. The Voronoi onstrution is a partition of the spae based on the
distane to a set of points. Eah region ontains exatly one generating point
and every point in a given region is loser to its generating point than to any
other. The Voronoi tessellation has been found useful in many sienti and
tehnial appliations.
31,32,33,34
When the spae is Eulidean and the set of
points are physial or hemial partiles, it allows to univoally assign a given
region to every partile a polygon in 2D and a polyhedron in 3D thus
providing strutural information of the system. To our knowledge, the rst
appliation of the tessellation to eluidate the struture of a hemial-physis
system was done by Bernal in 1964.
35
Sine then a number of studies have
used the Voronoi tessellation to investigate the struture of uids, glasses
and solids.
36,37,38,39,40,41,42,43,44,45,46,47
Other typial examples of the utility of
the Voronoi onstrution are the analysis of solvation shells,
48,49,50,51
lus-
tering and hemial assoiation.
38,52,53,54
The Voronoi onstrution has also
been employed to dene the interfae between two systems
55,56,57
and to
obtain strutural information of pure water.
58,59,60,61,62,52,63,64
and water so-
lutions
38,65,66,67,68,69,70,71
More losely related with the goals of this work is its
appliation to detet dierent types of avities suh as pores, pokets, lefts,
hannels and doking sites.
72,73,74,52,75,76,77,78,79,80,81
In fat, Fern et al.
82
have
already used the Voronoi tessellation as a tool for distinguishing whether a
partile belongs to a ondensed or vapor phase in two-phase simulations of
ethanol.
The Voronoi tessellation an be performed trivially in rystalline sys-
tems but it beomes inreasingly omplex in disordered systems.
37,38,83,84,79
In fat, when the system is strongly heterogeneous (as is the ase of bub-
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bles within a metastable liquid) many algorithms fail. In this work we use
an algorithm espeially designed to deal with inhomogeneous uids whih
has been suessfully applied to interpret the struture of quenhed liquids
37
and eletrolyte solutions.
38
One the tessellation is done, the properties of
the Voronoi polyhedra (VP) assoiated to eah partile an be used to distin-
guish between liquid and vapor moleules. The hoie of the parameters that
denote a moleule as belonging to the vapor phase is somewhat arbitrary.
Therefore, as a test ase, we have investigated the properties of a system
onsisting of liquid water with an artiially reated spherial avity. On-
e the vapor moleules are identied with the Voronoi onstrution, it is a
trivial task to luster them into one or more bubbles beause the Voronoi
tessellation diretly provides the list of neighbors of eah moleule. We then
use the volume of the largest bubble as the order parameter and apply the
MFPT tehnique to study the spontaneous bubble nuleation.
22
The analy-
sis of the evolution of the volume of the largest bubble provides the desired
relevant features of the nuleation, in partiular the nuleation rate and the
size (volume) of the ritial bubble. In this work we will show that the overall
proedure is quite robust and yields a onsistent desription of the bubble
nuleation.
The main drawbak of the overall method is that the Voronoi tesse-
llation is far from trivial for highly inhomogeneous systems. We have thus
dediated a setion to desribe the algorithm used for the tessellation and
another one to investigate what are the relevant parameters of the tessella-
tion that enable us to trak down the bubble growth. The paper is organized
as follows. Setion II desribes some methodologial issues, in partiular, the
algorithm employed for the Voronoi onstrution and a brief desription of
the simulations. Setion III analyzes whih are the relevant parameters of the
Voronoi Polyhedra that allow to detet a bubble within metastable liquid wa-
ter. Finally, setion IV reports the appliation of the MFPT tehnique to two
state points, one above and the other below the liquid- vapor spinodal line
of TIP4P/2005 water.
6.3. Methods
6.3.1. Algorithm used for the Voronoi tessellation
The Voronoi tessellation involves the alulation of the intersetion of
the planes normal to the line joining a given partile with the remaining
ones. Usually, in simple liquids, the number of Voronoi neighbors is less than
twenty. It is then a waste of resoures evaluating the normal planes for all
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partiles in the system. Thus, it is ustomary to perform the alulations for
a redued set of partiles, the so alled çandidate neighbors".
The list of andidate neighbors of eah partile is usually obtained using
a uto radius. This proedure works well for ommon liquids but fails for
inhomogeneous systems
37,38
beause some atual Voronoi neighbors are re-
latively distant from the referene partile. In the ase of a bubble some
Voronoi neighbors may be found at distanes of the order of the bubble
diameter so the number of andidate neighbors may well exeed a hundred
partiles. Thus, it is important to devise a dierent way to obtain a reliable
list of andidate neighbors without the omputational ost assoiated to a
very large uto. As in Ref.
37
, the proedure we follow an be desribed in
few steps.
Step1: First, we obtain a rst approximation of eah partile's list of Voro-
noi andidate neighbors. This is done by dividing the system in boxes with
the use of a grid, eah box being assigned to its losest partile. Therefore,
two partiles are nearest andidate neighbors if at least two boxes (eah box
belonging to a partile) are adjaent. Rigorously, this stage of the algorithm
only works in the limit of zero thikness grid. Thus, we need to improve this
initial list of andidates.
Step 2: To amend the alulated set of andidate neighbors, the atoms sha-
ring a ertain number of ommon neighbors with a given one are reursively
added to its list of andidates (see Fig. 6.1). At the end of this stage, we have
generated a set of andidates for eah partile that hopefully inludes all the
atual Voronoi neighbors.
Step 3: Having the list of andidate neighbors for all the partiles, we pro-
eed with the tessellation using any standard algorithm.
85,86,87,88
For this nal
third step we hoose to use a variation of the Finney's algorithm
86
in order
to inrease its eieny (see Ref.
37
for details and a forthoming paper
89
).
The main advantage of the algorithm is its robustness. However, the
large inhomogeneities of our systems have fored us to use it hoosing parame-
ters in a onservative way. We have used a 200x200x200 grid and performed
the neighbor expansion with a redued number (6) of ommon neighbors. In
these onditions, the number of atual Voronoi neighbors an be sometimes
lose to 40. With these parameters, we have been able to analyze all the
generated ongurations (about 8·105 in total) before the system avitates.
6.3.2. Moleular dynamis simulations
We have arried out 200 independent Moleular Dynamis simulation
runs for eah of the state points of liquid water at 280 K. One of them, at
p=-2250 bar, is above the spinodal line and the other one, at p=-2630 bar,
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Figure 6.1: Partiles A and B have not been identied by the grid as Voronoi
neighbours. As a onsequene the lled region would be asribed to both partiles
(and it would be ounted twie). Sine A and B have C and D as ommon neighbors,
the expansion of the initial list for A and B to inlude partiles with a given number
of ommon neighbors (see step 2 in the text) would allow to divide the lled volume
among A and B.
is below it (reently, a rst approah to the spinodal line at low tempera-
tures has been reported for this model
21
). Choosing to simulate the system
slightly above the spinodal line orresponds to study homogenous nuleation
at thermodynami onditions where the size of the ritial luster is expeted
to be relatively small. Given that we need to simulate a system suh that
the box an easily aommodate the ritial bubble, we estimate that, at the
hosen supersaturation, this ondition is already satised when the system
onsists of 500 moleules. Our hoie of a system size of 500 moleules is also
supported by Ref.
90
, where the authors show that hoosing a small system
leads to a deviation in the nuleation rate of less than a 10% (thus saving
CPU time).
All simulations have been performed for 500 water moleules in the
isothermal-isobari NpT ensemble using the Moleular Dynamis pakage
GROMACS
91
with a 1 fs timestep. Long range eletrostati interations ha-
ve been evaluated with the smooth Partile Mesh Ewald method.
92
The geo-
metry of the water moleules has been enfored using ad ho onstraints,
in partiular, the SHAKE algorithm.
93
Temperature has been set to the
desired value with a veloity resaling thermostat
94
and, to keep the pres-
sure onstant, an isotropi Parrinello-Rahman barostat has been applied.
95
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In a preliminary study (data not shown), we have tested that our results
are not aeted neither by the hosen thermostat (veloity resaling
94
versus
Nose Hoover
97,98
), as previously demonstrated by Ref.
99
, nor by the hosen
barostat (Parrinello-Rahman
95
versus Berendsen
96
).
The hoie of water fore eld is an important one for omparison with
experiment due to the vapour/liquid oexistene and the fat that most water
models are parametrized to desribe liquid phases better than the vapor
phases (the eletri dipole moment is enhaned with respet to that of the
vapor). We have used the TIP4P/2005 model
100
to desribe the interations
between water moleules. This model provides a quantitative aount of many
water properties,
101,102
inluding not only the well known thermodynami
anomalies,
103
but also the dynamial ones.
104
Of partiular relevane for the
purposes of this work is the high quality of the preditions for the vapor-
liquid equilibria.
105
It is nally to be mentioned that the TIP4P/2005 model
has been suessfully used to study the nuleation of liquid droplets within
a metastable vapor.
26
6.4. Voronoi tessellation as a tool for deteting
bubbles
6.4.1. Test ase: Liquid water with an empty avity
Our goal is to detet the formation and growth of one or more bubbles
within metastable liquid water. Therefore, we need a riterion to distinguish
between vapor and liquid partiles. Given the density dierene between
vapor and liquid, a bubble will ontain few vapor moleules surrounded by
liquid ones. Thus, to a rst approximation, a bubble appears as a void in
the liquid. It is then probably simpler to detet the bubble using the loation
of the interfaial moleules. To better haraterize the interfaial moleules,
we analyst the dierenes between the Voronoi Polyhedra (VP) obtained for
a given number of ongurations of bulk water at 298 K and 1 bar and the VP
omputed for the same ongurations where we have artiially reated an
empty spherial avity by removing 30 water moleules (this approximately
orresponds to a 0.6 nm avity radius and a 0.90-0.95nm
3
volume). Using
the Voronoi tessellation, we ompute properties suh as the VP volume and
the non-spheriity parameter (i.e., a measure of the deviation of the Voronoi
Polyhedra from a spherial shape). The dierenes between these properties
have to be attributed to the interfaial moleules around the avity sine the
remaining partiles have exatly the same environment. We may then nd
what are the VP properties that allow to disriminate interfaial partiles
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(only present in the system with a avity) from the bulk ones (ommon to
both systems). We note that the Voronoi tessellations have been done using
only the positions of the oxygen atoms.
Figure 6.2 ompares the normalized distribution of the VP volumes
for a 500 moleules system (470 in the system with the avity). Clearly, the
volume distributions are idential (taken into aount the dierent number
of partiles in eah system) up to a VP volume of about 0.032 nm
3
. Larger
volumes in the system with the avity outnumber the orresponding ones
in the bulk due to the fat that the tessellation assigns the empty spae
to the interfaial"partiles. This inrease is progressive but, for volumes
between 0.032 nm
3
and 0.04 nm
3
, it is diult to label the moleules as
either bulk or interfaial based only on this riterion sine these volumes
appear in more or less similar proportions in both systems. Moleules with
VP volumes larger than 0.04 nm
3
are almost inexistent in the bulk system
while they represent a small but signiant part of the total moleules in
the system with a avity. In order to better distinguish bulk from interfaial
Figure 6.2: Distribution of VP volumes for TIP4P/2005 water at 298 K, 1 bar.
The dierene between the systems is that in one of them an empty spherial avity
of 30 moleules has been reated.
moleules, it seems neessary to use another parameter obtained from the VP
tessellation. The non-spheriity (or aspheriity) parameter has been widely
used for that purpose.
59,62,106,34,107,108,52,64
Sometimes the denition of the
Voronoi Polyhedra anisotropy is made in terms of the VP surfae and volume
but a more rigorous denition should also involve the mean urvature radius.
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Thus, we dene the nonspheriity parameter, or anisotropi fator α, with
the usual expression valid for onvex bodies, namely
α = RS/3V (6.1)
where S and V are the surfae and volume of the onvex body, respetively,
and R the mean urvature radius. In some ases, the geometry of the onvex
body makes diult the evaluation of R. This is not the ase of a onvex
polyhedron for whih a simple expression allows the alulation of R:
R =
1
8π
Σliφi , (6.2)
where the sum extends over polyhedron edges of length li and φi is the angle
between the normal vetors to the interseting faes. These magnitudes are
trivially evaluated in the VP tessellation, so a rigorous alulation of α is
numerially possible. As a referene, the nonspheriity parameter of a sphere
is 1 and the distribution of α for a representative Lennard-Jones liquid has
a maximum at about 1.3.
37
The nonspheriity fators of the VP for the
Figure 6.3: Distribution of VP nonspheriity fators for the systems of Fig. 1
liquid and the liquid with a avity systems are shown in Figure 6.3. The
larger anisotropy of the interfaial moleules around the avity gives rise to
a hump in the distribution funtion. But, similarly to the ase of the volume
distribution, there is a range of anisotropies (approximately 1,4 < α < 1,5)
whih may orrespond to either bulk or interfaial moleules making diult
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to distinguish between them. Only when α > 1,5 one may be reasonably
ondent that the nonspheriity parameter represents interfaial moleules.
Therefore, both the VP volume and anisotropy allow to unambiguously
haraterize only a part of the interfaial moleules, i.e., those with V >
0,40 nm3 or α > 1,5. Thus, we need additional parameters in order to impro-
ve the partilesássignment (whether liquid or vapor-like). The VP number
of faes has been sometimes proposed as a relevant strutural parameter.
However this seems not to be the ase for water. Figure 6.4 shows that the
distribution of faes is quite similar in both systems and does not provi-
de any additional information. It is worth omment that, in liquid water,
a non-negligible number of Voronoi Polyhedra has more than 20 faes and
this number is over 30 for some interfaial moleules, whih explains the
diulties in designing a robust algorithm for the Voronoi tessellation.
Figure 6.4: Distribution of VP number of faes for the systems of Fig. 1
Sine the use of a single parameter, either V or α, does not allow an
unequivoal assignment of the interfaial moleules, we suggest to use a o-
rrelation of both parameters in order to enhane the ability to detet them.
Figure 6.5 represents the values of α for 11 randomly seleted ongurations
plotted against their orresponding volumes. Notie that the points for the
liquid system (without avity) are grouped in a relatively small pear-shaped-
egion of the α-V plane. Most of these points overlap with those of the system
with a avity beause they orrespond to the ommon (bulk) moleules. On
the right side of the gure appear only points oming from the system with
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a avity. These must be asribed to the moleules surrounding the avity
(interfaial moleules) beause their environments are dierent in both sys-
tems. Therefore, the parameters useful to identify the interfaial moleules
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Figure 6.5: Anisotropi fator α as a funtion of volume for the systems of Fig. 1.
The blak line α = 1,5− 19 ∗ (V − 0,04) separates bulk moleules from interfaial
moleules.
are learly visible in this plot. In the gure we have also traed a straight
line (α = 1,5 − 19 ∗ (V − 0,04)) separating two regions: all the liquid-like
(bulk) partiles lie to the left of the line while most of the points spei of
the system with a avity (interfaial moleules) are on the right side of the
line. One ould argue that the position of the line ould be shifted slightly
to the left but we opted for a onservative approah. In fat, the line pivots
around the point (v = 0,04 nm3, α = 1,5) whih was previously shown to
learly indiate that a partile is interfaial. We also stress that the sample
used for the gure is relatively small (only 11 ongurations out of about 500
moleules for eah system). Plotting a larger number of ongurations would
imply the appearane of a larger number of moleules with parameters in
the right side of the distribution tails (with large values of both volumes and
anisotropies), and some among them in the interfaial region. In summary,
we reommend a linear ombination of the VP volume and anisotropy α to
ensure that no bulk partiles are tagged as interfaial even if it slightly un-
derestimates the number of the latter. As shown, the use of this parameter
is highly disriminating and allows to safely detet most of the interfaial
moleules.
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The advantage of the analysis of this system is that it allows us to
ompare the preditions of the Voronoi tessellation with the atual data for
the avity. The alulated average volume of the avity is 1.70 nm
3
, sensibly
higher than the avity volume whih is 0.93 nm
3
. But the volume of the
bubble, as omputed with the Voronoi tessellation, also inludes the volume
oupied by the interfaial moleules whih was not taken into aount for
the avity's volume. Therefore we must subtrat the interfaial volume, that
onsists of the number of interfaial moleules times the average volume per
moleule multiplied by an unknown fator whose value is between from 1/2
and 1. This fator omes from onsidering two limiting ases. In the former
ase (1/2), the enters of the interfaial moleules are assumed to be loated
at the avity boundary whereas in the latter one (1), the interfaial moleules
are tangent to the avity boundary. If we assume an intermediate fator (3/4)
the volume of the avity alulated using the Voronoi tessellation is 0.98 nm
3
,
very lose to the atual volume of the artiial avity.
6.4.2. Metastable and unstable water
In this setion we analyze the Voronoi tessellation of water in onditions
far from the thermodynami stability. This is performed at two state points
at 280 K, one above (-2250 bar) and the other below (-2630 bar) the liquid-
vapor spinodal line orresponding to the metastable and unstable regions,
respetively. In both ases the system avitated spontaneously. Figure 6.6
represents the average volume of the system for two independent runs at
T=280 K, p=-2250 bar. Notie that the density utuations before avita-
tion takes plae are very similar in both runs and that the average volume
is essentially onstant along the simulations (before avitation). The resul-
ting average volume per moleule for this state is V¯=17.1nm3. Figure 6.6
also shows that avitation happens stohastially: although the density u-
tuations are akin in both runs, the avitation times are sensibly dierent.
Our main goal is to study bubble nuleation from metastable and uns-
table liquid water using a loal order parameter (the volume of the largest
bubble) whose onstrution is based on the Voronoi tessellation. Therefore,
as previously shown, we need to dene the proper parameters of the Voronoi
Polyhedra. This problem diers from that ommented in the previous setion
(detetion of a avity in a liquid) in several aspets. First, the reated avity
was stati, i.e., the moleules in the liquid ongurations had exatly the
same positions as those in the system with the avity. Thus, the VP pro-
perties of the moleules far away from the avity were exatly the same in
both systems. This allowed an unequivoal assignment of bulk and interfa-
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Figure 6.6: Time evolution of the average volume per moleule for two runs of a
point in the metastable region (T=280 K, p=-2250 bar). The sharp inrease of the
volume at the end of the simulations orrespond to avitation events.
ial moleules and enabled us to safely investigate the features of the Voronoi
Polyhedra for the latter partiles. Bubbles forming in a metastable liquid are
not stati: they grow (and disappear) until, eventually, the system avita-
tes. A bubble may dier from an empty avity beause some reonstrution
must take plae at the interfae, and also beause of the presene of a small
number of vapor moleules inside the bubble (the avityïs not empty now).
However these vapor moleules should have, by denition, large VP volumes
so the onditions imposed to tag a moleule as interfaial will also detet the
vapor ones. Despite these dierenes, we may use the information obtained
for the liquid with a avity in order to interpret the results for metastable
water.
A loser look at the dierenes between the properties of the Voronoi
tessellations of liquid water with a avity and metastable water is shown
in Figure 6.7 where we present the distribution of VP volumes. Sine the
density is dierent, it seems important to sale the volumes using the average
volume of the liquid moleules. In pratie, we have applied a fator so that
the maximum of the distributions appears at V/V0 = 1. The urves for both
systems show minor dierenes. Firstly, the distribution of volumes is wider
for metastable water. Besides, there is a minor but signiant dierene in the
large volumes region: the distribution in metastable water is smooth whereas
the avity gives rise to the appearane of wiggles. This seems to indiate that
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the abrupt inhomogeneity of the artiially reated avity is not present in
the bubbles whose interfae is somewhat blurred. Figure 6.7 illustrates that
the analysis made in the previous setion may also be aeptable for the
detetion of bubbles. We only need to sale the parameters in order to aount
for the dierenes in the average volume per moleule and the sharpness of
the distribution.
Figure 6.7: Distribution of the redued VP volumes for metastable water
(T=280 K, p=-2250 bar) ompared to that of liquid water at ambient onditions
with a avity
In analogy to Fig. 6.5, Figure 6.8 shows the anisotropy of the Voronoi
Polyhedra as a funtion of their volumes for 11 randomly seleted ongura-
tions of metastable water. For omparison we have also plotted the data for
liquid water already shown in Fig. 6.5 but saled so that the mapping of the
distributions is maximized. In aordane, we have also saled the line sepa-
rating the interfaial moleules from the liquid moleules obtained for liquid
water with a avity. The line ontains the point (V=0.048 nm
3
, α = 1,5) and
its slope is 18 nm
−3
. It an be seen that the region to the left of the straight
line for metastable water is very similar to that for liquid water with saled
parameters. This indiates that an analogous riterion (now the straight line
α = 1,5 − 18 ∗ (V − 0,048) shown in Fig. 6.8) may be used in both systems
to distinguish the liquid moleules from the interfaial (vapor) ones.
The orresponding plot for water at a pressure (p=-2630 bar) below the
spinodal line (unstable water) is shown in Figure 6.9. We have also inluded
the data for liquid water using the same saling as in Figure 6.8. The bulk
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Figure 6.8: Anisotropi fator as a funtion of volume for metastable water (red
rosses) ompared to that of liquid water (empty blue irles). The blak line
α = 1,5 − 18 ∗ (V − 0,048) separates liquid-like moleules from vapor (interfaial)
moleules.
region is again quite similar in both systems but the number of interfaial
moleules is muh higher for unstable water. Besides, in this ase, the high
VP volume of some moleules (up to 0.4 nm
3
) seem to indiate that the latter
are atually vapor moleules (not shown in the gure beause, in order to
ompare with the previous ones, we use the same axes sales in all of the α-V
plots).
6.5. Mean rst-passage times and nuleation
rates
Reently, Wedekind et al.
22
proposed a formalism-themean rst-passage
time (MFPT) method-to analyze the kinetis of ativated proesses (rare
events), suh as nuleation. In this work we have applied the method to in-
vestigate the nuleation rate of bubble formation in metastable water using
the volume of the largest bubble as the loal order parameter. Bubbles are
obtained by lustering together the moleules tagged as vapor (or interfa-
ial following the riteria established in the previous setion) that share a
ommon fae. Their volumes are the sum of the VP volumes of the partiles
belonging to a given luster. Only the largest bubble, i. e., the luster with
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Figure 6.9: Anisotropi fator as a funtion of volume for unstable water
(T=280 K, p=-2630 bar) ompared to that of liquid water with a avity (saled)
the largest volume, is required in the MFPT formalism. For eah trajetory,
we evaluate the time it takes to reah a given volume for the rst time. Being
nuleation a stohasti event, the avitation time varies signiantly from one
run to another, as shown in Figure 6.10 for the system at p=-2250 bar. Mo-
reover, Figure 6.10 also shows that at p=-2250 bar the time required to form
a ritial bubble is muh larger than the time the system takes to avitate.
One a bubble reahes a ritial size it grows very quikly and destabilizes
the system that avitates. This indiates that nuleation and growth are not
oupled. A omparison of this plot with Figure 6.6 shows that the volume
utuations are independent of the size of the largest bubble exept when
the bubble size exeeds the ritial one. In the latter ase, the largest bubble
grows very quikly and beomes a signiant part of the total volume (notie
that the divergenes in both gures our at the same time), and the system
avitates.
Flutuations in Fig. 6.10 already enable us to have a rough idea of the
size of the ritial luster (around 1.5 nm
3
). However, for a preise estimate
it is neessary to average the rst passage times over a large number of
trajetories for a given thermodynami state. In this way we get a smooth
MFPT urve from whih it is possible to extrat the rate and the size of the
ritial luster. In partiular, the MFPT reported in this work is the outome
of 200 independent simulation runs.
Figure 6.11 shows the omparison between the MFPT urve for me-
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Figure 6.10: Time evolution of the volume of the largest bubble for the runs of
Fig. 6.6
tastable water (above the spinodal) with that of unstable water (below the
spinodal). Notie that a dierent time sale is used for eah of the urves.
The nuleation behavior is quite dierent for these thermodynami states.
MFPT for metastable water shows a typial sigmoidal shape whih an be
tted to a funtion of the form
τ(V ) = (τJ/2){1 + erf [c(V − V ∗)]}, (6.3)
where erf(x) is the error funtion. Wedekind et al.22 have shown that the
parameters of this equation provide relevant physial information. In parti-
ular, c orresponds to the loal urvature around the top of the barrier and
is proportional to the Zeldovih's fator Z (Z = c/
√
π), V ∗ is the size of the
ritial luster (loation of the transition state) and τJ is the nuleation time
whih is related to the nuleation rate J by
J =
1
τJVs
, (6.4)
where Vs is the system volume. Applying Eq. 6.3 to the system at p=-2250
bar, we obtain τJ = 1,88 ns, V
∗ = 1,52 nm3 and c = 1,26. From τJ and
V ∗ it is immediate to evaluate the nuleation rate and the radius of the
ritial luster for whih we obtain J = 0,031 ns−1nm−3 and rcrit = 0,71 nm
(assuming the ritial luster to be spherial). If we subtrat the volume of
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the interfaial moleules, the volume of the ritial luster beomes 0.82 nm
3
,
orresponding to a ritial radius of 0.59 nm. A visual inspetion of the
ritial and postritial bubbles show that they are usually empty, i.e. no
atual vapor moleules are within the bubble whih is essentially made only
of interfaial moleules.
Figure 6.11: Comparison of the MFPT obtained for metastable and unstable
TIP4P/2005 water at 280 K. Sine the trajetories hange very little from one
onguration to the next one, we only analyze them every 0.5ps. Notie that a
dierent sale is used for eah of the urves, metastable liquid on the left axis and
unstable on the right axis. Standard deviations of τ have been omputed in eah
urve for three point at low, medium and large volumes.
Our results may be ompared to those oming from the Classial Nu-
leation Theory
3
(CNT)
rCNTcrit =
2γ
psat − p, (6.5)
JCNT = ρN
(
2γ
πmB
)1/2
e−∆G
CNT /kT , (6.6)
where γ is the interfaial tension, psat the oexistene pressure, m the mass of
a moleule, ρN the number density of the liquid and B takes into aount the
mehanial equilibrium of the bubble (in avitation experiments B=1), and
∆GCNT = W (rCNTcrit ) = (16π/3)(γ
3/(psat − p)2. Assuming γ ≈ 73 mN/m109,
we obtain rCNTcrit ≈ 0.67 nm, and JCNT = 1,7 × 10−10 ns−1nm−3. Thus, the
predition of the CNT for the ritial radius is quite aurate whereas the
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dierenes in the nuleation rates are about eight orders of magnitude. This
is in agreement with the observations made for the Lennard-Jones system.
14
.
A snapshot of two bubbles, one slightly below the ritial size and the
other one larger than the ritial bubble, are shown if Fig 6.12.
Figure 6.12: A snapshot of the growth of a bubble. The image on the left o-
rresponds to a preritial bubble and the image on the right orresponds to a
postritial one along the same trajetory (the ongurations are separated by
0.02ps).
On the ontrary, the MFPT urve for unstable water is a monotonous
funtion without an inetion point nor a plateau indiating that, in this ase,
nuleation and growth are oupled. A number of bubbles are quikly formed.
When these bubbles grow, some of them eventually merge together giving
rise to larger bubbles and the growth-oalesene proess ontinues until
avitation (spinodal deomposition). This means that there is no nuleation
free-energy barrier whih is onsistent with the fat that the system's pressure
is below the spinodal.
We now study how the hoie of parameters aet the nal results.
Figure 6.13 shows the MFPT using two dierent riteria to distinguish liquid
from vapor moleules. In both ases, we tag a moleule as vapor if its VP
anisotropy, α, is above a straight line dened in terms of a pivotal point and
a slope in the α-V plane. One of the urves orrespond to the parameters
provided by the study made in the previous setion, α > 1,5−18∗(V −0,048),
and the other one has been obtained with α > 1,5− 18 ∗ (V − 0,052), a quite
restritive ondition (see Fig. 6.8). A more restrited hoie implies a smaller
number of moleules fullling the ondition and, as a result, the MFPT urve
is shifted toward lower volumes. The size of the ritial bubble is then slightly
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dependent on the hoie of parameters. Interestingly, the value of τJ (and,
thus, the nuleation rate) does not depend at all on the denition of the order
parameter. This is lear a demonstration of the robustness of the MFPT
tehnique. Sine the trajetories hanges very little from one onguration
 0
 0.4
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 2
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Figure 6.13: MFPT for metastable water using two dierent VP parameters to
distinguish liquid from  vapor"moleules.
to the next one, we only analyze them every ∆t ps. Figure 6.14 shows the
eet of modifying the sampling time∆t. Notie that sampling times sensibly
larger than the simulation timestep an be used. In fat, an inrease by a
fator of four in ∆t has a little eet on the size of the ritial luster and a
null inuene on the nuleation rate.
6.6. Disussion and onlusions
In this work we set up a Voronoi-based tessellation proedure to deter-
mine the volume of the largest vapor bubble that allows us to study bubble
nuleation in an over-strethed TIP4P/2005 metastable water. The parame-
ters of the Voronoi polyhedra that allow to distinguish bulk (liquid) partiles
from interfaial (or vapor) ones have been obtained from the investigation
of liquid ongurations in whih a avity has been artiially reated. It has
been shown that best hoie of parameters involves a ombination of the Voro-
noi Polyhedra volume and nonspheriity fator α. The study allows to redue
to a minimum the intrinsi arbitrariness in xing the parameters required to
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Figure 6.14: MFPT for metastable water for two dierent sampling times (on-
gurations are analyzed every ∆t ps).
detet the growth of bubbles in the metastable liquid. As a onsequene the
nuleation rate is ompletely independent on the parameters hosen to dene
the loal order and the ritial luster size is only moderately dependent on
them (the MFPT tehnique also ontributes to this ahievement).
One important open question is the eet of the nite-size. It has been
pointed that the MFPT analysis is less sensitive to nite size eets than ot-
her approahes beause it only requires a box large enough to ontain several
times the ritial luster.
26
Sine our alulated volume of the ritial luster
for metastable TIP4P/2005 water is 1.5 nm
3
and the average system volu-
me is about 17 nm
3
, we onlude that our hosen system fulls the required
ondition and we an neglet (at least, at this stage) nite-size eets.
As in simple uids, the bubble nuleation rate estimated with Classial
Nuleation Theory turns out to be muh lower (8 orders of magnitude) than
the one omputed using MFPT. This ould be due to the fat that CNT
neglets urvature orretions to the surfae free-energy of the bubble. When
analyzing the mehanism of bubble formation above and below the spinodal,
we observe lear dierenes. In the simulations of the liquid above the spi-
nodal line, one bubble grows larger than all others in a fairly ompat shape
whereas, for the liquid below the spinodal line, we detet the formation of
few bubbles whih, eventually, merge to form larger ones (spinodal deom-
position). However, above the spinodal we have also deteted bubbles with
dierent topologies, proving that small bubbles are strongly utuating ob-
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jets. In the oming future, we plan to attempt a systemati haraterization
of the topology of the bubbles, as we believe it might play an important role
in the avitation proess.
In general, the Voronoi tessellation is a relatively CPU-time onsuming
method. For a deeper investigation of the bubble nuleation mehanism it
seems interesting to devise alternative ways of partitioning and alulating
the bubble volume. Therefore, the results presented in this work an be seen
as a benhmark for further bubble nuleation studies.
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7.1. Abstrat
The investigation of avitation in liquids under tension with moleular
simulations requires an appropriate denition of the volume of the vapour
bubble forming within the metastable liquid phase. Commonly used approa-
hes for bubble detetion exhibit two signiant aws: rst, when applied to
water they often lead to a false detetion of small bubbles (natural avities
of the system) and, seond, they lak thermodynami onsisteny resulting,
for instane, in a violation of the nuleation theorem. Here, we present two
grid-based methods, the M-method and the V-method, to detet bubbles in
metastable water speially designed to address these shortomings. The
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M-method inorporates information about neighbouring grid ells to distin-
guish between liquid- and vapour-like ells, leading to a muh lower frequeny
of false bubble detetions in the metastable liquid. The V-method is alibra-
ted suh that its estimates for the bubble volume are ompatible with the
nuleation theorem whih allows for omparison to experimental data. Both
methods are omputationally inexpensive suh that they an be used in mo-
leular dynamis and Monte Carlo simulations of avitation.
7.2. Introdution
By overheating a liquid beyond the liquid-vapour oexistene tempera-
ture or reduing its pressure below the saturated vapour pressure, the liquid
beomes metastable and eventually transforms into the thermodynamially
stable vapour phase via a bubble nuleation mehanism. Remarkably, in the
ase of water, strongly negative pressures an be reahed experimentally be-
fore the liquid breaks under the mehanial tension and avitation ours,
whih has important impliations for biologial proesses like water transport
in trees
1,2,3
and the sonorystallization of ie.
4,5
Sine bubble nuleation takes
plae at the nanosale, observing it diretly in experiments is very diult.
Thus, apart from the nuleation rate, little information an be obtained from
experiments. Numerial simulations provide a omplementary tehnique to
investigate the mirosopi details of bubble nuleation suh as the size and
shape of the ritial bubble and the struture of the liquid around it.
In order to desribe the nuleation proess, one requires an adequate
order parameter to trak the phase transition mehanism, i.e., to detet the
formation and growth of a bubble. Homogeneous bubble nuleation (or avi-
tation) from an over-heated uid has been reently studied in simple liquids
(Lennard-Jones) using either the volume of the largest bubble as a loal order
parameter
6,7,8
or the density as a global one.
9
In reent work, Meadley and
Esobedo
10
demonstrated that when omparing the nuleation free energy
barrier obtained with the volume of the largest bubble to the one ompu-
ted using the global density, the largest bubble volume is a better reation
oordinate than the density; it orrelates more strongly with ommittor pro-
babilities. Even though there is a one-to-one relation between the two order
parameters, the authors showed that using a global order parameter an in-
trodue nite size eets as one observes the formation of multiple bubbles
instead of apturing the formation of one single ritial nuleus.
In general, deteting vapour bubbles in a metastable liquid is a hallen-
ging problem, sine the vapour phase onsists both of vapour-like moleules
and of void"spaes. Thus, to ompute the volume of the largest bubble and
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use it as a loal order parameter, one needs to be able to identify vapour re-
gions in the metastable liquid, ompute their volumes and selet the largest
one as the order parameter. This proedure has been applied in Ref.
6
, where
homogeneous bubble nuleation in a super-heated Lennard-Jones uid was
studied using forward ux sampling, and the largest onneted low-density re-
gion was used as a loal order parameter. The low-density region was dened
by means of a grid-based proedure: 1) liquid and vapour-like partiles were
lassied using the rst-neighbours distribution and, 2) a three-dimensional
grid was superimposed on the system and, 3) a luster analysis was perfor-
med on the void spae, identifying the bubble with the largest volume as the
loal order parameter.
When studying bubble nuleation from over-strethed water, some of
us have reently shown that a valid alternative to a grid-based proedure
onsists in employing a Voronoi-based analysis to detet the largest bubble.
11
However, the main drawbak of this approah is that performing a Voronoi
tessellation is a CPU-time onsuming task. In addition, most of the available
open-soure Voronoi pakages, as far as we have experiened, are not tailored
to target the task of deteting bubbles sine the topologial distane involves
a dierent set of neighbours than the geometrial one.
In general, an order parameter to detet bubbles in water should meet
the following riteria. 1) The order parameter should be loal. When studying
a nuleation proess, the use of a loal order parameter allows to detet and
follow the growing nuleus instead of the variation of a global property of the
system. This is a prerequisite when studying nuleation in a large system,
where utuations an overshadow the signature of the nuleus when obser-
vables are averaged over the entire system, and it allows to obtain strutural
information about the nuleus and the surrounding liquid. 2) The order pa-
rameter should not impose a spei shape on the deteted bubble, whih is
of partiular importane when the order parameter is used in a free energy
omputation method suh as umbrella sampling, where the measured free
energy barrier height would be altered by exluding ertain luster shapes
from the sampling. 3) The order parameter should measure the true volu-
me of a bubble. In the same way we an measure the volume of marosopi
objets by the amount of liquid they displae when immersed in a liquid, the
volume of a bubble deteted by a loal order parameter should be equivalent
to the average hange in volume of the system between the metastable liquid
and a system ontaining suh a bubble. An order parameter alibrated in
this fashion is also onsistent with the nuleation theorem
12
, whih allows
for diret omparison to experimental data. 4) The order parameter should
not detet voids in liquid water at ambient onditions. 5) Sine the order pa-
rameter has to be evaluated hundreds of thousands of times during a typial
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simulation run, it should be omputationally inexpensive.
In what follows, building on the method introdued in Ref.
6
, we propose
two novel grid-based methods tailored to work for a network-forming liquid
suh as water. We will analyze these order parameters with respet to the
riteria listed above and present physial features of the nuleation proess,
in partiular the size of the ritial luster and the free energy barrier height
for dierent degrees of metastability.
The rest of the paper is organized as follows. After giving simulation
details in Setion II, we desribe the tehniques we used to study spontaneous
nuleation and the ase when nuleation annot happen spontaneously on
timesales aessible to omputer simulation beause the free energy barrier
is too high. In Setion III we present the two dierent grid-based methods to
identify the volume of the largest bubble in metastable water: the V-method
and the M-method. To onlude, in Setion IV we report a quantitative
omparison of the results obtained when omputing the order parameter
with both methods in the study of spontaneous as well as non-spontaneous
nuleation. We disuss our results in Setion V.
7.3. Simulation details
7.3.1. Moleular Dynamis
We simulate metastable water using the rigid non-polarizable TIP4P/2005
model
13
whih has been shown to predit a number of water properties with
great auray.
14
Relevant to this work are the aurate preditions for the
vapourliquid equilibrium
15,16
and the liquidvapour surfae tension.
17
We
perform NpT moleular dynamis (MD) simulations either using an in-house
ode, based on the ode previously used in Ref.
18
, or GROMACS
19
.
When using the home-made ode, we simulate a system of N = 2000
water moleules. We integrate the equations of motion with a time step of 2 fs
using a time-reversible quaternion-based integrator that maintains the rigid
geometry of water moleules. In partiular, we arry out NpT-MD using a
slightly modied version of the Verlet integrator proposed by Kamberaj et
al.
20
, based on the Trotter deomposition shemes applied by Miller et al.
21
and Martyna et al.
22
. In this algorithm, the oupling to the surrounding
heat bath is implemented through thermostat hains based on the Nosé
Hoover
23,24
approah with an inverse frequeny of 1 ps. Constant pressure
is ensured by oupling a barostat based on the Andersen approah
25
to the
heat bath with a relaxation time of 3 ps, whih is approximately equal to the
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time a sound wave takes to transverse the simulation box.
26 1
Long-range
interations are treated with Ewald summation.
When using the GROMACS pakage, we simulate a system of N = 500
(when nuleation is spontaneous) or N = 4000 (when nuleation is not spon-
taneous) water moleules in an NpT ensemble with a time step of 1 fs. The
temperature is kept xed using the veloity resaling thermostat
27
with 1 ps
(spontaneous nuleation) or 0,2 ps (non-spontaneous nuleation) relaxation
time and the pressure is set with the isotropi ParrinelloRahman baros-
tat
28
with a relaxation time of 2 ps (spontaneous nuleation) or 0,2 ps (non-
spontaneous nuleation). We onstrain the geometry of the water moleules
with the SHAKE algorithm.
29
Long range eletrostati interations are trea-
ted using the smooth partile meshEwald method.
30
7.3.2. Nuleation rates and barriers
When we over-streth liquid water, bubbles start appearing and disap-
pearing at random in the system. Only when one of them overomes a ritial
threshold, the entire system an avitate. This orresponds to the system ha-
ving to ross a nuleation free energy barrier, whose height depends on the
supersaturation (or amount of over-strehing). For low barriers, i.e., high su-
persaturation, avitation an be observed spontaneously on the time-sales
aessible to moleular dynamis simulations. For high barriers, i.e., low su-
persaturation, the time until avitation ours spontaneously is prohibitively
long and thus one has to resort to rare event sampling tehniques suh as
umbrella sampling.
When nuleation is spontaneous at the simulation timesale
In order to determine nuleation rates we apply the mean rst passage
time (MFPT) analysis
31
using the volume of the largest bubble as a loal
order parameter. If the barrier is high enough to guarantee separation of
timesales between relaxation in the metastable basin and the barrier rossing
event, the average time τ(Vbubble) it takes until the largest bubble has a
volume of Vbubble for the rst time, is
31
τ(Vbubble) = (τJ/2){1 + erf[c(Vbubble − V ∗bubble)]} . (7.1)
Here, erf(x) is the error funtion, V ∗bubble is the size of the ritial bubble,
c is a onstant derived from the loal urvature around the top of the free
1
The relaxation time of the barostat ν−1 = 3ps is hosen to approximate the length of
the simulation box divided by the speed of sound c =
√
K/ρ, whereK = ρ ∂P/∂ρ ≈ 2 GPa
is the bulk modulus of TIP4P/2005 water in the studied pressure range.
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energy barrier and proportional to the Zeldovih fator Z = cπ−1/2, and
τJ is the nuleation time. The average time τJ the system takes to leave
the metastable state and reah the point where the transition to the vapour
phase is ommitted to proeed, is related to the nuleation rate J via
J =
1
τJ〈V 〉 , (7.2)
where 〈V 〉 is the average volume of the system in the metastable liquid state.
The MFPT analysis is performed in the following fashion: by averaging
over 200 independent MD trajetories whih start from the metastable liquid
and subsequently transform into the vapour phase, we ompute the average
time τ(Vbubble) it takes until the bubble reahes a volume Vbubble for the rst
time. We then t Equ. (7.1) to the data to obtain the nuleation rate J , the
Zeldovih fator Z and the size of the ritial bubble V ∗bubble.
As in Ref.
11
, we study nuleation from metastable liquid water above
the spinodal line, at 280K and p = −2250 bar (the spinodal at negative
pressure has been alulated in Ref.
32
and orresponds to psp ≈ −2440 bar
at T = 280K). It has been shown in Ref.11 that, at these thermodynami
onditions, the volume of the ritial luster is smaller than 1 nm3 so that a
system size of N = 500 moleules an easily aommodate a ritial bubble.
When nuleation is not spontaneous at the simulation timesale
In order to ompute the nuleation free energy barrier as a funtion
of the largest bubble volume we use two rare-events numerial tehniques:
1) umbrella sampling
33
with a hybrid Monte Carlo (HMC) sheme
34,35
, or
2) a novel moleular dynamis umbrella sampling (HMC-NpT) sheme. In
the latter tehnique, the system is propagated via a series of short NpT
moleular dynamis trajetories where the resulting ongurations are fed to
a standard umbrella sampling sheme More details on this method will be
given elsewhere.
36
7.4. Numerial methods
To study homogeneous bubble nuleation from over-strethed metasta-
ble water we use the volume of the largest bubble, Vbubble, as a loal order
parameter. We propose to detet the largest bubble hoosing one of two ap-
proahes: the V-method or the M-method. Both methods, inspired by the
grid-based analysis of Ref.
6
, are tailored to suessfully work in a network-
forming liquid suh as water. In what follows, we will desribe them step by
step.
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7.4.1. V-method for the volume of the largest bubble
Step 1: We assign all water moleules to be in either the liquid or va-
pour phase: a water moleule is dened as vapour-like if it has no neighbours
within its Stillinger radius rS, whih is hosen lose to the rst minimum of
the radial distribution funtion of the metastable liquid at strongly negative
pressures.
Step 2: We divide the entire simulation box into small ubes of equal
size by superimposing a three-dimensional grid on the system. Sine the total
volume utuates in a simulation at onstant pressure, the ube volume varies
with the size of the simulation box. In order to determine oupied ubes
we assume that eah liquid water moleule oupies a sphere with radius rS
around its entre of mass. Then we iterate over all ubes in the box and
any ube whose enter is inside the sphere of a liquid-like water moleule is
onsidered to be oupied, hene, it is not part of a bubble.
Step 3: We assign unoupied ubes to lusters suh that a ube and
all its fae-sharing neighbours are part of the same luster, and use the vo-
lume v of the largest luster as an order parameter for the size of the largest
bubble. Even though the method introdues some lattie disretisation errors
by onstrution, we assume these errors to be negligible in view of the ap-
proximation of water moleules as spheres and the high spatial resolution of
the grid.
Step 4: Even though a method inorporating only the rst three steps
an be used to desribe bubble formation in the metastable liquid, the deni-
tion of the bubble volume is somewhat arbitrary as it depends on the hoie
of the grid mesh and the Stillinger radius rS, whih largely determines the
volume of the water moleules forming the interfae. Sine the volume of
the ritial bubble V ∗bubble is a property of great interest, whih is related to
the height of the free energy barrier via the nuleation theorem
12
and thus
provides a onnetion to experimental data
37
, our aim is to develop an order
parameter whose estimate of the bubble volume depends as little as possible
on the hoie of arbitrary properties like rS or the grid resolution.
In analogy to the marosopi realm, a reasonable denition of the
volume of a nanosale objet
38
is to equate its volume to the volume of the
liquid it displaes, i.e., we equate the volume of a bubble to the inrease in
system volume it auses. While for a marosopi objet the eet of density
utuations of the liquid on suh a volume estimate is negligible, for small
systems density utuations an inuene the estimated volume onsiderably.
However, one an still require from the denition of the bubble volume that it
orresponds to the inrease in system volume on the average. In the following
we explain how to alibrate the bubble volume suh that this requirement is
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obeyed.
The eet of the bubble on the volume V of the simulation box is
evaluated by subtrating the average volume of the metastable liquid 〈V 〉
(at the given thermodynami state point) from the average volume 〈V 〉v of
the system ontaining a largest bubble of size v:
V Vbubble(v) = 〈V 〉v − 〈V 〉. (7.3)
Here, the thermodynami average 〈V 〉 is taken over the metastable liquid,
i.e., exluding the stable vapour phase, and 〈V 〉v is given by
〈V 〉v = Q−1
∫
V e−β[H(r
N )+pV ]δ
[
v(rN)− v]drNdV, (7.4)
where Q =
∫
e−β[H(r
N )+pV ]δ
[
v(rN)− v] drNdV is the redued partition fun-
tion. In Equ. (7.3) the supersript V refers to the V-method.
Figure 7.1 shows V Vbubble as a funtion of v, where we inlude data ob-
tained from two dierent regimes: rst, the small bubbles whih form sponta-
neously in the metastable liquid over the ourse of a simulation and, seond,
the large bubbles obtained by driving the system along the order parameter
v using umbrella sampling.
The data in the inset of Fig. 7.1 show the eet of very small bubbles,
whih appear spontaneously in the metastable liquid, on the system volume.
These volume estimates were obtained by averaging the system volume V as
a funtion of the number of lusters of a given size v in an unbiased moleular
dynamis simulation. The average system volume 〈V 〉 depends linearly on the
number of bubbles of a given size and eah data point depited in the inset
of Fig. 7.1 is the slope of this line, i.e., the inrease in system volume due
to the presene of one bubble of size v. The data for larger bubble volumes
(starting with the data point of largest size v ≈ 0,027 nm3 shown in the
inset), where it is exeedingly unlikely to observe more than one suh luster
at the same time in system sizes feasible in simulations at these onditions,
were obtained by averaging the system volume V as a funtion of the volume
v of the largest luster within eah window of a HMC umbrella sampling
alulation.
In order to alibrate the V-method suh that the grid-based estimate
for the volume v of the largest bubble is mapped onto the average hange in
system volume V Vbubble = 〈V 〉v −〈V 〉 aused by a bubble of volume v, we use
a t to the data shown in Fig. 7.1. Note that the funtional form of the t is
arbitrary and does not assume that the bubble has a partiular geometrial
shape; in ases where one nds no suitable funtional form, simple numerial
252
7.4. Numerial methods
0 1 2 3 4 5 6
v/nm3
0
2
4
6
8
10
12
14
VV
bu
bb
le
/n
m
3
0 0.01 0.02
v/nm3
0
0.1
0.2
VV
bu
bb
le
/n
m
3
Figure 7.1: Average hange in system volume V Vbubble as a funtion of the
volume v of vapour-like ubes onstituting the largest luster on the grid. The
inset magnies the data for very small bubbles, whih form spontaneously
at these onditions (see main text). The data points in the main gure are
eah an average over a window, dened as a range of v-values, in an umbrella
sampling simulation. All data were obtained from simulations in the isobari-
isothermal ensemble at T = 325,0K and p = −1500 bar. The blak line
represents the t to the data aording to Equ. (7.5).
interpolation of the data ould be used. Here, we nd that a tting funtion
of the form
V Vbubble(v) ≈ v + k1v2/3 + k2v1/3, (7.5)
where k1 ≈ 1,17 nm and k2 ≈ 0,37 nm2 at T = 325,0 K and p = −1500 bar,
works very well (indiated by the blak line in the gure). This tting funtion
an be viewed as depending on the luster surfae (proportional to v2/3)
and on a term that takes into aount the average urvature of the luster
(proportional to v1/3).
We use this t to alibrate our order parameter by mapping the volu-
me v, measured diretly in simulation by summing over the largest luster of
unoupied ubes, onto the orresponding average hange in system volume
V Vbubble aused by a bubble of size v. Although this order parameter has its
roots in the average hange of the total system volume due to the presene
of the bubble, we stress that it is still a loal order parameter whih does not
impose any partiular shape on the bubble, thus fullling the requirements
1 and 2 stated in the Introdution. Moreover, due to the alibration used to
approximate the average hange in system volume reated by the bubble, the
V-method is also ompatible with requirement 3 and, onsequently, its volu-
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me estimates obey the nuleation theorem. The V-method is omputationally
inexpensive (thus obeying requirement 5) and we will analyze its detetion
of voids in the stable liquid in setion IV A.
When using the V-method, in order to ahieve high spatial resolution,
we ensure that the volume of eah ube on the grid is less than 0,5 Å3
for the metastable liquid leading to the hoie of 523 ubes for a system of
N = 2000 water moleules. We hoose a Stillinger radius of rS = 3,35 Å,
whih is a ompromise between the ability to detet the formation of small
bubbles and minimising the ourrene of misassigned liquid-like ubes in
the metastable liquid.
7.4.2. M-method for the volume of the largest bubble
Step 1:We rst lassify the moleules as liquid or vapour-like. This rst
step an be performed aording to dierent riteria suh as the ten Wolde
Frenkel (WF) riterion
39
, the hydrogen bonding (HB) riterion of Ref.
40
or
the tetrahedal order parameter q of Refs.41 and 42. In the following, we
will ompare these riteria in order to selet the best approah to distinguish
liquid from vapour moleules. The WF riterion has been used by Wang et
al.
6
to study avitation in an over-heated Lennard-Jones uid; it onsists of
identifying eah partile's nearest neighbours using the rst minimum of the
radial distribution funtion (RDF) as a xed uto distane (for water, we
will only deal with the oxygenoxygen RDF). The HB riterion is based on
the number of donor hydrogen-bonds per moleule.
40
Figure 7.2: Sketh of the hydrogen bond riterium from Ref.
40
.
Aording to Ref.
40
(see Fig. 7.2), water moleule 1 donates a hydrogen
bond to moleule 2 if 1) the oxygen1oxygen2 distane (rOO) is smaller than
the rst minimum of the oxygenoxygen RDF, 2) the hydrogen1oxygen2
distane (rOH) between the losest hydrogen of the donor moleule and the
oxygen of the aeptor moleule is smaller than the rst minimum of the
oxygenhydrogen RDF, and 3) the angle φ between the oxygen1hydrogen1
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vetor and the oxygen1oxygen2 vetor is smaller than 30 degrees.
43
Only
if all three geometrial onditions are fullled, we onsider moleule 1 as
donating a hydrogen bond to moleule 2.
The q riterion, proposed in Ref.42, onsists of omputing for every
moleule i the quantity qi=1− 38
∑3
j=1
∑4
k=j+1
[
cos(θijk) +
1
3
]2
, where θijk is
the angle formed by the oxygens of moleules i and two of its four nearest
neighbours j and k (the moleule i being at the vertex of the angle). The
q-parameter takes a value of 1 when the four nearest neighbours are in a
perfet tetrahedral arrangement around the entral one.
We now ompute the WF, HB or q distributions for the liquid and the
vapour phase and present our results in Fig. 7.3, the onditions at whih we
have performed these analysis are noted in Ref.
2
.
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Figure 7.3: First-neighbours distribution (omputed with WF), distribution
of H-bonded moleules (HB) and distribution of the tetrahedal order para-
meter q for a system onsisting of liquid water (blak) or vapour (red).
2
The liquid, with a density of ρ = 0,979 g/m3, has been equilibrated at T = 298 K
and p = 1 bar and the vapour, with a density of ρ = 0,821 g/m3, at T = 578 K and
p = 0,67 bar
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Using the WF riterion, from the nearest neighbours distribution of the
liquid and vapour system, we an identify as liquid-like all partiles having a
number of neighbours equal to or larger than one and vapour-like otherwise
(see Fig. 7.3WF). From the distribution of H-bonded moleules in the liquid
and vapour system, we an identify as liquid-like all partiles that donate at
least one hydrogen bond and vapour-like otherwise (see Fig. 7.3HB). In both
ases, there is pratially no overlap between the liquid and vapour distri-
butions: every vapour moleule laks hydrogen bonds, whereas most of the
liquid moleules have two donor hydrogen bonds, as expeted for stable wa-
ter. In the q ase (see Fig. 7.3q), omputing the distribution of tetrahedrally
ordered moleules in a vapour and a liquid, we observe that the probability
distributions overlap onsiderably.
Given that the distributions are not overlapping, both the HB and
the WF riterion are equally well suited to distinguish between vapour and
liquid-like moleules, whereas the q riterion seems not to be the best hoie
due to the lear overlap. For our purposes, we deide to use the HB riterion
and, thus, vapour moleules are deteted by their lak of donor hydrogen
bonds.
Step 2: As in the V-method and in Ref.
6
, we superimpose a three-
dimensional grid on our system and assign eah ell on the grid to be either
vapour or liquid-like depending on the moleules oupying the ell. To do
this, we onsider the oxygen's Lennard-Jones diameter σ = 3,1589 13 to be
eah moleule's exlusion sphere: If the enter of a ell is under an exlusion
sphere, it will be labeled as either liquid- or vapour-like, aording to the type
of the moleule. When a ell ontains more than one type of moleules, for
instane a liquid- and a vapour-like moleule, it will be labelled as liquid-like.
One we have lassied all ells touhed by moleules, we are left with
labelling ells whih do not learly belong to any moleule: so alled empty
ells". These appear when the size of the grid ells is omparable to the
partile's diameter (see Appendix B). To lassify the empty ells as liquid
or vapour-like, we analyse both their rst and seond neighbour ells. If the
number of fae-sharing empty/vapour rst neighbour ells is at least 7, then
we analyze the number of fae-sharing empty/vapour seond neighbour ells:
if they also are at least 7, the empty ell is identied as vapour-like. This
proedure allows to avoid onsidering the typial small çavitiesçharaterizing
a network-forming liquid as vapour-like ells.
Care should be taken when hoosing the mesh size of the grid, whih
is dened as ∆ = L/δ, where L is the box edge and δ the number of ells
per edge. δ is a onstant, therefore the volume ∆3 of the grid ells utuates
with the simulation box in a simulation at onstant pressure. For all system
sizes studied here, we set ∆ to be about half of the oxygen diameter, whih
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is signiantly smaller than the value of about 1,5σ hosen in Ref.6. When
hoosing the proper value of ∆, we aim to get a good balane between deter-
mining the volume of the bubble with good auray and avoiding to reate
small ells not easily assignable as liquid or vapour-like (See Appendix A and
C): in our study, we set ∆ = L/19.
Step 3: One we have alloated all ells of the grid, we luster vapour-
like ells into bubbles and identify the bubble with the largest volume as the
loal order parameter, V Mbubble. A typial bubble obtained with the M-method
is represented in Figure 7.4. By onstrution, the M-method satises the
requirements 1, 2, 4 and 5 stated above. Conerning the third point, we
should stress that the true"volume of the bubble is aeted by the volume
disretisation we are using.
Figure 7.4: Typial bubble obtained with the M-method.
7.5. Results
In this setion, we rst use the two methods introdued to determine
the volume of the largest bubble (V Vbubble and V
M
bubble) as an order parameter
to analyze trajetories of water at ambient onditions. Then, we study tra-
jetories where spontaneous avitation ours and ompare the estimates for
the volume of the largest bubble obtained using both methods. For this a-
se, we ompute the nuleation rate and eluidate nuleation properties using
the MFPT-formalism. After that, we hoose a thermodynami state where
nuleation is a rare event and ompute the nuleation free energy barrier as a
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funtion of the largest bubble evaluated with both the V- and the M-method
and orrelate both nuleation free energy barriers.
7.5.1. Water at ambient onditions
In order to assess how prone the two order parameters are to wrongly
detet bubbles (and thus how well they perform aording to riterion 4
given in the Introdution), we analyze moleular dynamis trajetories of
liquid water at ambient onditions, where ideally no suh bubbles should be
deteted at any time. In priniple, this an be ahieved easily by tuning the
parameters of the respetive order parameters, namely the mesh point density
and the radius of the exlusion spheres, suh that the detetion of vapour
in the liquid phase beomes extremely unlikely. However, this omes at the
prie of a dereased spatial resolution (inluding a signiant inrease in the
size of the smallest bubble that an be deteted by the order parameter)
and as suh our hoies for the parameters represent a ompromise between
minimizing the erroneous detetion of bubbles and obtaining good spatial
resolution.
The average frequeny of ourrene 〈n(Vbubble)〉/〈V 〉 (shown in Fig. 7.5)
is the average number of times a bubble with a volume between Vbubble and
Vbubble + dV ours per onguration per unit volume over the ourse of a
trajetory.
While the false detetion of bubbles does oasionally our, analysis
of the frequeny of bubble ourene reveals that the deteted bubbles are
both rare and of very small size. If one divided the systems into parts with a
volume of 1 nm3 eah, at ambient onditions one would nd a bubble roughly
in one of 180 suh ubes when using the M-method (due to its very aurate
lassiation of vapour and liquid-like ells) and in one of 50 ubes when
using the V-method. The typial volume of the smallest bubble deteted is
0,0025 nm3 for the M-method and 0,035 nm3 for the V-method 3, omparable
to the average volume oupied by a water moleule at ambient onditions
(∼ 0,03 nm3).
3
Note that we used the V-method in the parametrisation obtained from the t shown in
Fig. 7.1, whih was omputed at negative pressures. Calibrating the V-method at ambient
onditions would result in a (likely small) hange in the volume of the deteted bubbles
but would not aet their frequeny of appearene.
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Figure 7.5: Frequeny of ourrene 〈n(Vbubble)〉/〈V 〉 of bubbles of vo-
lume Vbubble at ambient onditions. The width of eah histogram bin is
dV = 0,012 nm3. The inset shows 〈n(Vbubble)〉/〈V 〉 on a logarithmi sale.
The histograms were obtained from an unbiased moleular dynamis simu-
lation at 298K and 1 bar.
7.5.2. Comparing the V- and M-methods to detet the
volume of the largest bubble
We now onsider 200 independent trajetories of spontaneous nulea-
tion in over-strethed water at T = 280 K and p = −2250 bar and evaluate
the volume of the largest bubble with both the V- and M-method. In Figu-
re 7.6 we show V Mbubble versus V
V
bubble.
When omparing the M-method with the V-method, we an distinguish
two regimes onneted by a rossover region. When the largest bubble is
small (≤ 0,3 nm3), the volume estimates obtained with the two methods
are quite dierent. This is beause, by onstrution, the M-method avoids
labelling minute voids in the metastable liquid as bubbles whereas the V-
method detets small bubbles with a omparatively higher frequeny.
When the volume of the largest bubble exeeds this regime, the two
methods give more similar results, even though the V-method yields larger
volumes than the M-method on average. The mean value of V Mbubble at a given
value of V Vbubble (shown as the dotted line in Fig. 7.6) does not hange its
shape when passing the ritial regime (indiated by the hange from green
to pink dots) whih implies that bubbles on both sides of the free energy
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Figure 7.6: Largest bubble volume estimates using the M-method (on the
y-axis) and the V-method (on the x-axis). The olor of eah point en-
odes the probability P (V Mbubble|V Vbubble) of nding V Mbubble ± 0,01 nm3 given
a value of V Vbubble ± 0,01 nm3. The dotted line shows the average volume
estimate 〈V Mbubble(V Vbubble)〉, where green/pink dots orrespond to preriti-
al/postritial bubble volumes (with a ritial volume of ∼ 0,7 nm3, see
Table I). The solid blak line has a slope of one and is a guide to the eye.
The t parameters for the V-method are k1 ≈ 0,99 nm and k2 ≈ 0,37 nm2 at
these onditions (see Equ. (7.5)).
barrier have similar strutural properties.
For large bubbles (V Vbubble ≥ 3 nm3), the ratio between the average volu-
me estimates obtained by the two methods approahes 〈V Mbubble〉/V Vbubble ≃ 0,8,
whih allows for an easy onversion between the volume estimates of both
methods for large bubbles.
In Fig. 7.7 we now fous on the time evolution of the volume of the lar-
gest bubble during a avitation trajetory (one of those shown in Fig. 7.6).
While the overall shape of the urves is similar, the volume estimate given
by the M-method exhibits utuations with a higher frequeny than the V-
method. As shown in the inset of Fig. 7.7, both methods are able to detet
almost-ritial"Vbubble utuations, i.e., the growth and shrinking of the lar-
gest bubble around its ritial size of ∼ 0,7 nm3 (Table I). In what follows
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Figure 7.7: Comparing the time evolution of the volume of the largest bubble
omputed with either the M-method (blue) or the V-method (green) for the
same avitating trajetory. The inset shows a zoom around t ∼ 2,60 ns. Notie
that the y-axis of the inset is on the right-hand side and the units are the
same as the main gure.
we will study the eet of the two order parameters on the obtained values
of nuleation properties.
7.5.3. Spontaneous bubble nuleation in over-strethed
water
We rst study over-strethed water at thermodynami onditions where
bubble nuleation happens spontaneously in the simulation. In partiular, we
investigate water bubble nuleation at T = 280 K and p = −2250 bar as in
Ref.
11
. For 200 MD trajetories, along whih spontaneous avitation ours,
we ompute the volume of the largest bubble and use it as a loal order para-
meter to follow the nuleation mehanism. By means of the MFPT-formalism
we ompute the nuleation rate, J , and the ritial volume, V ∗bubble. In order
to determine the volume of the largest bubble, we use several approahes:
the M- and V-methods proposed in this work as well as the approahes used
in Ref.
6
(whih uses the WF riterion to distinguish between liquid/vapour
moleules) and Ref.
11
(based on the Voronoi tessellation). In the latter al-
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Figure 7.8: Mean rst-passage time of the largest bubble at T = 280 K
and p = −2250 bar using the order parameters indiated in the legend. The
symbols are simulation data and the lines are ts to Equ. (7.1).
gorithm, the bubbles were deteted by traking down interfaial moleules;
therefore the volume of those moleules was impliitly inluded in the nal
volume of the bubble. Sine neither the M-method nor the V-method, by
onstrution, inlude the interfaial moleules of the largest bubble as a part
of the bubble, when representing the results from Ref.
11
we have re-omputed
the MFPT removing the volume of the interfaial moleules.
The alulated values for τ(Vbubble) are presented in Fig. 7.8. The stee-
pest MFPT urve is obtained with the method of Ref.
6
. This method fails
to detet small bubbles and severely underestimates the volume of bubbles
before the system avitates, thus underestimating the size of the ritial
volume. Interestingly, the MFPT urves obtained with the M-method, the
Voronoi-based method of Ref.
11
(removing the interfaial moleules) and the
V-method have very similar shapes. These three methods allow to identify
very small bubbles (as shown by their smooth MFPT urve) and show the in-
etion points and plateaus at essentially the same values. From the MFPT
urves in Fig. 7.8 we alulate nuleation properties suh as τJ , J , Z and
V ∗bubble
31,44
(see Equ. (7.1)), as reported in Table 7.1.
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Notie that the nuleation times τJ are independent of the method used
to identify the largest bubble. Sine the nuleation rate only depends on τJ ,
the nuleation rate is independent of the method hosen to evaluate the size
of the largest bubble.
However, when omparing the Zeldovih fators and the ritial bub-
ble volumes V ∗bubble provided by the algorithms, we observe some dierenes
beause both quantities are sensitive to the method used to evaluate the lar-
gest bubble volume. The smallest value of V ∗bubble is deteted with the method
used in Ref.
6
, whih also gives the largest value for the Zeldovih fator: this
implies that the urvature of the free energy barrier is larger than in the
other ases. In ontrast, the Voronoi-based method from Ref.
11
(removing
the interfaial moleules), the M-method and the V-method give very simi-
lar values of V ∗bubble
4
and Z. This means that not only are the methods able
to detet the ritial bubble with essentially the same volume, but also that
the urvature of the omputed free energy barrier is quite similar.
Method τJ Z V
∗
bubble J
WF
6
1.88 4.93 0.11 3.09
Voronoi
11
1.87 1.48 0.74 3.10
M-method 1.87 1.23 0.74 3.10
V-method 1.85 1.66 0.72 3.13
Table 7.1: Nuleation time τJ (ns), Zeldovih fator Z (nm
−3
), ritial vo-
lume V ∗ (nm3) and nuleation rate J (1028 m−3 s−1) at T = 280 K and
p = −2250 bar using dierent methods to identify the largest bubble. The
average volume of the metastable liquid is 〈V 〉 = 17,23 nm3.
4
The very similar estimates for V ∗
bubble
appear to be at odds with the data presented
in Fig. 7.6, whih show that the V-method gives larger volume estimates than the M-
methods on average. However, sine the MFPT-analysis is based on the dynamis of the
system, the obtained estimate depends not only on the mean of the order parameter used
to trak bubble nuleation but also on its utuations. In partiular, a higher frequeny of
utuations in the order parameter leads to a higher estimate for V ∗
bubble
. As Fig. 7.7 shows,
estimates obtained with the M-method exhibit larger utuations than estimates by the
V-method, whih, when V ∗
bubble
is omputed from MFPT analysis, anels the dierene
in the average bubble volume deteted by the two methods, leading to a virtually idential
estimate for V ∗
bubble
.
263
7. Deteting bubbles in water at negative pressure
7.5.4. Non-spontaneous bubble nuleation in over-strethed
water
We now study over-strethed water at thermodynami onditions (T =
325 K and p = −1500 bar) where bubble nuleation does not happen spon-
taneously within the time sales aessible to straight-forward moleular dy-
namis simulation. On the one side, we identify the largest bubble volume
with the V-method and use umbrella sampling ombined with hybrid Monte
Carlo to ompute the bubble nuleation free energy barrier. On the other
side, we identify the largest bubble volume with the M-method and ompute
the bubble nuleation free energy barrier using HMC-NpT
36
.
To ompute the free energy as a funtion of the volume Vbubble we pro-
eed in the following way. First we arry out a straightforward moleular dy-
namis simulation at negative pressure and ompute 〈n(Vbubble)〉, the average
number of bubbles with volume in a narrow interval [Vbubble, Vbubble +∆Vbubble].
This simulation will yield 〈n(Vbubble)〉 in the range of volumes that are a-
essible on the time sale of the simulation. To ompute the average bubble
number 〈n(Vbubble)〉 for larger volumes Vbubble, we arry out umbrella sam-
pling simulations with a bias on the volume of the largest bubble. The average
bubble numbers obtained in suh biased simulations are then onjoined with
the result of the straightforward moleular dynamis simulation, yielding the
average bubble number 〈n(Vbubble)〉 over a wide range of bubble volumes
extending beyond the ritial volume.
For large bubble volumes, the probability to nd more than one bub-
ble of a given volume at the same time beomes negligible. Aordingly, in
this regime, the probability P (Vbubble)∆Vbubble to nd a bubble with volume
in the interval [Vbubble, Vbubble +∆Vbubble] is given by P (Vbubble)∆Vbubble =
〈n(Vbubble)〉. Note that the probability density P (Vbubble) dened in this way
is independent of the interval width ∆Vbubble used for the alulation of the
average bubble number 〈n(Vbubble)〉. At negative pressures, the probability
density P (Vbubble) has a minimum at V
∗
bubble, the ritial bubble volume. A-
ording to lassial nuleation theory, the rate at whih avitation ours in a
system of total volume V is proportional to the probability density P (V ∗bubble)
of nding a bubble of ritial volume V ∗bubble in the system. Hene, the nu-
leation rate, whih quanties the number of nuleation events per unit time
and unit volume, is proportional to P (V ∗bubble)/V . It makes therefore sense
to dene the free energy
F (Vbubble) = −kBT ln
[〈n(Vbubble)〉
V ∆Vbubble
]
, (7.6)
whih is independent of system size. Then, F (V ∗bubble) orresponds to the
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Figure 7.9: Free energy F as a funtion of the bubble volume for the V- and
M-methods at T = 325K and p = −1500 bar.
nuleation barrier that needs to be rossed in order to form bubbles of super-
ritial size
45
. Note that this denition of the nuleation free energy ensures
that the nuleation barrier F (V ∗bubble) reets the probability of ritial bub-
bles and does not depend on the probability distribution of small bubbles,
whih should not aet the nuleation rate. The free energy F (Vbubble) ob-
tained using the M-method and the V-method is shown in Fig. 7.5.
The estimates for the free energy barrier heights obtained using the M-
method and the V-method, respetively, dier by about 2 kBT , whih onsti-
tutes reasonable agreement. At the same time, the estimates for the ritial
volume at the top of the barrier dier as one would expet: the ritial vo-
lume obtained using the V-method is 0,36 nm3(19%) larger than the volume
yielded by the M-method. These results are onsistent with our ndings in
the ase of lower barriers, namely, that on average the V-method gives higher
estimates for the bubble volumes than the M-method (see Fig. 7.6).
7.6. Disussion and onlusions
In this manusript we present two aurate and eient grid-based
methods to identify bubbles in a network-forming liquid: the M-method and
the V-method. While both methods were built upon the grid-based approah
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in Ref.
6
, they strive to improve dierent aspets of the detetion of bubbles
in water.
The M-method introdues an aurate approah to identify vapour-
like ells in the liquid. In this method, ells are labeled as either liquid-
or vapour-like using information about nearest- and next-nearest neighbour
ells in an eort to minimize the inorret detetion of small voids always
present in network-forming liquids. This implies that the method, by taking
into aount additional neighbour shells, an be tuned to ahieve spatial
resolutions that are not aessible to straightforward grid-based approahes
without wrongly deteting perolation of voids in the metastable liquid.
The V-method, on the other hand, is foused on obtaining a physia-
lly transparent volume estimate that is independent of arbitrary parameter
hoies suh as mesh resolution or the radius of exlusion spheres. This is
ahieved by a alibration proedure that maps the bubble volume deteted
in the simulation onto the average hange in system volume aused by bub-
bles of that size. Due to this alibration, the estimated bubble volume is
ompatible with the nuleation theorem and pVbubble orresponds to the me-
hanial work assoiated with the formation of the bubble. This alibration
proedure an also be used to improve other loal order parameters when
studying nuleation.
Both the M-method and the V-method yield the volume of the largest
bubble, whih an be used as a loal order parameter. This allows one to
diretly trak the evolution of bubbles and analyze their properties in large
systems where a global order parameter would not be able to distinguish the
emergene of bubbles from utuations in the metastable liquid. These order
parameters ahieve the goal of deteting the volume and shape of bubbles
in the liquid with high spatial resolution without onstraining the evolving
bubbles to a partiular shape and are omputationally inexpensive.
When simulating water at ambient onditions, both methods detet
bubbles only rarely. Comparing the two methods, owing to the M-method's
extremely aurate detetion of vapour-like ells, the bubbles deteted using
the M-method are even less frequent and the volume estimates for these
bubbles is lower than in ase of the V-method.
When omparing the nuleation properties obtained by using either
method, we nd that both yield similar results. Under onditions where a-
vitation ours spontaneously in a straightforward moleular dynamis si-
mulation, the estimates obtained for the volume of the ritial luster are in
exellent agreement between the two methods (see Table 7.1). Under these
onditions, the estimates obtained by the methods also agree very well with
a Voronoi polyhedra analysis, whih is a very preise but omputationally
expensive method for bubble detetion.
11
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Closer to oexistene, when avitation is extremely unlikely on timesa-
les aessible in simulation, we use umbrella sampling to obtain an estimate
for the free energy − ln ρ(Vbubble) as a funtion of the volume of the largest
bubble. Here, the estimate for the size of the ritial bubble obtained by using
the V-method yields, due to the volume alibration proedure, a larger value
for the ritial luster and a smaller urvature of the free energy barrier than
the M-method. However, the estimate for the height of the free energy ba-
rrier, whih largely determines the experimentally aessible avitation rate,
obtained by the two methods is in good agreement. In the near future, we
plan to use the methods introdued here to study the avitation of water at
negative pressures.
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SUPPLEMENTAL MATERIAL for Deteting
bubbles in water at negative pressure
M-method: assigning empty ells to be liquid or
vapour-like: Initial labelling of the ells
In order to label eah ell we proeed as follows. To start with, we
label as liquid-like the ells beneath liquid partiles and vapour-like the ones
beneath vapour partiles. Therefore, depending on the grid mesh L/δ (where
L is the simulation box edge), we are left with a number of ells that do
not learly belong either to the liquid or to the vapour. At this initial stage,
we make the assumption that empty ells are liquid-like. In what follows, we
desribe an algorithm to properly label them and orret for the initial guess.
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The best hoie for the threshold of the num-
ber of empty/vapour neighbours in the rst and
seond ell
In our study, to identify an empty ell as vapour-like, we hek that
not only at least 7 of its rst neighbours are neighbours to eah other and
vapour-like but also 7 of its seond neighbours. In general, in order to hoose
the threshold for the rst and seond neighbour ell, we want to make sure
that we avoid identifying empty ells in thermodynamially stable water.
Figure 7.10 represents the distribution of having the largest bubble of
a given volume in the ase of thermodynamially stable liquid water at 1 bar
and 298 K. The largest bubble has been deteted with the HB-riterion,
assuming δ = 19, and dierent values of the threshold for the number of rst
and seond neighbours N
nb
(we are always assuming that these two thresholds
are the same).
As shown in the gure, all distributions are peaked around 0.017 nm
3
,
omparable to the volume of a water moleule (∼ 0,030 nm3) at these ondi-
tions: this means that with the largest probability the largest vapour bubble
has the size of a water moleule. However, dereasing the threshold value of
N
nb
, the largest bubble an reah muh larger volumes: this orresponds to
deteting voids harateristi of the network-forming liquid as vapour bub-
bles (for instane, in the ase N
nb
=6). Therefore, the best hoie for N
nb
orresponds to the minimum value needed not to observe a distribution of
large bubbles (larger than one water moleule in a liquid) in thermodynami-
ally stable water. In our study, this ondition is met by the hoie of having
at least 7 empty ells that are neighbours in the rst ell together with 7
that are neighbours in the seond one.
The best hoie for L/δ
As stated in Step 2 of the M-method, when setting the optimal value
of the grid's mesh size (L/δ) one has to satisfy two onditions. On the one
side, the size of the ell grid must be as small as possible in order to redue
the error oming from the disretization of the bubble's volume. On the
other side, the size of the ell grid must be as large as possible to avoid to
label the "holes"whih exist (even in its thermodynamially stable state) in a
network-forming liquid suh as water, as vapour ells. Figure 7.11 represents
a two-dimensional sketh of the grid of liquid water moleules (represented
by their oxygens) in three possible senarios haraterised by a dierent grid
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Figure 7.10: Distribution of the size of the largest bubble in a thermody-
namially stable liquid at 1 bar and 298 K for dierent numbers of N
nb
and
δ = 19.
mesh L/δ: a) 0,5σ < L/δ ; b) 0,33σ < L/δ < 0,5σ; and ) L/δ < 0,33σ.
The distane between the moleules is slightly larger than σ (orresponding
to the rst minimum of the oxygenoxygen pair distribution funtion).
To explain the riteria for the hoie of the threshold of the number of
rst and seond neighbours in Fig. 7.11 (2D grid), 3 was been used as the
minimum number of empty/vapour-like neighbours. When we evaluate one
empty ell, we hek if this ell has at least 3 rst empty/vapour neighbours
that are also neighbours to eah other and 3 or more seond neighbours of
the same type. Thus, we an label this ell as vapour-like under rst and
seond neighbour riteria.
As in Ref.
6
, in ase a) we determine whether empty ells are liquid- or
vapour-like. In this ase, it is not neessary to apply our neighbour riteria
beause the grid size is large enough to allow to dene every ell as vapour or
liquid ells (there are no empty ells). However, if we nd empty ells, we label
all ells using only the rst neighbour riterion. As shown in the gure, when
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(a) large (b) medium
() small
Figure 7.11: Two-dimensional grid with usual liquid water-like struture. So-
lid red irles are oxygens and the empty red irle is one removed partile.
(a) 0,5σ < L/δ ; (b) 0,33σ < L/δ < 0,5σ; and () L/δ < 0,33σ. Blue ells
are the nal bubble ells, yan ells and green ells are the empty transfor-
med into liquid ells after applying the rst neighbours riteria and seond
neighbours riteria, respetively.
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a void as large as one partile appears in the system, it is diult to evaluate
the bubble volume beause we annot detet empty ells. The drawbak is
that this hoie strongly penalises interfaial moleules, i.e., moleules with
a small number of vapour neighbours.
Case b) allows to better resolve the volume of the bubble. In this ase,
to assign empty ells we need to reur not only to the rst neighbours, but
also to the seond ones. If we onsider only the rst-neighbour ells, we will
label the empty ells between liquid partiles as vapour-like (given that most
of their rst neighbours are empty or vapour-like). Whereas, onsidering also
the seond neighbour ells, we will label the empty ells as liquid-like (given
that their seond neighbours are not vapour-like).
Compared to the previous ases, the grid in ase ) is the smallest. This
situation an give more aurate estimates for the volume, but one would
need to reur to the third neighbour ells in order to determine the nature
of eah empty ell. Even though in this way we improve the auray of the
denition of the bubble's volume, this method is CPU-time onsuming.
Therefore, we onlude that the best ompromise in terms of CPU-time
and preision in determining the bubbles'volume is ase b). Labelling empty
ells orrets for the initial guess that empty ells are liquid-like unless when
the ells are under the bubble. This allows us to nd the real bubble not the
natural voids always present in a network-forming liquid. Moreover, having
properly deteted all empty ells has also the advantage to be able to learly
distinguish between two neighbouring bubbles (without deteting them as a
merged single bubble
6
).
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Results: Chapter 8
Spontaneous bubble nuleation in
simple and moleular liquids
studied with the largest spherial
avity
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a Físia, Faultad de Cienias Químias, Uni-
versidad Complutense de Madrid, 28040 Madrid, Spain.
(2) Chemial Physis Setion, Department of Chemistry, Imperial College
London, London SW7 2AZ.
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ien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logy, Trondheim, Norway.
8.1. Abstrat
We investigate homogeneous spontaneous vapour nuleation from two
very dierent over-strethed liquids: a simple liquid (suh as Lennard-Jones)
and a moleular one (suh as water). To detet the bubbles forming in the
system, we make use of an order parameter based on the identiation of the
largest spherial avity in the metastable liquid. This allows us to follow the
nuleation mehanism and to numerially evaluate the bubble nuleation free-
energy using the mean rst passage time tehnique. For the Lennard-Jones,
we obtain a free-energy barrier height of ∼ 11 kBT, in good agreement with
Ref.
1
at the same thermodynami onditions. For water, we predit a free-
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energy barrier height of ∼ 11 kBT, in good agreement with Ref.2 at the same
thermodynami onditions. Therefore, we onlude that the largest spherial
avity an be used to study bubble nuleation not only when dealing with
a simple uid but also in a moleular liquid (suh as water) at negative
pressures.
8.2. Introdution
The nuleation free-energy barrier is a key quantity to estimate nulea-
tion rates in rystal, droplet or vapor nuleation (also alled avitation). The
top of the free-energy barrier (∆G∗) determines the probability to form the
ritial nuleus of the stable phase within the thermodynamially metastable
phase. Classial Nuleation Theory
3
(CNT) is a phenomenologial theory wi-
dely used to desribe the nuleation phenomenon: under given assumptions,
it allows to estimate the top of the free-energy barrier (thus the size of the
ritial nuleus), and the steady-state nuleation rate, even though predi-
tions of nuleation rates an dier from experimental estimates by several
orders of magnitude
4,5,6,7,8
Besides CNT, statistial mehanis theories
6
ha-
ve been developed to study nuleation phenomena and quantify free-energy
barriers and nuleation rates, together with atomisti omputational approa-
hes
9,10,11,12,13,14,15
, that also allow to investigate the mirosoopi mehanism
of nuleation, visualizing the formation of the ritial nuleus and examining
its struture (see e.g.
12,11,16
).
In this work, we study avitation under negative pressure and deter-
mine the vapor nuleation free-energy barrier in two very dierent liquids: a
moleular liquid (suh as water) and a simple liquid (suh as Lennard-Jones).
Vapour nuleation is a relevant mehanism in sonohemistry
17
or erosion in-
dued by avitation
18
. In the last deades, there have been a number of
theoretial and numerial studies that provided insights of vapour nuleation
from a metastable super-heated simple liquid. In their numerial work, Shen
and Debedenetti
12
used a global order parameter (funtion of the total vapor
density) together with the umbrella sampling tehnique to investigate bubble
nuleation in a simple liquid under superheated onditions. They observed
that the ritial nuleus signiantly departed from the spherial symmetry
(assumed in CNT) resembling more a weblike porous struture spanning
the whole system. It has been reently shown
16,13
that when studying bub-
ble avitation one an use the volume of the largest bubble as a loal order
parameter. In Ref.
16
the authors studied the same system as in Ref. 12 using
a loal order parameter (the volume of the largest bubble) and forward ux
sampling, and onluded that the vapour nuleation proess instead involved
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the formation of rather ompat bubbles.
There have been in the literature several works approximating the ri-
tial bubble to an empty spherial avity
19,1,20,8,21,22,23,24
: therefore, one ould
estimate the bubble nuleation free-energy by alulating the work needed
to generate a avity with a radius as large as the ritial one.
When nuleation happens spontaneously, the Mean First Passage Time
(MFPT)
25
is a useful tehnique to quantify both nuleation rates and free-
energies barriers. It has been reently used to investigate vapour nuleation in
metastable over-strethed water
2
, where bubbles were identied by means of
Voronoi polyhedra. The order parameter presented in Ref.
2
, i.e. the volume of
the largest bubble identied with the Voronoi polyhedra, relies on targeting
strutural properties of the liquid phase, exploiting the dierenes between
these and the properties of liquid-vapor interfae. Given that suh properties
an be very dierent when omparing a moleular to a simple uid, one ould
not use the same Voronoi-based order parameter to study bubble avitation
from very dierent uids.
To be able to ientify the same order parameter in dierent metastable
uids, we now identify the largest among all spherial avities that sponta-
neously form in metastablewater or simple uids, and use the radius of the
largest avity as an order parameter to study vapor nuleation from over-
strethed liquids.
The onept of avity has been widely used to quantify the hara-
teristi struture of uids. A avity approximates the ritial nuleus as a
spherial volume without partiles. It obviously represents a simpliation
of a real nuleus whih might ontain atoms in the emerging vapour phase,
featuring a shape that deviates from a spherial geometry. Few deades ago,
Reiss et al.
26,27
developed the Saled Partile Theory (SPT), that provides a
diret link between statistial distribution of avities in a uid and the work
needed to reate a avity with a partiular radius. The onnetion between
avity nuleation and free-energy has been already exploited to investigate
both avitation from simple uids
20,8,21,22,23,24
, and the relevane of Coulomb
interations in avity formation
28
or solute solubility
29
. The latter example
is of partiular relevane, as the SPT provides important insights in the hy-
drophobi behaviour of nanosale solutes
29,30
. In what follows we will show
that the onept of avity an be used to onstrut a reasonable order para-
meter that is valid at the same time for water and simple uids, not being
based on spei strutural features of the liquid of interest.
The hapter is strutured as follows. We start with disussing the theo-
retial bakground needed to obtain the avities'free-energy from the avity
probability distribution and both nuleation rates and free-energy barriers
from MFPT. Next, we study bubble nuleation in over-strethed water and
279
8. Spontaneous bubble nuleation in simple and moleular liquids studied
with the largest spherial avity
Lennard-Jones and ompare with existing results.
8.3. Methods
8.3.1. Theoretial bakground
When equilibrating a liquid at a pressure below oexistene, it beomes
over-strethed and metastable and eventually will phase transform into the
thermodynamially stable vapor via a nuleation mehanism. Aording to
Classial Nuleation Theory, the top of the free-energy for bubble nuleation
is given by
β∆G∗ =
16πγ3
3 (Ps − P )2
(8.1)
where γ is the liquid-vapor interfaial free-energy, β = 1/kBT (T the tem-
perature and kB is the Boltzmann onstant), P the pressure and Ps the
saturated pressure, whereas the nuleation rate, J , an then be written as
J = k exp (−β∆G∗) (8.2)
being k the kineti prefator (k = ρ
(
2γ
pimB
)
, being ρ the density of the liquid,
γ the liquid-vapor surfae tension, m the mass of a moleule and B a fator
that takes into aount the mehanial equilibrium of a bubble, set to 1 in
avitation experiments
31
).
When the liquid is over-strethed at a pressure not so far from the
spinodal one, it beomes metastable and nuleates spontaneously (being the
nuleation free-energy barrier to overome quite low). The MFPT tehni-
que
14,32
has been reently developed to alulate both the nuleation rate or
the free-energy barrier from the analysis of many spontaneously nuleating
trajetories. It fouses on the evaluation of the rst time (τ) of appearane of
a given value of the order parameter (for instane, the volume of the largest
bubble V ) averaged over a large number of nuleating trajetories. Therefore,
following Ref.
14
, the volume dependene of τ(V ) an be tted to
τ(V ) =
τJ
2
{1 + erf [c(V − V ∗)]} (8.3)
where τJ is the nuleation time, V
∗
the volume of the ritial bubble and
c a onstant proportional to the Zeldovih's fator Z = c/
√
π (that takes
into aount the urvature at the top of the free-energy barrier). Thus the
nuleation rates an be obtained as
14,15
J =
1
τJVs
(8.4)
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being Vs the mean system's volume. The nuleation free-energy is then give
by
25
,
β∆G(V ) = lnB(V )−
∫
dV ′
B(V ′)
+D (8.5)
where D is a referene free-energy that needs to be determined (see below),
and
B(V ) = − 1
P (V )
(∫ Vm
V
P (V ′)dV ′ − τ(Vm)− τ(V )
τ(V )
)
being P (V ) the normalized probability funtion of nding a bubble of volume
V in the metastable state and Vm has been set to an arbitrary large value of
4nm3.
When studying bubble avitation one an use the volume of the largest
bubble as a loal order parameter. This has been estimated via a grid-based
method
16,13
or via a Voronoi onstrution
2
. In this work, we approximate this
volume as that of a sphere with radius equal to the largest avity radius Rmax
(thus V = 4
3
πR3max). This radius an be readily omputed with algorithms
already used to ompute avity probability distributions (see eg. Ref.
28
).
8.3.2. Radius of the largest spherial avity (LSC) as a
loal order parameter
Similarly to Ref.
28
, our approah relies on the identiation of the lar-
gest spherial avity (LSC) spontaneously appearing in the metastable liquid,
both in a simple uid (Lennard-Jones) and in water. The proedure is the
following:
Step 1 We build a three dimensional ubi grid that is mapped onto the si-
mulation box, hoosing 203−303 ubi ells for both water and Lennard-
Jones (sine these grid sizes provide aurate probability distributions).
When simulating a NpT ensemble, we x the number of mesh per box
edge, and hange their size when saling the simulation box.
Step 2 For a given ell, we alulate the shortest distane between the ell's
geometrial enter and eah liquid's atom or water's Oxygens.
Step 3 Having omputed all distanes, we detet the largest one that orres-
ponds to the radius of the largest avity, Rmax. Therefore, we estimate
its volume as 4/3πR3max. We an also estimate the avity probability
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distribution as a funtion of the orresponding radius, and from this ex-
trat the one for the orresponding volumes P (V ). Thus, it is straight-
forward to ompute β∆G(V ) using equation (8.5).
Step 4 To ompute the avity size distribution funtions for small avities
with radius R < 0,5σ (being σ the partile's diameter), we ompute
Pt(V ) (the probability of nding any avity of volume V = 4/3πR
3
in the metastable liquid, irrespetively of its volume) using the Saled
Partile Theory
26,27
. (Therefore, P (V ) belongs to a subset of Pt(V ).)
In Ref.
28
, the authors rst analytially determine Pt(R) = 4πR
2ρ for
small avities, where rho is the system's density. Next, they show that
the reversible work needed to form a avity an be omputed using the
avity size distribution funtion
∆µ = −kBT lnP ext (R) (8.6)
where P ext (R) is the avity exlusion probability distribution funtion
P ext (R) = 1−
∫ R
0
Pt(R
′)dR′. (8.7)
where Pt(R
′) is the normalized avity probability distribution funtion.
Given that Pt(R) = 4πR
2ρ , Eq.8.7 beomes P ext (R) = 1− 4piR
3
3
ρ, where
V = 4/3πR3 is the volume of the largest avity (used as the order
parameter in our work). Thus, we ompute P ext (V ) from Pt(V ) using
the Eq. (8.7).
Step 5 Having omputed D, we now alulate the relative free-energy ba-
rrier using the MFPT tehnique based on the subset of the largest
avity volume ranging from V0 to Vmax, where V0 =
4piR30
3
is the sma-
llest avity volume of the subset and Vmax is the volume of a post-
ritial avity. The value of D in Eq. 8.5 orresponds to the work nee-
ded to reate the smallest avity with a volume of V0. Equation (8.6)
an then be used to alulate the onstant D in equation (8.5), i.e.,
D = ∆µ(V0) = G(V0) ≡ −kBT lnP ext (V0). This proedure will be ex-
plained in more details in the next setion.
Both sampling of P (V ) and Pt(V ) are performed in the isothermal-
isobari ensemble following the proedure disussed above. In the results
setion we will show that the NVT ensemble would not be a good hoie for
suh alulation.
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8.3.3. Simulation details
We study spontaneous bubble avitation from over-strethed liquids
haraterised by signiantly dierent thermodynamial and strutural pro-
perties. We hoose a trunated and shifted Lennard-Jones (ts-LJ)
33
as a
model of a simple uid, and TIP4P/2005 water model
34
as a model of a
moleular liquid. Both systems have been extensively investigated and their
liquid-vapor phase diagrams are well known
35,36,37
. and dierent hallenges
to the largest avity approah used in this work. Our order parameter assu-
mes a spherial symmetry for the avities, hene the ts-LJ system will be a
good benhmark to assess the auray of our approah (given the debate on
the spheriity of the ritial bubble Ref.
12,16,13
). Water, on the other hand,
is a liquid not only with a lower oordination number than ts-LJ, but also
with stronger orientational orrelations. Thus, it will be of great interest to
test the validity of our approah in suh very dierent systems.
We simulate a 800 partiles metastable ts-LJ uid in an NpT ensemble
at a redued temperature of T ∗ = kBT/ǫ = 0,8 and a redued pressure of
p∗ = pσ3/ǫ = −0,53. The simulated state point is above the spinodal line
(p∗ = −0,633 at T ∗ = 0,8)33,19, and at these thermodynami onditions the
system spontaneously avitates. We hoose to equilibrate the system at this
state point to be able to ompare with Ref.
1
. We run 200 independent mole-
ular dynamis trajetories starting from random ongurations with initial
veloities extrated from a Maxwell-Boltzmann distribution. We also simula-
te a 500 TIP4P/2005 water moleules metastable liquid in an NpT ensemble
at T = 280 K and p = −2250 bar. The simulated state point is above the
spinodal line of the model
38,2
and at these thermodynami onditions the sys-
tem spontaneously avitates. We hoose to equilibrate the system at this state
point to be able to ompare with Ref.
2
. We run 200 independent moleular
dynamis trajetories starting from random ongurations with initial velo-
ities extrated from a Maxwell-Boltzmann distribution. For both the ts-LJ
and TIP4P/2005 models the equations of motion were integrated with a leap
frog algorithm and a timestep of 1 fs. The veloity resaling thermostat
39
and
the Parrinello-Rahman (PR) barostat
40
were employed to generate the NpT
trajetories. The Lennard-Jones was trunated and shifted at 4σ, orrespon-
ding to a ut-o of 9,5 Å (being σ = 3,405Åthe atoms'diameter). Whereas the
TIP4P/2005 potential was trunated at a ut-o of 9,5 Å and long range o-
rretions were inluded in the simulations. The moleular geometry of water
was preserved using the SHAKE onstraint algorithm
41
. All the simulations
were performed with the moleular dynamis pakage GROMACS v. 4.5
42
.
The long range eletrostati interations in water were evaluated with the
Partile Mesh Ewald method
43
.
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8.4. Results and disussion
To start with, we investigate the ability of the LSC order parameter
to follow the vapour nuleation proess. Figure 8.1 shows the volume of the
largest avity (omputed as 4/3πR3max) as a funtion of time for both water
and ts-LJ liquid along two independent nuleating trajetories.
0 1 2 3 4 5 6
t / ns
0
0.5
1
1.5
2
V
 / 
nm
3
0 1 2 3 4 5 6
t / ns
0
0.5
1
1.5
2
ts-LJTIP4P/2005 
Figure 8.1: Volume (in nm
3
) of the largest avity as a funtion of time (in
ns) for TIP4P/2004 water (left) and the ts-LJ (right) for two independent
trajetories (in blak and red). Note that the sale on the y-axis is the same
for the two systems.
All trajetories feature the harateristi stohasti behaviour expeted
in a spontaneously nuleating proess. The largest avity undergoes large vo-
lume utuations until the transition to the vapor phase, haraterized by
the sharp volume jump, takes plae. Therefore, the LSC order parameter ap-
tures the volume utuations of the bakground avities and niely identies
the onset of nuleation (where the avity radius indenitely grows). The time
at whih the transition ours denes the nuleation time for that spei
trajetory.
Figure 8.2 shows a typial snapshot featuring a postritial avity in
metastable over-strethed water.
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Figure 8.2: Snapshot of metastable water showing a post-ritial avity. Red
and white lines represent Oxygen and Hydrogen atoms, respetively. The blue
transluent sphere is the largest avity deteted by the LSC method.
Comparison of the utuations in avity volume of the two liquids (see
Figure 8.1) shows that water tends to generate avities with a smaller volume
than Lennard-Jones. On the one side, it is well know that nuleation of large
avities is more diult in water
29,2
, and this aounts for the low solubility
of gases in aqueous solutions. On the other side, the dierent thermodyna-
mis onditions between water and LJ an aount for the smaller volume
observed in the former: our LJ liquid simulations orrespond to a temperatu-
re that is loser to the ritial point than those of water, Tc/Tts−LJ ≈ 1,3 vs.
Tc/Twater ≈ 2,3. Moreover, the isothermal ompressibility of water is muh
lower than that of a simple uid, hene inhibiting large avities volume u-
tuations. Despite all these dierene the LSC method aurately aptures
the nuleation times irrespetively of the system under study.
We now run 200 independent spontaneously nuleating trajetories and
ompute the probability distribution for the largest avity P (V ) (see Figu-
re 8.3).
In Figure 8.3 we observe that the most probable avity volume, orres-
ponding to the maximum of P (V ), is larger for the ts-LJ (≈ 0,28 nm3) than
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Figure 8.3: Normalized probability distribution of nding the largest avity
of volume V , for the TIP4P/2005 water (blak) and ts-LJ (red).
for water (≈ 0,19 nm3), onrming one more what previously mentioned.
Next, we ompute the MFPT using the method disussed in setions
II-A and B. Figure 8.4 represents the MFPT as a funtion of the largest
avity volume for water (ompared with the MFPT as a funtion of the
largest bubble volume determined via a Voronoi onstrution Ref.
2
) and for
Lennard-Jones.
From Figure 8.4 we estimate the nuleation time (as the time where
MFPT onverges to a plateau) and nd that the nuleation time for water is
in exellent agreement with earlier estimates using the Voronoi onstrution
2
,
with a notieable advantage in CPU time.
The main dierene between the Voronoi and the LSC approahes lies
in the alulation of the volume of the nuleating bubble/avity. On the
one side, the Voronoi onstrution approximates the growing bubble to a
polyhedron, emphasizing the bubble irregularities, thus prediting slightly
larger volumes. On the other side, the LSC method approximates the bubble
to a sphere and this results in estimating lower volumes. This dierene
learly appears at the inetion point of τ(V ) (that orresponds to the value
of the ritial volume V ∗), whih is reahed at the same time using either
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Figure 8.4: (Top) MFPT for TIP4P/2005 water with the LSC method (ir-
les). Results obtained with the Voronoi method are from Ref.
2
(rhombus), at
the same thermodynami onditions of T=280K and p=-2250 bar. (Bottom)
MFPT for the ts-LJ at T ∗ = 0,8 and p∗ = −0,53.
Voronoi (0.94 ns) or LSC (0.93 ns), while the orresponding value of the
ritial volume estimated with the Voronoi is ∼15% larger than that oming
from the LSC alulations. This orresponds to a ritial radius of 0,56 nm
for the Voronoi assuming a spherial geometry, and 0,54 nm for the LSC.
The ritial nuleus volume of the Lennard-Jones leads to a radius of
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0,592 nm in agreement with the result estimated by Punnathanam and Cor-
ti
1
, 0.44 nm, using density funtional theory. Moreover, when omparing the
ritial nuleus volume, we observe that the Lennard-Jones one is of the sa-
me order of magnitude as that of water. This results is somehow surprising,
given the dierent thermodynami state and avity struture between the
two liquids and that the LSC method does not apture well bubbles who-
se symmetry signiantly departs from a sphere. Whereas when omparing
the nuleation time obtained for water (top panel) to the one obtained for
Lennard-Jones, we observe that τ of the latter is slightly larger than of the
former, due to their dierent thermodynami onditions .
Aording to Ref.
1
, using DFT one ould estimate the ritial radius
as a funtion of the supersaturation (see Fig. 8.4 in Ref.
1
). One onve-
nient way to do this
44
is to onsider ∆µ/∆µspin, where ∆µ = µ − µsat and
∆µspin = µspin − µsat, being µ the hemial potential of the thermodynami
state of interest, µsat the hemial potential at the saturation line and µspin
the one at the spinodal line. We have employed the equation of state from re-
ferene
33
to ompute the hemial potentials dened above. One advantage
of using the ratio ∆µ/∆µspin as referene parameter for further ompari-
son aross dierent simulation results is that the ratio is independent of the
temperature or the ut-o employed to trunate the pair potential intera-
tions
44,1
. Therefore, sine in our ase ∆µ/∆µspin = 0,87, our ritial radius
would be 0.57 nm, in good agreement with what we measure using MFPT.
The obtained results are summarized in Table 8.1.
τJ [ns℄ Z[nm
−3
℄ V ∗ [nm3℄ J[1028m−3s−1℄
Water LSC 1.86 2.73 0.63 3.15
Water Voronoi
2
1.87 1.48 0.74 3.10
ts-LJ LSC 2.62 1.84 0.87 8.46
ts-LJ DFT
1
  0.36 
Table 8.1: Nuleation time (τJ), Zeldovih fator (Z), ritial volume (V
∗
)
and nuleation rate (J) for TIP4P/water at 280K and -2250 bar from this
work (LSC) and from Ref.
2
, and for ts-LJ at T
∗
=0.8 and p
∗
= -0.53 from this
work (LSC) and from Ref.
1
.
Next, we ompute the nuleation rate making use of Eq. 8.4, where Vs is
17,1 nm3 and 45,1 nm3 for water and the ts-LJ, respetively. The nuleation
rate omputed for water is in very good agreement with previous estimates
at the same thermodynami state point
2
. As already disussed in Ref.
2
, CNT
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underestimates the nuleation rate (giving a value of 0,031 × 1028m−3s−1,
using Eq.8.2). A possible reason for this result onerns the CNT estimate
of the free-energy barrier height. The CNT expression of the top of the free-
energy barrier (Eq.8.1) presents a ubi dependene on the surfae tension
γ, where one assumes that γ is the surfae tension of the liquid-vapor planar
interfae at oexistene. However, it has been shown that urvature eets
inuene the surfae tension at nanometer length-sales, relevant to the riti-
al radius size
45,46
. When omparing the water's Zeldovith fator omputed
with the two methods, we observe that the one obtained with LSC is larger
than the one oming from Voronoi alulations. Given that the Zeldovith
fator is proportional to the urvature of the free-energy barrier near the
top, the urvature of the barrier in the LSC ase is larger than the one in the
Voronoi ase.
To onlude, we alulate the nuleation free-energy barrier as a fun-
tion of the volume of the largest avity (where the largest avity radius
omputed with LSC) using the MFPT and the analysis of the largest avity
distribution (Eq. (8.5)
25,15
and (8.6)
28
).
As previously mentioned, to get the value of D in Eq. (8.5) we use the
total avity probability distibution Pt obtained from Saled Partile Theory,
and the hemial potential assoiated to the nuleation of a avity with radius
R.
Figure 8.5(top) shows the avity probability distribution funtion Pt
for TIP4P/2005 water sampled in both NpT and NVT ensembles, using only
the volumes evaluated before the phase transition was reahed. (the Lennard-
Jones systems behaves in the same way). Whereas Figure 8.5(bottom) shows
the assoiated hemial potential used to obtain the value of D in Eq. (8.5),
whih denes the shift of the free-energy urve.
As shown in the gure, Pt is independent on the hosen ensemble for
small avities, whereas for larger ones Pt in the NpT ensemble presents a long
tail. When simulating the system in a NVT ensemble, we x its total volume
thus inhibiting nuleation of large avities. Therefore, from now onward we
will prepare the system in the NpT ensemble.
The orresponding hemial potential for the avities as a funtion of
volumes an be obtained from Eq. 8.6 (see Fig. 8.5 (bottom)).
The values of hemial potential for both NV T and NpT ensemble are
dierent as soon as V is about 0,1 nm3. In the rst ase, a avity annot
freely grow, sine the volume of the simulation box is kept onstant.
This onstraint ontributes as an added work in the hemial potential
for volumes beyond 0,1 nm3. When studying avity nuleation in the NpT
ensemble eah bubble an grow unlimitedly, sine the simulation box an
freely utuate. Thus, the hemial potential alulated in these onditions
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Figure 8.5: Top: Normalized avity probability distribution funtion, Pt sam-
pled in both NpT (blak) and NVT (blue) ensembles for TIP4P/2005 water.
Bottom: assoiated hemial potential in the same ensembles together with
the analytial solution from Eq. (8.6) (Saled Partile Theory, in brown)
whih beomes exat at small radii (from V = 0 up to 0,02nm3). D from
Eq. 8.5 orresponds to the value of 6 kBT at V0 = 0,23 nm
3
(for water).
is lower than the one alulated in the NV T ensemble.
Therefore, in what follows we will make use of the hemial potential
obtained from the NpT ensemble, so our simulation will be performed in this
ensemble.
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Having determined the onstant D for both TIP4P/2005 and for ts-LJ,
we alulate their nuleation free-energy barriers (Figure 8.6). The urves
have been shifted using the value of D for the smallest avity sampled in the
metastable liquid, i.e. for water D = 6 kBT and V= = 0,23 nm
3
and for ts-LJ
D = 5,5 kBT and V 0 = 0,28 nm
3
, respetively.
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Figure 8.6: Nuleation free-energy as a funtion of the bubble volume (nm
3
)
for the TIP4P/2005 (solid blak line) and ts-LJ (solid red line). D has been
obtained by Saled Partile Theory.
In both ases, the nuleation free-energies present a maximum (β∆G∗
) at the ritial volume. The main results are summarized in the following
table.
β∆G∗ β∆G∗
Water LSC 11 ts-LJ LSC 11
Water Voronoi
2
10 ts-LJ DFT
1
10
Table 8.2: Top of the nuleation free-energy barrier for TIP4P/water at 280K
and -2250 bar from this work (LSC) and from Ref.
2
, and for ts-LJ at T
∗
=0.8
and p
∗
= -0.53 from this work (LSC) and from Ref.
1
.
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The free-energy barrier for both water and ts-LJ is ∼ 1kBT higher than
that estimated in Ref
2
and
1
, within the unertainty of free-energy ompu-
tations. Hene the LSC approah provides an eient route to estimate nu-
leation free-energy barriers.
8.5. Conlusions
We have employed a generi order parameter to investigate and quan-
tify vapor nuleation in two metastable over-strethed liquids, TIP4P/2005
water and a Lennard-Jones liquid. The struture of these two liquids is signi-
antly dierent as denoted by their oordination numbers and orientational
orrelations. The struture in Lennard-Jones is dominated by paking ons-
trains, whereas that of water is determined to a large extent by hydrogen
bonding. Our order parameter is based on the identiation of the largest
spherial avitiy (LSC) that nuleates spontaneously in an over-strethed
mestastabe liquid. The implementation of this order parameter requires the
alulation of a radial distane only, avoiding additional riteria suh as oor-
dination numbers or the use of more intensive omputational approahes to
map the avity volume into polyhedra. The LSC method an be used toget-
her with Mean First Passage Time tehnique to estimate the nuleation rate
and free-energy barrier.
We have shown that using LSC and MFPT we an ompute the ritial
bubble radius, free-energy barrier and nuleation rate for both Lennard-Jones
and water that agree with published results (obtained with the Voronoi ons-
trution and Umbrella Sampling). As ompared with the Voronoi the LSC
method tends to slightly underestimate the radius of the ritial avity, by
about 15%. We nd that the ativation free-energy estimates for the riti-
al avity are within ∼ 1kBT of literature results, whih is well within the
expeted unertainty in omputational estimates of the free energies. The
nuleation rate for the water is similar in both methods.
One lear advantage of the LSC method is its generality. As we have
shown it an be used to investigate liquids with signiant strutural dif-
ferenes. Existing methodologies target spei strutural features (suh as
Ref.
2
), or rely on the use of lustering riteria to identify the largest vapor
bubble
16,23,24
, whereas the LSC approah allows us to use the same riterion
for dierent liquids (whether simple or moleular). Its omputational ost
sales with the number of grid points, ∼ N2, used to identify the largest
avity. Our analysis of struturally dierent liquids indiates that moderate
grid sizes produe aurate results, making the method inexpensive from a
omputational point of view. The LSC method an be extended to investi-
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gate heterogeneous vapor nuleation involving omplex substrates. Work in
this diretion is in progress.
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Heterogeneous bubble nuleation:
a water + 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9.1. Abstrat
In this hapter, we are presenting preliminary results of the heteroge-
neous bubble nuleation of TIP4P/2005 water in the presene of a single-wall
arbon nanotube (SWCNT) using moleular dynamis. Our system onsists
of a nanotube immersed in a bulk of over-strethed water at the same ther-
modynami onditions as the ones used in Chapter 6. At these onditions
bubbles nuleate spontaneously in the pure water system. Therefore, we an
use either a brute-fore method or MFPT to ompute the nuleation rate.
Next, we ompare the heterogeneous nuleation rate with the value obtained
in the homogeneous nuleation ase (Chapter 6).
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9.2. Introdution
Water is undoubtedly the most relevant liquid for living organisms both
at marosopi (the human body ontains 65-70% of water and a tree 20-
70%) and mirosopi sales (a human ell ontains 70-80% of water). How
does water behave when it is onned at very small sales (e.g. in the growth
environment of the ell, inside a protein, or inside nanomaterials) is a question
of fundamental interest in materials appliations and biologial proesses.
Reent developments in the manufature of nanomaterials oer good
opportunities to systematially investigate the behaviour of water under na-
nosale onnement. Carbon nanotubes have been targeted as models for
biologial hannels, building bloks for moleular nanovalves, eletrophoreti
and thermophoreti hannels or DNA sequening and therapeuti tools. Wa-
ter is present in all these appliations; hene it is neessary to understand its
behaviour.
Nanoonnement and nanosale roughness provide unique onditions
to ontrol the properties of water, whih are expeted to signiantly depart
from the bulk properties
1
. Nanosale roughness an indue apillary evapo-
ration, a physial eet that an be used to make superhydrophobi surfaes.
Under non equilibrium onditions, away from the oexistene line, negative
pressures an indue avity nuleation
2
, whih inuenes transport proes-
ses in trees and in mirouidi devies
3
. The rst spontaneous avitation of
water in experiments under tension has been reported very reently using
hydrogel pores
4
.
In this hapter investigate the avitation of water in heterogeneous
onditions provided by syntheti nanoapillaries, i.e., single wall arbon na-
notubes. Computer simulation provide an exellent approah to investigate
the avitation proess from a mirosopi perspetive. Reent works have
indeed shown the possibility of monitoring vapour nuleation in water when
it is onned between hydrophobi surfae
5
. The impat of the nanopore
size and geometry (edges, kinks and roughness) on the nuleation barrier
and evaporation rate has also been addressed
6,7
. We are therefore in an ideal
position to investigate the mehanism and dynamis of water avitation in
arbon nanotubes as a funtion of the nanotube struture: SWCNT radius,
length and topology (zig-zag or armhair). To perform suh investigation we
employ moleular dynamis simulations of water-nanotube systems modelled
at an atomisti level.
We set out to investigate the thermodynamis of the water-arbon na-
notube system using the reently developed and aurate TIP4P/2005 water
model
8
, and ompute the spinodal and the binodal urves as a funtion of
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the onning nanotube struture. We also intend to investigate the avity
nuleation mehanism for dierent thermodynami states around the spino-
dal line. To properly identify the morphology of the growing bubbles we will
use an ad ho order parameter to quantify the behaviour of onned water
with high auray suh as the one based on deteting the largest avity in
the system, already introdued in this Thesis.
9.3. Simulations and Methods
We have arried out 100 independent moleular dynamis trajetories
of liquid water at 280 K and at −2250 bar surrunding a single-wall arbon
nanotube. This state, above the spinodal line of the water model, has already
been studied in reent works
9,10,11
of homogeneous bubble nuleation (see
Chapter 6). SWCNT with a 2,034 nm diameter, 15x15 hirality (armhair)
and a 6 nm length were onsidered in our work. The SWCNT was onstruted
with the nanotube modelling program of VMD
12
and the OPLS-AA fore
eld has been used to desribe the intermoleular fores of arbon atoms. The
struture of SWCNT was hydrated with 19079 water moleules. The water
potential used was TIP4P/2005
8
. This water model predits quantitative of
many water properties,
13,14
both dynamis properties
15
and thermodynami
anomalies
16
. It is also relevant goes a satisfatory aount of the our study
of bubble nuleation that this model to vapour-liquid equilibrium
17
. In a
reent work, the TIP4P/2005 model has been used to analyse the droplets
formation into a metastable vapour
18
.
The simulations have been performed in the NpT ensemble using the
Moleular Dynamis pakage GROMACS 4.5
19
with a 1 fs time step. We
evaluated the long range eletrostati interations with the Partile Mesh
Ewald method
20
. The geometry of the water moleules has been maintained
using the SHAKE algorithm
21
. However, no onstrans has been imposed to
the SWCNT geometry. Temperature has been kept onstant with a veloity
resaling thermostat
22
and, the pressure is set onstant using the Parrinello-
Rahman barostat
23
.
9.4. Heterogeneous Nuleation
Classial nuleation theory an be extended to the ase of heterogeneous
nuleation. Considering the formation of a vapour embryo at a solid-liquid
interfae (see Ref. (24)), the top of the assoiated free-energy barrier is given
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by
∆G∗ =
16π
3
γ3
(ρA|∆µ|)2
(1 + cos θ)2(2− cos θ)
4
=
16π
3
γ3
(ρA|∆µ|)2ψ(θ) (9.1)
where ρA is the density of the stable phase (vapour), ∆µ orresponds to the
dierene between the hemial potentials of the phases (vapour and liquid),
the ontat angle is represented by θ, ψ(θ) is a geometri orretion fator
and the the global surfae tension, γ, is a ombination of the surfae tensions
of all interfaes impliated in the proess.
γ =
γvlAvl + (γvs − γls)Avs
πR2
[
2(1 + cos θ) + sin2 θ cos θ
]
(9.2)
the subsripts indiate the appropriate interfae (lv: liquid-vapour, vs: vapour-
solid, and ls: liquid-solid),A is the surfae area and R is the radius assoiated
to the urvature of the nuleating bubble.
Therefore, we an dene the ratio between heterogeneous and homoge-
neous nuleation rate as,
Jhet
Jhom
≈ a
N
1/3
tot
exp
{
∆G∗
kBT
[1− ψ(θ)]
}
(9.3)
where Jhet and Jhom are the heterogeneous nuleation rate and the homoge-
neous nuleation rate, respetively; a is the minimum value of the ontat
angle needed for heterogeneous nuleation to beome the predominant me-
hanism and N
1/3
tot is the total number density of the bulk metastable phase.
For example, this relation inreases from 3,2x10−8 to 3,2x103 when θ hanges
from 10◦ to 70◦, keeping the rest parameters onstant.
9.5. Preliminary results
We set up dierent diameters of the nanotube, hanging the hirality of
the SWCNT. The hiralities used in thes work were 10x10 (1,356 nm), 15x15
(2,034 nm), 20x20 (2,712 nm), 30x30 ( 4,068 nm), 40x40 ( 5,425 nm), being
the numbers between parenthesis the diameter of the nanotube in nanometer.
The idea behind using these huge arbon nanotubes is to determine the
eet of the nanotube's urvature in the bubble nuleation proess, when
the metastable water surrounding the nanotube is simulated at the same
thermodynami onditions. We have started running 100 trajetories of the
15x15 ase within the metastable liquid water at 280 K and at −2250 bar to
study spontaneous avitation.
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Fig. 9.1 and Fig. 9.2 show two dierent snapshots along a randomly
hosen trajetory. The rst gure represents the side-view of the nanotube
embedded in water. Fig. 9.1 shows that the struture of the nanotube remains
onstant, with an almost perfet spherial setion. Fig. 9.2 is a piture of
the same system, but muh later in time, showing a bubble growing during
the nuleating trajetory. The presene of the bubble at the surfae of the
nanotube deforms its ylindrial shape by ompressing it.
Figure 9.1: Side-view setion of the water+SWCNT system at 280 K and at
−2250 bar. In these onditions the overall struture of the nanotube is ylindrial
and does not learly hange for short time sales.
Next, we have determined the nuleation rate at 280 K and −2250 bar
via a brute fore method. This method is dierent from the MFPT tehnique,
used in Ref.
9
. Here the nuleation rate s evaluated by omputing the inverse
of the rst time (τJ) that the total volume of the system rosses a hosen
threshold in eah trajetory, and dividing it by the total system's volume
at the same metastable onditions. Thus, dierently from previous studies,
we are now using a global order parameter (the total volume of the system)
instead of a loal one (the size of the largest bubble in the system). The
threshold of this global order parameter (total system's volume) was set to
22 nm3. Although somewhat arbitrary, this volume has been xed one the
ritial bubble is known (see Chapter 6). Notie that the time it takes for
ritial bubble to form is muh longer than the time it takes to growth (e.g.
see Fig. (6.10) of Chapter 6). In our ase, this information was known for the
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Figure 9.2: Side-view setion of the water+SWCNT system at the same ther-
modynami onditions as in Fig.9.1. Note the ompression of and the nanotube
aused by the bubble growth, when spontaneous nuleation takes plae. The stru-
ture of the nanotube has been distorted by the bubble and the nanotube has now
lost its ylindrial shape.
homogeneous nuleation ase previously studied
9
: the ritial bubble volume
was estimated to be 0,74 nm3 and the mean system volume was 17 nm3.
For the water+SWCNT system, the mean total volume is 54 nm3 and the
threshold is set to 68,5 nm3.
The results of the nuleation rate are shown in Fig. 9.4 and in Ta-
ble. 9.1. As one might expet, the nuleation rate in the heterogeneous ase
is higher than the one omputed in the homogeneous ase. These results
are only the rst step of a omprehensive study about heterogeneous bubble
nuleation whih will be arried out in the near future.
In partiular, in future studies on heterogeneous nuleation, using the
systems presented above, we will apply the Largest Spherial Cavity method
to detet the loal order parameter, the largest avity. We will fous on
several fators, suh as the urvature and stiness of the nanotube, whih
we foresee will have strong inuene in the nuleation proess. At the same
time, we are also interested in omputing the liquid-vapour phase diagram
of water onned in nanotubes, and to study heterogeneous nuleation from
the inside of the onned surfae (dierently from what we presented above,
where avitation always happens on the outside of the nanotube).
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Figure 9.3: First time at whih the system's volume rosses the threshold of
22 nm3 in eah trajetory (blue dots) in the homogeneous nuleation ase (Ref.9)
The red solid line is the mean of 200 trajetories and the blue solid line orresponds
to the median of the same values.
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Figure 9.4: First time at whih the system's volume rosses the threshold of
68,5 nm3 in eah trajetory (blue dots) in the heterogeneous nuleation ase. The
red solid line is the mean of 100 trajetories and the blue solid line orresponds to
the median of the same values.
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280 K −2250 bar τJ V ∗ J
Homogeneous Nuleation
Loal Order Parameter
(MFPT)
24,25,9
1.87 0.74 3.10
Homogeneous Nuleation
Global Order Parameter
Brute Fore Method
1.88  3.10
Heterogeneous Nuleation
Global Order Parameter
Brute Fore Method
0.129  14.3
Table 9.1: Simulation results of spontaneous bubble homogeneous and heteroge-
neous nuleation of over-strethed TIP4P/2005 water. All simulations have been
arried out at 280 K and at −2250 bar. Results reported in the rst line of the
table, have been obtained using MFPT and the volume of the largest bubble as a
loal order parameter. The results reported in the seond and third lines have been
obtained using brute fore and the total volume of the system as a global order
parameter. τJ orresponds to nuleation time (ns) (see Ref.
24,25
), V ∗ the volume
of the ritial bubble V ∗ (nm3) and J (1028m−3s−1) nuleation rate.)
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Conlusiones
Después de uatro años de trabajo predotoral en el grupo de investiga-
ión de la Universidad Complutense de Madrid, se ha adquirido por parte del
andidato unas herramientas básias en Meánia Estadístia y Simulaión
Moleular. Además, el onoimiento dentro de estas ramas de la Cienia se
ha entrado en determinar una amplia lista de propiedades termodinámias
del agua, en desarrollar nuevos modelos de potenial de agua y nuevos mé-
todos de loalizaión de burbujas y en estudiar de forma rigurosa el proeso
de nuleaión, tanto en proesos espontáneos omo en eventos raros.
Se pueden extraer tres onlusiones generales de esta memoria. El mo-
delo de potenial TIP4P/2005 predie las propiedades termodinámias en
ondiiones extremas y también el omportamiento anómalo del agua. Por
lo tanto podemos onstruir un esenario termodinámio del modelo avalado
por datos experimentales. Los datos de simulaión avalan la existenia de
un punto rítio líquido-líquido en el agua (aunque éste pudiera apareer a
0 K. La presenia del segundo punto rítio del agua omo expliaión a las
propiedades anómalas del agua.
La inorporaión de la exibilidad moleular a los modelos rígidos de
potenial de agua no es una mejora sustanial en el ámbito de la Simulaión
Moleular, aunque logra mantener la alidad de las prediiones aumentando
los grados de libertad moleulares.
Se demuestra que el estudio de nuleaión de burbujas en agua a pre-
siones negativas on el modelo TIP4P/2005 es realizable de forma rigurosa.
Existen muhos problemas en este estudio debidos a la naturaleza del agua.
El agua líquida tiene una estrutura abierta, basada en la del hielo Ih, la ual
permite la existenia de avidades naturales hasta en el agua termodinámi-
amente estable, que se pueden onfundir on burbujas en el análisis de los
primeros momentos del proeso de nuleaión. Después de desarrollar nuevos
métodos para el análisis riguroso de burbujas, y apliar estos resultados a las
ténias de nuleaión, observamos que existe onordania entre nuestros
valores y los propuestos por la CNT, omo el radio de la burbuja rítia,
aunque existen disrepanias tanto en la tasa de nuleaión omo en la al-
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tura de la barrera de nuleaión. Esto puede deberse a que la CNT utiliza
el valor de una superie plana, mientras que la burbuja de la fase vapor
(termodinámiamente estable) que ree en el agua metaestable no tiene esa
geometría.
Ahora pasaremos a espeiar apítulo a apítulo las onlusiones on-
retas de ada uno de ellos:
1. La ténia usada en este apítulo ha sido la Dinámia Moleular, on
la ual se ha simulado el omportamiento del modelo TIP4P/2005 a
diferentes rangos de presión y temperatura. Las prediiones del modelo
en el álulo de la TMD, la temperatura del máximo de densidad, han
sido muy satisfatorias. Además de reproduir el valor experimental a
presión ambiente, el modelo predie la tendenia y dependenia de esta
propiedad on la presión. Para la isóbara de 1 bar se ha extendido el
estudio a bajas temperaturas, enontrando un mínimo alrededor de los
200 K.
También se ha simulado la ompresibilidad isoterma a dos presiones
distintas,1 y 1000 bar. El TIP4P/20005 predie en las dos isobara la
presenia de un mínimo y su loalizaión en términos de temperatura
son similares a los enontrados experimentalmente, 37 oC en el modelo
y 46,5 oC en el experimento. También se evaluó este mismomínimo para
otros modelos rígidos de agua y los resultados se enontraban alejados
de los experimentales.
El modelo TIP4P/2005 predie el omportamiento anómalo del agua en
ondiiones extremas a exepión de la apaidad aloría a pre-
sión onstante, Cp. Esto se debe a que este propiedad está afetada
por ontribuiones uántias que hay que tener en uenta a tempera-
turas bajas.
2. Los áluls para una propiedad dinámia, la visosidad, para los mo-
delos de agua más utilizados muestran una superioridad del modelo
TIP4P/2005 frente a otros poteniales. El valor de la visosidad experi-
mental en ondiiones ambiente es de 0,896 mPa s, los modelos analiza-
dos predien valores desde 0,321 mPa s a 0,729 mPa s y el TIP4P/2005
reprodue el valor más erano al experimental, 0,855 mPa s.
Se simuló esta propiedad en tres isotermas y en un rango de presiones
onreto para enontrar el mínimo experimental. El modelo predie este
mínimo en la misma loalizaión del experimental y además se observa
la misma dependenia del mínimo on la temperatura. Por todo ello
se puede deir que el TIP4P/2005 es también apaz de reproduir el
omportamiento anómalo de las propiedades dinámias del agua.
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3. Se presenta un nuevo modelo exible de agua, TIP4P/2005f, basa-
do en el modelo rígido y no polarizable, TIP4P/2005. Se alularon una
serie de propiedades estruturales, termodinámias y dinámias para el
modelo exible y se omparó on el modelo rígido y el experimento on
un resultado satisfatorio.
La temperatura de fusión del modelo mejora al inorporar los grados de
libertad del modelo rígido, de 252 K a 254 K frente al valor experimen-
tal 273 K. Mientras que la onstante dielétria se aleja ligeramente
del dato experimental. La ventaja del desarrollo del modelo exible,
TIP4P/2005f, es que reprodue el resto de propiedades del agua on la
misma robustez y abilidad que el TIP4P/2005, pero inorporando la
exibilidad moleular.
Este heho ontradie on lo observado en otros modelos exibles que
se basan en un homólogo rígido. En el aso del modelo exible SPC/Fw,
la mejora frente al potenial rígido SPC/E, es onsiderable. Pero no se
puede onluir que la exibilidad moleular mejore los resultados en
Simulaión Moleular sino que mejora las prediiones de los modelos
rígidos. Y estas mejoras por inorporar la exibilidad no son apreiables
si las prediiones del propio modelo rígido son exelentes.
La utilizaión de modelos exibles se hae impresindible en estudios
onretos, tales omo estudios espetrosópios o ondiiones estritas
de simulaión donde no se puedan utilizar los algoritmos de onstraints
de la moléulas.
4. La onstruión del esenario termodinámio del modelo TIP4P/2005
es fundamental para la expliaión de las anomalías del agua. Por ello
se han alulado una serie de propiedades termodinámias en un amplio
rango de temperaturas y presiones. La funión respuesta que se ha si-
mulado ha sido la ompresibilidad isoterma, tanto a presiones positivas
omo a presiones negativas. El modelo TIP4P/2005 es apaz de prede-
ir los máximos y los mínimos de esta propiedad a presiones positivas.
Si seguimos la línea de máximos enontramos el punto rítio líquido-
líquido del modelo a 193 K y 1350 bar. Si se simula el modelo bajo
presiones negativas, también enuentra esos máximos y mínimos en la
ompresibilidad isoterma. Además, y también en presiones negativas, la
buena prediión del omportamiento anómalo del agua se omprueba
al extender el estudio de la línea que mara las temperaturas máxima
de densidad dentro de una isobara dada, línea de TMD o LDM (Line of
Density Maxima). El aspeto más importante de este estudio es que el
modelo tiene un punto reentrante en la línea de TMD, lo ual implia
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que la espinodal líquido-vapor no puede ser reentrante y aumentar la
presión de la misma uando disminuimos la temperatura omo sugiere
Speedy en su esenario termodinámio.
Con el punto reentrante de la LDM y la presenia del segundo punto
rítio del agua se llega a la onlusión de que el esenario que reprodu-
e el TIP4P/2005 es oinidente on el esenario propuesto por Poole
et al. Por lo tanto las anomalías que presenta el agua en las funiones
respuesta y en la densidad se deben a la presenia del punto rítio
líquido-líquido. También es posible la ompatibilidad de nuestros resul-
tados on el uarto esenario, propuesto por Sastry et al.
5. Los datos experimentales expuestos en este apítulo son la primera
prueba de la existenia de un mínimo en la veloidad del sonido a
presión negativa en dos isóoras. Estas isóoras presentan un mínimo
en el valor de la veloidad del sonido que orresponde on el máximo
de ompresibilidad isoterma según su deniión termodinámia. Se ha
podido aeder a este mínimo sin que la muestra ristalie graias a que
en presiones negativas la línea de Widom tiene valores de temperatura
mayores que la línea de nuleaión homogénea.
Este mismo omportamiento está avalado por los datos de simulaión
del modelo TIP4P/2005, el ual reprodue los mínimos de la veloidad
del sonido en las mismas isóoras.
6. El algoritmo ajustado para la loalizaión y análisis de nuleaión
de burbujas en agua, basado en los poliedros de Voronoi reprodue
elmente el volumen de las burbujas dentro del sistema. Se ha ompro-
bado la apaidad del algoritmo on distintos sistemas. Primeramente
se ha onstruido una burbuja de volumen perfetamente onoido y se
ha obtenido ese valor por medio del análisis por los poliedros de Vo-
ronoi. Seguidamente se reproduen los mismo buenos resultados para
un sistema metaestable de agua omo para uno termodinámiamente
inestable. Con el volumen de la burbuja más grande del sistema omo
parámetro de orden, se han alulado on la ténia Mean First Pas-
sage Time el tamaño de la burbuja rítia y la tasa de nuleaión. Los
dos parámetros se han omparado on los valores ofreidos por la teoría
lásia de nuleaión.
Además este algoritmo ofree una alternativa a las estándares para
distinguir entre moléulas líquidas y moléulas interfaiales (de tipo
vapor). La utilizaión del parámetro de esferiidad α en ombinaión
on el volumen de los poliedros de Voronoi asoiado a ada partíula
genera una herramienta muy útil para lasiar las moléulas.
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7. Se presentan los resultados de dos métodos alternativos para identiar
burbujas en agua. Los dos métodos se basan en un primer paso de ons-
truión de una trama bajo el sistema. Posteriormente se lasia ada
una de las eldillas de la trama, entre eldillas líquidas y eldillas vapor.
Cada método utiliza diferentes riterios para realizar esta lasiaión
pero, la prediión de los parámetros de nuleaión es similar. Además
si omparamos el estudio de nuleaión espontánea on los resultados
obtenidos por el método basado en los poliedros de Voronoi podemos
onluir que los tres métodos son válidos para el estudio del proeso
de nuleaión de vapor a partir de agua a presión negativa. En este
apítulo se presentan también resultados del estudio de la nuleaión
de eventos raros (no espontánea). Por dos ténias diferentes, por un
lado el Hybrid Monte Carlo + Umbrella Sampling y por otro una apro-
ximaión del Hybrid Monte Carlo aoplada on el Umbrella Sampling,
se ha alulado la barrera de nuleaión utilizando omo parámetro de
orden el volumen de la burbuja más grande pero en el primer aso de
aluló ese volumen on el método propuesto en el grupo de Viena y en
el segundo aso fue usado el método de nuestro grupo en Madrid. Los
dos método son igualmente validos y útiles para estudiar y desribir la
nuleaión de burbujas en agua.
8. Se presenta otro método alternativo a los presentados anteriormente
para identiar burbujas en agua. En esta oasión el método se basa
en la loalizaión de la avidad más grande on un algoritmo más fá-
il de implementar en ualquier sistema, tanto estudiando nuleaión
homogénea omo heterogénea. Este método además es muy útil en la
transiión líquido-vapor, ya que permite ombinarse on la Saled Par-
tile Theory. Esta versatilidad salva el problema que nos enontramos
en otros métodos uando alulamos el primer tramo de la barrera de
nuleaión.
Este método es válido tanto en líquidos moleulares (agua), omo en
líquidos simples (Lennard-Jones), omo se demuestra en el apartado
de resultados. La desventaja de este método es la suposiión de una
burbuja esféria y siempre vaía de moléulas vapor. La onseuenia
de esta desventaja es una disminuión del volumen respeto a la burbuja
real, pero la senillez de implementaión y versatilidad en ualquier tipo
de sistemas ompensa estas desventajas.
9. Por ultimo, hemos estudiado un aso de nuleaión heterogénea, pre-
parando un sistema de agua TIP4P/2005 metastable (en las mismas
ondiiones termodinámias onsideradas anteriormente) en presenia
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de un nanotubo de arbono. Hemos medido la tasa de nuleaión y
observado que, omo previsible on la teoría lásia de nuleaión, en
ondiiones heterogéneas la tasa es más alta (siendo la barrera más
baja) que en ondiiones homogéneas, o de agua de bulk.
También, nuestros resultados preliminares pareen sugerir que la bur-
buja que se desarrollará omo rítia tiende a surgir en sitios del na-
notubo araterizados por una elastiidad mayor. De todas formas, es
neesario trabajar en esta direión.
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